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research paper

Dark matter and the mystery of orbital velocities
Joshua Plottel’, Joseph Harrison?

'Department of Physics, Rensselaer Polytechnic Institute, Troy, New York
?Department of Physics, University of Alabama at Birmingham, Birmingham, Alabama

Abstract

Beginning with the seminal work of Fritz Zwicky, the existence
of dark matter has been one accepted explanation for why
orbiting objects in galaxy clusters do not obey the expected
Newtonian fall-off with distance. The composition of dark
matter has been hypothetically described in several ways,
including “Massive Astrophysical Compact Halo Objects”
and “Weakly Interacting Massive Particles.” This paper
explores the possibility that dark matter is actually the
relativistic mass associated with the gravitational potential
energy (U) of these systems, i.e., U/c?. Data were acquired on
the orbital velocities and radii of several galaxies, and analysis
revealed that U could be directly related to an integral that
could be evaluated solely from that data. The inertial masses
for those systems were also extracted from the same data.
The calculated inertial masses were in reasonable agreement
with published values. However, relativistic masses were
found to be five to seven orders of magnitude smaller than
inertial masses. Further work is required before a definitive
conclusion may be reached, and suggestions for such work
are discussed.

Introduction

The orbital velocities of galaxies do not fall off in the expected
Newtonian fashion (as 1/yr), but rather they approach a
constant with increasing radius (Figure 1). Without redefining
fundamental laws of nature, this implies that galaxies must
contain more mass than we have previously accounted for.!
There are several possible explanations for this discrepancy.
Perhaps the most intriguing involve dark matter (first
proposed to exist by Fritz Zwicky in 1933, to explain his
own observations of the Coma Cluster?), as hypothetically
described in terms of Massive Astrophysical Compact Halo
Objects (MACHOs)** and/or Weakly Interacting Massive
Particles (WIMPs).* Other proposed explanations, including
MOND (Modified Newtonian Dynamics)’, have involved
fundamental modifications of basic equations such as
Newton's Law of Gravitation; however, these are outside the
scope of this paper.

Velocity

Distance

Figure 1. An illustration of the rotation curve of a typical spi-
ral galaxy, where curve A represents the Newtonian predic-
tion and curve B shows the actual observation.

Theory
In the traditional Newtonian formulation of the orbiting mass
in a gravitational field, the centripetal force relation is

2 M (1)
mv—=GM;?'
r r

where m is the mass of the orbiting object, r is the distance
from the center of orbit, v is the centripetal velocity, and G is
the universal gravitational constant (approximately 6.67-10™"
N-m?kg). Equation 1 simplifies to

v? GM s GM (2)
r r r

which leads to the following relationship of the orbital speed
v to the radius r:

GM (3)

r

v =

One may also arrive at this relationship using a more general
approach based on the Virial Theorem.® However, these
calculations contradict observations, and this discrepancy
led Zwicky to predict the existence of previously unobserved
“dark” matter. We approach the problem of calculating the
mass of this dark matter in two different ways.
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The first method utilizes the following relationship between the centripetal force and the gravitational field:

? S (4)

‘I’——G/] |:J(_?r &3 (5)

Equation 5 leads to

I
<I)——C'/]]p(?‘ Yoo(#', o) 21+1 :;1 Z Vi (6, &) Yim(6, 6) d'r" dr’

Because r has a spherical form, the orthonormality of the spherical harmonics reduces the series in I, m to only the term for |
=0, m = 0. Thus, Equation 6 becomes

(6)

47 T o0 . 7
’2i dr' = —41— p(-r'jr"2 dr’ — 4%[ p(r")yr" dr’ (7)
r

r> rJo

O(7) = —4nG Amp(-r’)r

By choosing a spherically symmetric form for the dark matter density (p), such as

2
= E aprte” "

n=—1

(8)

one can indirectly fit the density of matter in the following way. Inserting Equation 8 into Equation 7 results in a closed form
for @(r). Taking the gradient of this expression and using it in Equation 4 to obtain the specific form that was utilized for this
method yields

2 (n+2) - : 2) '
_ (n.|_g)!.r((n+2) b) (1)) (4 2)! (9)
vt =4nG- 3 (“"'( ( Z (= b +2) = b)! - (—ay) D )_( r '(—an)("”))))

n=-—1

Thus, using Equation 9 to fit data for the orbital speeds at different radial distances provides the parameters a_and a_, which
give a fit of the density (Equation 8).

The second method of accounting for the dark matter density is based on the assumption that the dark matter itself is
merely the relativistic mass given by the gravitational potential energy (U) divided by the square of the speed of light.” The
gravitational potential energy of the system is given by

f/ I(f;)ﬂ(:? By dBr = _%f( [ To(7) (I,(F)] (T (7)) )dr (10)

r—r &

Using the Poisson equation:

V20 = 4nGp(F) (11)

Equation 10 can be rewritten as

v--o= ([\"?- @7V ()] - \§|2)d3r (12)
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Using the Divergence Theorem [[f,, Veddr= i A e dS, the first term in Equation 12 turns into a surface integral:
@(@(F’)ﬁ'@) o #dA, where dA is the surface area differential. It is expected that (&(7)V®) will drop off as 1/r* while the
surface area will grow as r. Thus, for large surface area, this term will go to zero. Under these conditions, the first term of
Equation 12 can be neglected. Additionally, by making use of Equation 4, the second term of Equation 12 can be rewritten as

= [T gt (13)
U=——- dwv dr
8rG 0
Yielding the following expression for the mass:
U 1 > 4 (14)
— = 17188 = . v d?’
c? 2Gc2 _/l;

Then, by using a smooth spline of the data for v, Equation 14 can be used to obtain values for the inertial mass.

Velocity vs. Radius for NGC 4258
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Figure 2. Orbital velocity vs. radius data for four galaxies. These data were manipulated using the fit formulas above. (A)

NGC 4258; (B) NGC 7331; (C) NGC 2841; (D) NGC 5055.

Methods

In order to test the formulas derived herein, we utilized
previously collected data relating orbital velocity to radius for
several different galaxies (Figure 2).8

Non-linear regression analysis techniques were implemented
to analyze and acquire fits to the data. First, the orbital velocity
vs. radius data were read-in and plotted. A cubic spline was
performed on the resulting curve to yield more data points.
Then, the orbital velocity data points were squared and
plotted against radius. Next, the fit formula (Equation 9) was

applied to the data curve using the non-linear curve fitting
command. This process was repeated using different weight
factors to achieve better fits. Integrating these fits led to a
numerical expression for the mass. The effects of choosing
different weighting schemes were analyzed. The number of
terms and the weighting factors were both chosen in order to
acquire an adequate fit within a reasonable amount of time.

Results
Figure 3 shows an example of the change in the fit curves
when a special weight factor is considered. Table 1
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demonstrates how the fit coefficients change when a weight
factor is considered. Notice that the fit coefficients change
dramatically with different weight factors. Table 2 shows that
the effect of the weighting factors on the computed values of
the inertial masses is nearly negligible. It is reassuring that the
calculated values in Table 2 do not dramatically change with
the application of different weight factors. However, there
were some unusually small exponential fit coeffcients that,
when integrated, resulted in an abnormally large masses,
thereby indicating an unacceptable fit.

NGC 4258
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Figure 3. Change in fit curves with application of a weight-
ing factor. The black solid curve is the original data; the blue
dotted curve is a fit curve with a weight factor of 1/y? ap-
plied; and the red dashed curve is a fit curve with a weight
factor of x applied.

Table 1. Fit coefficients for NGC 4258 with three different
weight factors applied.

Fit Coefficients Welght;ngs
none 1y X
ag 415046 7.53622 16553.5
ag 1.84251 0.000168461 0.254778
ay 5.54081 % 1098 12155.1 0.84164x10%
ay 3.19016x10% |  0.374986 5.53256
as 115.6 -4575.7: -2001.03
Qg 0.31057: 0.52443 0.586648
ag 3.11283x10% 406326 7068.32
as 16.2339 2.18831 0.53555

Table 2. Effect of weighting factors on the computed values
of the inertial masses. The weight factor applied is listed in
parentheses. Units are in 10" Solar Masses M,)-

Galaxy Name | Inertial Mass | Inertial Mass | Inertial Mass | Inertial Mass | Inertial Mass
(none) (x) ) 'y (n)

NGC 4258 2.568487 2.53515 2.54748 247193 7328308.0%

NGC 7331 90.89388 784450800.0* | 3453.271% 27.61070 8.59987

NGC 2841 24.74469 13.07116 12.27777 9.62400 80.72964

NGC 5055 64.67777 80.60132 42172660.0% | 452144.7* 367188

*Anomalous results discussed in text.

The relativistic mass plots in Figure 4 have no obvious
plateaus. This is indicative of the lack of orbital velocity data
beyond that of the luminous matter. Because these plots do
not flatten out by 40 kiloparsecs (kpc), we cannot predict

what happens to the orbital velocity beyond that radius.

As can be seen in Figure 5, the inertial masses do eventually
become relatively constant at a radial distance between
approximately 30 and 80 kpc.

It is clear from Figure 6A that between 25 kpc and 30
kpc, there is a crossover of the monotonic increase of the
relativistic mass where the inertial mass plateaus. Table 3
gives a side-by-side comparison of the calculated values for
both the relativistic mass and the inertial mass of each galaxy.

Table 3. Comparison of relativistic and inertial masses (calcu-
lated with no weight factor considered).

Galax Relativistic Mass Inertial Mass
y (10* Solar Masses) | (10" Solar Masses)

NGC 4258 6.00774 2.56847

NGC 7331 11.24428 90.89388

NGC 2841 30.53165 24.74469

NGC 5055 7.24629 64.67777
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Figure 4. Distribution of the relativistic mass as a function of
radius for four galaxies: (A) NGC 4258; (B) NGC 7331, (C)
NGC 2841, (D) NGC 5055.
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Figure 5. The distribution of the inertial mass as a function of radius for four galaxies: (a) NGC 4258; (b) NGC 7331, (c) NGC

2841; (d) NGC 5055.
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Figure 6. The distribution of the overall mass as a function of radius for four galaxies: (A) NGC 4258; (B) NGC 7331; (C) NGC

2841; (D) NGC 5055.

Discussion

Einstein’s famous mass-energy relation, E = mc?, is not simply
a relationship between an intrinsic energy and an object’s rest
mass; that is just a special case of the more general statement.
Ascribing inertial properties to an object based on its energy
content was an unexpected outcome of Einstein’s work with
special relativity. It was so groundbreaking and surprising that
it prompted Einstein to publish a short comment after his
first paper on special relativity.” One salient quote from that
paper embodies our point: “If a body gives off the energy L
in the form of radiation, its mass diminishes by L/c?. The fact
that the energy withdrawn from the body becomes energy of
radiation evidently makes no difference, so that we are led
to the more general conclusion that the mass of a body is a

measure of its energy content.”

In this study, the energy content of the gravitational field was
assessed for its inertial content by integrating the energy
density #=|d*. The field strength |G| was inferred from
the velocity data for the various galaxies (Equation 4). The
shortfall, discussed below, is that velocity data were only
available out to a certain radius, and so a proper treatment of

the field strength beyond that point could not be obtained.

The fit formula (Equation 9) was first computed for n =
0 through n = 2. Then, an n = =1 term was added to that
interval. Including the n = =1 term allowed the formula to
better account for the more rapid change of the density
with radius in this region. In the future, addition of an n = 3

term may further improve the fit. The calculations described
are limited by the radius of the available data; i.e., we can
only compute the mass of the dark matter that is contained
within the observed luminous matter halo. Thus if there is a
dark matter halo that extends farther from the center of the
galaxy than the measured luminous matter halo, then limiting
the radius of the data impacts the results. Essentially, the
measurement is restricted by the boundary of the luminous
matter (Figure 7).

luminous matte

Figure 7. An artist’s rendering of a dark matter halo sur-
rounding the luminous matter of a galaxy.’

Calculated inertial masses were in agreement with published
literature values. Relativistic masses, however, were found to
be approximately 5 to 7 orders of magnitude smaller than
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inertial masses. Relativistic masses, unlike inertial masses,
did not approach asymptotic values. Reaching an asymptotic
value implies that the mass density beyond a certain radius
is negligible, so that integration beyond that point does not
change the value of the total mass. The lack of an asymptotic
value for the relativistic masses indicates that our data do not
encompass such a radial value. Unfortunately, it is unclear
how to evaluate the gravitational potential energy beyond
where orbital velocity data are available, unless further
assumptions are made. The reason for this is that calculations
in this paper were based on orbital velocity data, of which
there are no measurements beyond a certain radial extent.
It may be possible to solve this issue by fitting the relativistic
mass density with a functional form (Equation 14) similar to
that of Equation 8, and then integrating the expression to
yield relativistic mass.

o0
relativistic mass = f ——dr
0

2G c2p2 (15)
One area of future work will be to apply this analysis to larger
systems, such as galaxy clusters.
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