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POWER AND SAMPLE SIZE CALCULATIONS FOR LINEAR MIXED MODELS
OF LONGITUDINAL DATA USING THE KENWARD-ROGER ADJUSTED WALD
TEST
TARRANT OLIVER MCPHERSON
BIOSTATISTICS
ABSTRACT
The linear mixed model has become a popular technique for the analysis of
longitudinal data, but Wald test statistics of fixed effects for these models frequently lack
well defined distributions. A common approach to this problem uses the Kenward-Roger

adjustment, which attempts to approximate the distribution of the Wald statistic by
matching its moments obtained via Taylor expansion to those of an F distribution.
However, this approach only matches moments obtained under the null hypothesis of no
effect and cannot currently be used to approximate the distribution of the test statistic
under some alternative hypothesis. This limitation prevents a straightforward approach to
calculating power for the Kenward-Roger adjusted Wald statistic. In chapter 2, we
introduce a novel power calculation that extends the original methodology of Kenward
and Roger to obtain an approximate noncentral distribution of this adjusted Wald statistic
from which power for tests of linear trend can then be calculated. This method is then
extended to calculate expected power for designs with anticipated rates of missing
follow-up data in Chapter 3, and finally to the calculation of sample size for such designs
in Chapter 4. A variety of other techniques are also examined and compared to this
method, with the newly developed method consistently outperforming other approaches

in the calculation of both power and sample size.
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CHAPTER 1
COMMON ANALYSIS AND POWER METHODS FOR LONGITUDINAL DATA

L. Introduction

Designing medical experiments involves collaboration across a wide array of
disciplines. Common questions encountered during the design phase concern both the
ethics and feasibility of an experiment. What should a treatment be compared to? How
will the success of a treatment be measured? What logistical or recruitment hurdles might
a study face? Appropriate answers to these questions often require input from multiple
perspectives, and a key piece of information required for such answers is the number of
subjects an experiment will require.

Determining power and sample size of a study is critical for several reasons. In
prospective studies, an accurate sample size determination informs researchers of
recruitment feasibility and prevents overspending. The risks to human and animal
subjects are likewise minimized by exposing a minimal number of subjects to treatments
with unknown side effects. In retrospective studies, knowing power for a given sample
size helps inform researchers if a set of data can potentially answer a research question
and 1s therefore worth spending effort to analyze. Similarly, knowledge of how power
changes with sample size may help researchers determine whether a complicated

imputation is worth performing in the presence of missing data.



Power can be thought of as the probability that the null statistical hypothesis is
rejected assuming the test statistic is distributed according to some function of the
minimal clinically significant effect size. Therefore, a proper power or sample size
calculation should match the type of analysis planned for the experiment. For many
common types of statistical analyses, the power or sample size calculation is
straightforward, as the distribution of the test statistic given the effect size is well known.
For instance, to calculate the power for a one-sample t-test with null hypothesis u = 0
and alternative hypothesis ¢ # 0, all that is required is the minimal effect size u, the
variance of the effect size o2, and the number of subjects in an experiment n. It is then

well known that the test statistic under this parameterization follows a t,,_; ,, distribution

with n — 1 degrees of freedom and noncentrality parameter w = —L_  and the

a/\n’
probability a test statistic with such a distribution falls in the rejection region of a t,,_1 o
distribution under the null hypothesis can be easily calculated. Additional modifications
to the power calculation may likewise be easily implemented. For instance, an
anticipated dropout rate » may be accommodated by dividing » by 1-». However, power
calculations for longitudinal designs are often not so straightforward.

Longitudinal data analysis examines data collected on the same unit (subject for
our discourse) at multiple time points. These sequential observations are often correlated
within subjects, and so approaches requiring independence among all observations may
be invalid for the analysis of longitudinal data. Instead, longitudinal data is often more
appropriately analyzed using techniques that specifically accommodate related
observations taken on the same subject. The conceptual framework for such analytical

methods extends back to the foundations of statistics itself, where the idea that



observational errors could be probabilistically described was already being explored by
the likes of Bernoulli, Laplace, and Gauss. Small errors were thought to be more
probable than large errors, and errors within subjects were seen to be more related than
errors between subjects. Early attempts to accommodate such errors typically relied on
naive Bayes type estimation procedures, although by the early part of the 20" century
likelihood-based methods had become more common, perhaps in part due to the
establishment of sufficiency of likelihood estimators (Stigler, 2007).

Among the first modern attempts at analyzing correlated data was a “mixed”
effect ANOV A with random relatives effect (to account for correlation among relatives)
performed by Fisher in a study on Mendelian inheritance (Fisher, 1919). Under the
assumption of compound symmetric within-subjects covariance provided by assuming
random subject effect, this approach easily generalized the paired t-test to multiple
observations and was quickly applied to the analysis of longitudinal data. However, the
mandate of compound symmetry is often overly restrictive for longitudinal data, which
led to other methods being explored, as well as certain generalizations relaxing this
assumption (for example the Greenhouse Geisser correction (Greenhouse & Geisser
1959)). Most notably, MANOVA approaches were developed as the theory related to
multivariate normal distributions expanded, with the advantage of these approaches being
a lack of assumption about covariance structure, but with the disadvantage being that
within-subjects data must be non-missing and observed at equal time points for all
subjects (Fitzmaurice and Molenberghs, 2008).

In the following sections, we will explore a few of these models and their

generalizations in rigorous detail. Such an understanding is necessary to appreciate the



utility of the linear mixed model for longitudinal data and importance of the Kenward-
Roger test statistic in performing inference for these models. Specifically, the Kenward-
Roger test statistic was designed to match the Wald-type statistics for many of these
models when exact null distributions for such statistics are known and restricted
maximum likelihood estimation is used. Consequently, an understanding of the behavior
of Wald-type test statistics in these models under the noncentral case will be necessary in
guiding the development of power and sample size calculations for the Kenward-Roger

test statistic.

II. The General Linear Multivariate Model

A. Definition and Model Structure

We will first examine the General Linear Multivariate Model (GLMM). For this model,
we will largely be adopting the notation presented in Mardia, Kent, and Bibby (MKB,
1979) except for using € instead of U to represent the error term. We express this model
as

Y=XB+¢
with ¥ an (n x 7) matrix, X an (n x q) matrix, # a (q x 7) matrix, and € an (n x 7)

matrix. The GLMM can be presented as:

Y1 Yz - Vit
Y21 Y22 - Yor
Yni Ynz2 - Ynz
X11 %12 - X191[P11 P12z - Pir €11 €12 - &17
_ X21 X2z X2q(|B21 P2z - B n €21 &2 - &7

Xn1 Xnz - XngllBg1 Bgz - Bgr Eni &n2 - Enz



or more succinctly as

! ! ! A
Y1 x11[B1 &
A A ! !
ya| _ [x2 || B2 + &

vl Ll e,
with n representing the number of subjects, T representing the number of observations per
subject, and g representing the number of independent variables in the model (including
intercept). Additionally, y;~N;(x;B,Z) and &~N,(0,Z) withZbeingatxt

covariance matrix and y; are uncorrelated.

B. Likelihood Function and Estimation

The probability density function (PDF) for y; is given as:

1
fr ) = @m) 2 (217 V2exp { = (v = Bx) ' (0 - B30

And so for the joint PDF we have:

.....

Thus, the PDF for Y is:
n
fr (V) = (2m)™"/% |2| 7 ?exp {— %Z(yé —xPI (- x%ﬁ)’}
i=1
Noting that
n
> G- xPE W - ) = ol - XBE Y - XBY]
i=1

then
fr V) = m)™"/2 2| 2exp{tr[(Y — XB)Z ™' (Y — XB)']}.

Therefore, the log-likelihood function for ¥ is:



UB,EIY) = — S log(2m) — Slog|E| — er((Y — XB)ET'(Y — XB)']
The maximum likelihood estimate (MLE) of f will be independent of X while the reverse
is not true. Specifically, from proof 1 in Appendix I we have the MLEs for B and X as:
B=XX)XY

)

~(v - xB)' (¥ - XB).

C. Hypothesis Testing

The general linear hypothesis is given by H: €' U= 0. Several different test
statistics are frequently utilized for testing hypotheses in the GLMM, none of which are
uniformly most powerful in all cases, although all reduce to the same value in many
scenarios encountered in the analysis of longitudinal data. A comparison of several of
these statistics is presented in Ates (2019), with relative performance depending on
covariance homogeneity, observational balance, and adherence to normality assumptions.
Among the most popular of these statistics is the Hotelling-Lawley Trace (HLT) statistic
first examined in Hotelling (1931), later generalized to cases with more than two groups
Lawley(1938), and given its more-or-less present formalization in Hotelling (1951). We
will restrict our focus to this test statistic, as it has an approachable form and is explicitly

tracked by the Kenward-Roger statistic. The form of the HLT test statistic is given as:
F=2xtr {[U’B’C(c’(x’x)-1C)-1C’BU] [nu’fu]‘l}
Where C is a (q X a) between subjects contrast matrix and U is a (t X b) within subjects

contrast matrix. To obtain the distribution of this test statistic, we will first derive the

distributions of the quantities H = U'B'C(C’'(X'X)™1C)"1C’'BU and E = [nU'ZU].



(i) Distribution of H : From corollary 3 of Singull and Koski (2012) we have that if
Y~N;(u, Z) and A is a symmetric idempotent matrix of rank r, then
Y'AY~W,(r, X, u'Ap) , a T x T Wishart distributed random matrix with r degrees of
freedom and non-centrality parameter u'Ap.
Now, H = U'B'c(C'(X'X)"1C)~1c'BU
=UYXX'X) (X' X)) X' X)IX'YU
Note
XX'X) lc(c'X’X) 101X’ X)X XX’ X)) c(c'(X'X)10)1c' (X' X)"1X']
=XX'X)"lc(c'x’x) o) 1cx'x)"x’
And so X(X'X)~1c(C'(X'X)"1¢)~1c'(X’'X)~1X’ is idempotent (proof of symmetry is
trivially obtained by taking the transpose). Additionally, since it is idempotent, its rank is
equal to its trace, which is
tr( X(X'X)"lc(c'xX'’X) o)1’ (X' X)"1x’']
=tr[C’X'X)"XXX'X) lc(C(X'X)"10)1]
=tr[C'(X'X)"1c(C'(X'X)"10)™ 1]
= tr[l,]
=a
So, YU~N,(XBU,U'XU) and therefore
H~W,(a, U'SU,UB'X'X(X'X)"1c(C'(X'X)"1C)~1C'(X'X)"1X'XBU) reducing to

H~W,(a, U'SU,U'B'C(C'(X'X)"1C)"1C'BU)

(ii) Distribution of E: First, let Q = I,,,,, — X(X'X)"1X'. Then Q is symmetric and

QQ=1-XXX)X -XX'X)"' X+ XX'X)"'XXX'X)" X'



=1—-(X'X)"Xx’
=Q
Now, E=U'(Y - XB)'(Y —XB)U = U'Y'Q'QYU = U'Y'QYU with Q symmetric and
idempotent of rank = tr(I,4,) — tr(X’X(X'X)™Y) = tr(Inen) — tr(Iqxq) =N-—-q,
and so:
E~W,(N —q,U'XU,U'B'X'QXBU)
=W,(n—q UZU,UBX I—-XXX)"1X)XBU)

=W,(n—q,U'2U,0)

(iii) Independence of H and E : From MKB theorem 3.4.6 (Craig’s theorem), we have
that if Y~N,(u, X) and A; and A, are symmetric idempotent matrices, then ¥'A,Y and
Y'A,Y are jointly independent if A;A, = 0. Letting
A =XX'X)lc(c'X'X)"10)1c’'(X'X)"1X’ and A, = I — X(X'X)"'X’ we have
AA, =XX'X)lc(c'X’X) 1O 1CX' X)X’ (I - X(X'X)"1X")
=XX'X)"lcc’xX'X) 1O c'x(x'x)"x' -
XX'X) lc(cx'x)" o) X' X)X’ X(X'x)"tx’
=XX'X)lcc'Xx'X) o)X’ x)"1x' -
XXX lccxx) o) c'(x'x) " x’
=0

So, since H = U'Y'A,YU and E = U'Y'A,YU, they are independent.

(iv) Distribution of tr[HE~'] : When b =1 (i.e. when the within-subjects contrast matrix

U is a single column) then:



AW X' X)'OICBU)

2
Xn—q

tr[HE™'] = HE™!

Therefore, in this case,

a
tr[HE_l]NmFa' n-q, o

withw = U'B'C(C'(X'X)"1C)~1C'BU
When a = 1 (i.e. when the between-subjects contrast matrix C is a single column), then
HE™1is of rank 1 and its trace is equal to its only nonzero eigenvalue. Thus, from
extension of MKB definition 3.7.2 and equation 3.7.15 describing the distribution of the
largest eigenvalue of the product of two such independent Wishart matrices (note the
trace of HE™! and the trace of E~*H are equal) we have, under the null hypothesis with

non-centrality parameter o = 0:

tr[HE™']~ mFb, n—q—b+1

Under the alternative hypothesis the noncentrality parameter is not always well defined.
Obviously, U'B'C(C'(X’X)~1€)~1C'BU cannot be used as the noncentrality parameter
because it is a matrix and does not directly conform to the scalar value demanded by a
noncentral F distribution. Approximations to the distribution under the alternative
hypothesis are still a subject of research (e.g. Johnstone and Nadler, 2017). However, in
certain situations such as the test of a vector of means at each of T time points for one or
between two groups, the noncentrality parameter can be given as that of the noncentral
Hotelling 77 distribution. The results are important: in the one sample 7° the noncentrality

parameter is w = p'E~ 1 whereas in a test of the means between two groups with sizes

n1 and n; the noncentrality parameter is given as w = % (uy — 1)’y — 1)
1 2



10

(Gupta, 2006) suggesting w is obtained by scaling the effect size much like A scales the

test statistic to form an F distribution.

(v) Distribution of the Wald test statistic: We have seen that in two exact cases, the test

statistic follows an F distribution. Specifically, when b = 1:

n—
F=Axtr[HE 1] = 4

tr[HE™'] ~ F; nq w

w=UgcX'X)10)"lc'pu
and when a = 1 under the null hypothesis:

n—q—b+1

F=2Axtr[HE ] = >

tT[HE_l] ~ Fb, n—-q-b+1

However, when these two cases fail, the distribution of the test statistic has no known
distribution. Instead, it is common to assume the distribution follows an F statistic and to
approximate the degrees of freedom of the distribution and possibly scale factor.
Fortunately, as will be demonstrated in the following example, the hypothesis tests of
individual fixed effects of interest in balanced linear mixed models (for this document,
“balanced” means no missing data and all subjects are observed at the same time points)
analyzing longitudinal data can frequently be expressed as a multivariate linear model
with a Wald test statistic distributed identically to both special cases previously

discussed, i.e. both =1 and b=1.

D. Example, Group by Time Effect
Suppose we are analyzing the results of a study examining protein
supplementation on lean body mass following bariatric surgery. Patients were

randomized to either a routine diet of 1500 Kcal per day following surgery (group 1), or a
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diet of 1500 Kcal per day with 400 Kcal coming from supplemental protein powder
(group 2). Post-surgery, patients have biometric data including lean body mass measured
once every 3 months for a year providing 5 observations per subject (months 0, 3, 6, 9,
12). Of primary interest is whether the trajectory of lean body mass index over time is
different between the two groups (equivalent to the group by time effect in the mixed
model). There were 10 subjects in each study group with no missing data and no
mistimed observations.
The between and within-subjects contrast matrices to test if there is a difference

between groups in trajectory of lean body mass over time are:

c=1[0 1]

uv=[-2 -1 0 1 2]

The design matrix for subject i will be:

x;=[19:]
with g; = 0 if subject i in group 1 and g; = 0 if subject 7 in group 2. The hypothesis that

no difference exists will then be rejected if nf;q tr[HE™1] = 18 = tr[HE ] falls in the

rejection region of an F ;g distribution.

E. Strengths and Limitations

Compared to other methods of analyzing longitudinal data, the GLMM has two
attractive qualities. First, while 2 is a biased estimator of Z, this bias has no impact on
the test statistic. Secondly, the test statistics have known distributions for the special
cases described, which happen to correspond with testing individual effects of interest for

most researchers.
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However, the GLMM has several major limitations, the two most obvious of
which are that all data must be observed (non-missing) and that all subjects must be
observed at the same timepoints. Such demands are clear from the structure presented in
Section II.A, as y; must have t elements and B takes no consideration of the time of
observation (only order of observation is considered) in mapping from X to Y. Lastly, the
structure of the model is unfamiliar to many researchers who are often unaccustomed to
the idea of an outcome as a joint set of observations. As a result of these limitations, other

more flexible methods for analyzing longitudinal data have become popular alternatives.

II1. The General Linear Model (GLM)

The next type of model commonly used for the analysis of longitudinal data is the
General Linear Model (GLM). This model offers increased flexibility over the GLMM
and is capable of explicitly estimating the effect of time as a continuous function on
which the outcome depends. However, this model will be shown to have its own

limitations, particularly with regards to estimation and hypothesis testing.

A. Definition and Model Structure
The GLM is specified as follows:
Yi=Xp+¢&
In this instance i = 1,...,n refers to one of the subjects in the model. Y; is the mi x 1
matrix consisting of the outcome measurements for subject i at each of the j =1,...,m;

times the subject was measured. Additionally, ¥; ~ Ny, (X;8,Z;) and Y; are independent.

X; is the m; x r fixed effects design matrix, one of whose columns is the vector of
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timepoints at which subject i was measured (» has been used instead of ¢ to differentiate
from the GLMM). B is the » x 1 vector of fixed effect parameters. &; isthe mix 1
matrix giving the “error” or amounts by which the outcome for patient i at observation

time j deviates from its expected value. Thus &;~ Ny, (0, ;). So, structurally the model

appears as:
Yi1 Xi11 Xi21 - Xkt | [Pa €1
Yi2 Xtz Xizz - Xirz ||, €i2
: = : : : : . + :
Yiml- xl’lmi xiZmi xl’rmi ﬂr gimi

Stacking these observations as ¥ = (¥, Y, ... ¥,,)’ we can express the model in
shorthand form:

Y=XB+¢
Typically, the first column of the design matrix will be a column of ones representing the

intercept term, but this is not a requirement.

B. Likelihood function and Estimation

The pdf of ¥; is given as:

1
fr.(Y)) = 2m) ™™/ |27 2exp {_E(yi —XiB)E(Y; — Xiﬁ)}

In the simplest case, assume that m; = 7 for all subjects. Then £ = Xy = I,,,,, ® Z; and

the pdf of ¥ is given as:

1 n
fY1,,,,,n(Y1,..,1’l) = fy(¥) = (2m)™™/2 || 2exp {_EZ(YL' - X:B)'EN(Y; - Xiﬁ)}

=1
= (2m) ™2 |5 2exp {~ (¥ ~ XBY'ETM(¥ — XP)}

Therefore, the log-likelihood function for Y is:
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L(B,51Y) =~ log(2m) — 7 LogI] — —= (¥ — XBYE1(Y — XB)
From proof 2 in Appendix I, the MLEs for this balanced case are
B=XZ1X)1X'EY and E; = %(Y —XB)(Y — XB)’
when assuming f or X; is fixed and known, respectively. Unfortunately, these quantities
both depend on each other, and so the following expressions are often given instead as

the “feasible” estimators obtained from the conditional likelihood function for each

parameter:
—~ - -1_ ,~ P —~ —~
B=(XTX) XEY and £ = (¥ - XB)(Y — XB)'
For cases when the number of observations differs among subjects, the estimates may not

be so easily expressed. However, even if these estimates are based on balanced data,

several problems exist that complicate analyses based on this model.

C. Issues with Likelihood Estimates

The problems with the estimates in the previous section I1.B are three-fold.

(i)Bias of ML Estimators Typically maximum likelihood estimates are biased. A simple
example readily shows the bias in the ML estimate of estimate of X. Assume all subjects
are observed 7 times and all observations within and between subjects are independent
such that ; = 0%I,,, and Zy = 62I,,; 5 nr . Then setting ;—zl(ﬁ, 2|Y) = 0 and solving,
conditional on f8, we have:

n

1 n
Etr[lrxr] =tr [Z MY - XBY — X B)



nt = o %tr I.Y; = X:)Y; — X;B)’

n
L i=1

nt=o0%tr| ) (Yi — X;B) I..(Y; — X;B)
2
nt=0c2(Y-XB)' (Y —XB)

1
0% = — Y -Xp)' (Y —XB)
Additionally, conditional on X
B=Xz1X)"X'zY
=% ?2(X'T X)X Y
= (X'X)"1X'Y

Therefore,

1 _ -
6% =— (Y -XxB)' (Y - XB)

1
— (¥ - XX'X)7IX'Y)'(y - X(X'X)"1X'Y)
Proceeding as in A.IIl we have nt6? = Y'QY~W,(nt — 1,6%1,; 4 n, 0), since
Yi~N;(X;B,0°)

From MKB corollary 3.4.2.1 and theorem 3.4.4 b we have:

nt—-r

Y'QY~ Z a?y?

i=1
And so

nt—r
E(6%) = o? < ¢?
nt
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Note that this bias is typically not an issue in exact cases where the degrees of freedom in
the F-statistic correct for this bias in the variance estimator, but in non-exact cases this

bias can pose more of an issue.

(ii) Interdependence of Estimators The estimates often depend on each other, thus

preventing a general closed form solution.

(iii)Hierarchical distribution of B In the case that Z; could be estimated independently
of B so that B = (X 'f‘lX)_lX 'T1Y (as we’ll see is the case in REML estimation),
there would still be the issue that the distribution of B would hierarchically depend on the

distribution of Z; and would therefore be difficult to determine. Thus, test statistics based

on this estimate can also have distributions that are difficult to express.

D. REML Estimation

To solve issues (i) and (ii) from previous section III.C we can instead estimate 8
and Z; via Restricted Maximum Likelihood Estimation (REML). Essentially, we utilize
the fact that the error term &; has the same covariance as y; but whose mean does not
depend on B. So instead of estimating B and E; based on Y we will estimate based on
the residuals of the model. Interdependencies are introduced among observed residuals in
the estimation process (for instance, in OLS estimation we can determine the value of the
n™ residual if we know the previous 7 - 1 residuals), and so we need to find a basis for
these residuals that expresses them in terms of the original error space. To do so, we can

define:
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H =XXzx)"x'z1 (with H an n7 x nt matrix)

Q' =I1-H (note QX =X — X(X'2'X)"1X'271X = 0)
Q is idempotent and its rank = trace = nz-r. Since Q is a square matrix it can be
expressed via “QR” factorization as Q = MA where M is rank nt-r and A is an upper
triangular matrix. Additionally, the columns of M form an orthogonal basis and so

R, =M}Y,— M X;B=MY,~N.(0,M;XM;)

Note M'EM is of the same block diagonal shape as X but with the last 7 rows containing
only zeros (since M is rank nz-r and has columns forming orthogonal basis). We can
therefore express the likelihood function of R as:

n n
np 1 , 1 Lo _
(ZIR) = — "D log(2m) =5 ) logIMZ:M;| — 5 > Ri(M{ZM) R,
= i=1

i=1
The above expression still has the problem that M depends on Q and therefore on the
value of X, which is an unknown quantity we are trying to estimate. However, this
function can be equivalently expressed as (Gurka, 2006):

lREML (2 |Y) =

nt—r
2

1 1 1 1 . _
log(2m) + Elong’Xl - Elog|z| - Elog|x’z:—1x| -3 (Y —XB)'(Y — XB)
Where B = (X'E71X)7'X'E71Y

From the above expression, it is now obvious that REML allows the estimation of X first

and then of B. Thus, the dependency issue in (ii) from III.C is avoided. To see how the

bias issue in (i) is mitigated, we can calculate the REML estimate of £ from part I11.C.i.

)

Here @ is idempotent and its rank = trace = nz-r and £; = 621, ,

n
) 1 )
ax!(EIR) = =3 1(azi
i=

n
1 0
loglMi,ziMi|> - §<t7” [Z Iz (M;'Z;M;)"'RiR/
i=1



18

n
19 1 0
- _Ef(loglMlazlnrxnrMD o E(tr [Z X (M,JZITxTM)_lRiRi,
i=1 "

)

Noting M; is orthogonal and thus invertible, so (M'XM)~1 = M~1z-1(M")~?
1 ’ 1 -2 nN—1 P
= — S tr[M'M] + S tr[0 2 Ly e (M) RR'M ]

nt—r 1
= - +Etr[a‘zlnrxnT(M')‘lRR'M_l]

Recalling R = M'Y — M'XB
nt—r =tr[c?(M)"Y(M'Y — M'XB)(M'Y — M'XB)'M™1]
nt—r=tr[o?(Y — XB)(Y — X'B)]
nt —r = tr[o*(Y — XB)(Y — XB)']
nt—r = tr[c?(Y — XB)'(Y — XB)]

nt—r=0%Y—-XB)' (Y —XB)
1
0?=— (Y —-XB)' (Y —XB)
nt—r

As before, B = (X’X)"1X'Y and so

G% = — Y -XX'X)"XY)Y-XX'X)"1X'Y)
And therefore
nt—r
E(6?) = 0% = ¢?
nt—r

In this case, the REML variance estimate is unbiased and therefore solves the bias issue
in (i) from II.C. In general, the bias of the REML estimate £ is bounded by O(n?)
whereas the ML estimate is bounded by O(n!) (Tang, 2017). Additionally, while in this
simple case the issue described in (iii) from IIL.C is avoided, B will often remain a

function of £ even under REML estimation. Thus, the typical estimate of v’a\r(ﬁ ) =
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(X 'T1Xx )_1 will underestimate the true value of var (E ) and therefore lead to inflated

type-I error rates in Wald-type F tests.

E. Advantages and Disadvantages of the GLM

The general linear model with repeated measures offers several advantages over
the GLMM. Most important are the ability to explicitly estimate the effect of time on an
outcome as a continuous function, as well as the lack of demand that subjects have equal

numbers of observations or be observed at equal time points.

However, the added flexibility of the general linear model with repeated measures
tends to create problems with estimation and hypothesis testing, particularly when data
are unbalanced. Additionally, the types of covariance structures accommodated by this
model are typically those which are functions of the order of the observations rather than
of the time at which each observation was taken. For instance, an AR(1) covariance
structure specifies a constant decay of correlation regardless of when observations were
taken. A linear exponent autoregressive (LEAR) covariance structure mitigates this
problem to an extent by scaling the decay rate by the amount of time between
observations, but this structure adjusts the decay rate equally irrespective of when
observations occur and therefore may not well accommodate data with many subjects
observed in widely varying time periods (see Simpson et al., 2010 for details on these
covariance structures). Thus, while the GLM may accommodate unbalanced data, its
ability to do so is often subject to the validity of assumptions demanded by the types of

covariance structures modeled, which impacts power via the variance estimates.
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IV. The Linear Mixed Model

The linear mixed model (LMM) has much of the same advantages and disadvantages of
the GLM. However, for the purposes of longitudinal data analysis, the LMM is capable
of modeling covariance structures that are continuous functions of time and therefore

provide an added level of flexibility.

A. Definition and Model Structure

The Linear Mixed Model (LMM) is specified as follows:

Yi=X,B+Z;b; + e;

The structure of this model is quite similar to that of the GLM. Again, Y; is the m; x 1
matrix consisting of the outcome measurements for subject i, i = 1,...,n, at each of the
j=1,...,m; times the subject was measured, and with all ¥; independent. X is the m; x
fixed effects design matrix, one of whose columns is the vector of timepoints at which
subject i was measured. B is the » x 1 vector of fixed effect parameters. e; is the m; x 1
matrix giving the “error” or amounts by which the outcome for patient i at observation
time j deviates from its expected value. Thus ;~ Ny, (0, Z¢;). For the remainder of this
document we will assume Z¢; = 021y, xm,.

Additionally, in this model we have two new components: Z; is the m; x 1

(random intercept only) or m; x 2 (random intercept and slope) random effects design

matrix given as:
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1 1 t

1 t,

Z; = or Z;=]|. :
1 1 ty,

b; isthe 1 x 1 or 2 x 1 vector of random effect parameters to be estimated given by b; =
(b;o) orby b; = (b;y b;;)" where by is the increment in intercept for subject i beyond
that of the mean model and b;; is the increment in outcome slope for subject i beyond
that of the mean model. For random intercept only models, £5; = o4 whereas for models

with both random intercept and random slope we will have unstructured covariance:

2

011 012]
2

012 0

pi = [
For the purpose of inference on the fixed effects, the values of the random effects
themselves are typically of little interest. Rather, the benefit of this structure in
longitudinal data analysis is that it allows the subject specific deviations from the
population average to be continuous functions of time and so too the variance of these
deviations. This model assumes a linear relationship between ¥; and X; and that
e; ~ Ny, (0, Z;) is independent of b; ~ Ny - ,(0,Zp;). Therefore, ¥;~ Nni(Xiﬂ, Zyi)

where:

Zyl- = var(Zibi + el') = var(Zl-bl-)+var(el-) = Zl-Zb,-Zl-' + O'zlnl.xni

B. Estimation

Laird and Ware (1982) conceptualized the LMM as a two-stage hierarchical
model. Specifically, they specified

Stage 1: ¥; = X;B + Z;b; + e; with b; fixed and e;~ Ny, (0, 0L n,)

Stage 2: b; ~ Ny (0,Xp;)
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The marginal distribution of ¥; can then be obtained as
D = [ Wb f®) db

For purposes of parameter estimation however they suggest a Bayesian approach treating
both b; and B as random variables. Specifically, they suggest for priors B~ N,.(0,T’)

with I infinitely large and b; ~ N (0, Zp;), giving the marginal distribution of ¥;:

) = f ] f (VB BB f»(b) dBdb,

They note that maximizing fy (¥) with respect to variance components of Ly returns the
REML estimates of Zy, obtained for ¥;~ N, (X iB, Zyi). Additionally, the Empirical
Bayes Estimate of f is the expected value of the posterior distribution of 8 conditioned
onXy = fyi and is equivalent to the REML estimate of 8 obtained when assuming 8
fixed and Y;~ N, (X iB, Zyi). The prediction (estimate) of b; is often of little interest but
can likewise be obtained as the expected value of the posterior distribution of b;.

The result of this equivalence between Empirical Bayes and REML estimation
allows us to utilize the likelihood-based estimation techniques established in (II1.D). As
such, estimation for the LMM is actually quite similar to that of the GLM.
Unfortunately, the frequent lack of closed form solution and bias in the estimate of the
variance of B even under REML estimation means the Wald test statistics still lack

known distributions in many instances.

C. The Kenward-Roger Approximation

The Kenward-Roger approximation (Kenward and Roger, 1997) attempts to

address both the bias in the REML estimator of the variance of B and the frequent lack of
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known distribution of the Wald test statistic for testing HO: €' = C'B vs Ha: C' +#

C' By in linear mixed models (and GLM), which we can express as:

1 —~ A o~ -— o~
W= m(ﬁ —Bu) c(C'HC) " C'(B - By) (1.1)

As such, there are essentially two steps to the approximation.

(i) Step 1: Modifying the REML estimate of the variance of §  The variance of B is

given as ¢ = (X T, 1x ')_1 and frequently underestimates the true variance of 8 for two
previously mentioned reasons:
(1) ¢ hierarchically depends on the random variable of Zy
(2) The REML estimate Xy is often biased to some extent, though less so than the
ML estimate

Issue (1) had previously been tackled by Kackar and Harville, (1984) by expressing
var(B) = ¢ + A where ¢ = (X’ZI,?lX’)_1 and A = var (B(fy) — B(zy)). They then
used a Taylor expansion to obtain an approximate value for A. Kenward and Roger
similarly used a Taylor expansion of ¢ to obtain its bias as a function of the REML
estimate £y. Combining these two results, Kenward and Roger obtained the adjusted
estimate of the variance of B given as: ¢, = ¢ + 2A. The calculation of A is provided
in Appendix II part A, but for now it suffices to simply note an adjusted estimate is made

to the REML based estimate of var(ﬁ) which reduces the bias in the estimate from

0O(n2) to O(n~5/2) (Alnosaier, 2007).
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(ii) Step 2: Approximating the distribution of the Wald test statistic The Kenward-
Roger method now aims to provide an approximation to the distribution of the adjusted

Wald type F statistic:
1 ~ ! ;= -1 1S
W= W(B_ﬂH) C(C'daC) C'(B-Bu)

To outline the approach, they first use a second order Taylor Expansion to obtain
approximations to the mean and variance of the F statistic. However, there is an error
term in any expansion that will result in inaccuracies particularly when the sample size is
small. Consequently, they later modify the results to match the mean and variance
known in certain exact cases. For the initial step of the Taylor Expansion, they

approximate the moments which may be given by the following well-known theorem:

Theorem 1 (Mean and Variance of Normal Quadratic Form):
LetY = X'AX with X~N;(u,X) then,
E(Y) =tr(AX) + u'Au
V(Y) = 2tr[(AX)?] + 4u'AZAn
With the condition that X must be a column vector and Y a scalar
In terms of Theorem 1 we have %F = X'AX where rank(C) =1 and
X=CB-Buy)>n=CE-B
A=(CaC)"
2 =var(C'B) = C'var(B)C = C' (¢ +A)C
Therefore

EW) = tr [(€$aC)” (€' (@ + MO + (B~ Bu) C(C'HAC) " C' (B~ Bi)
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-1 2
V(W) = 2tr [((C'q)Ac) €' (p + A)C)) l

~ ~-1 ~ N1
+4(B — Bu)' C(C'DaC) (C'(+M)O)(C'PAC) C'(B—Bu)
Unfortunately, each of these terms depends on ¢ and therefore on E, and so we must use

the hierarchical identities:
EW) = E(E(WIE))
vw) =E(V(WIE)) + v (E(W|E))
Kenward and Roger only approximate these moments under the null hypothesis. So,
E(W) = E (E(FIE))
I -1,
—E (tr [(c $AC)" (C'(d+ A)C)])
~ 51
+E((B - B C(C'BAC) " CB-B)
~ 51
=E(tr [(C'$aC) " (C'(@ +M)O)|)
Taking the expectation of the Taylor expansion of tr [(C '$AC )_I(C "+ A)C )] around
o they arrive at
A, 3
E(W) = 1+T+0<n 2)
where [ =rank(C). A similar process for the variance leads to
2 1 3
vw) = |1+ 5 A+ An)| + 0 (n72)

Where:

A = Z Z w;tr(0¢pP;p) tr(0dP;d)

i=1 j=1
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T T
A, = z Z w;;tr(0pP,pOGP; )
i=1 j=1
wij = cov(&i ,6]-) = ijt" entry of the inverse of the expected information matrix

0 =C(C'p0O)1C’

P, =-Xz1 g—iz-lx

Lastly, they solve for values of A and m such that AF = F*~F(l, m) which they do
by matching the obtained quantities to the moments of the F distribution. The solution
obtained does not match the correct values in certain known cases (ANOVA and
Hotelling T? tests), which is unsurprising because the Taylor expansion has an error term
which is dropped from the mean and variance expressions. To accommodate this, they
modified their solution to the mean and variance expressions so that the exact value is
returned for these known cases. The derivations of these solutions are provided in
rigorous detail in Alnosaier (2007).

We can now show an equivalent example to that in previous section I.D, but using
the LMM with random intercept and slope and using the Kenward-Roger test statistic for
the group by time effect. Now, the contrast matrix for the test of the hypothesis HO:

C'B =0 will be
c=[000 1)

And for subject i the design matrix will be:

1 9. 0 ;%0
1 g1 3 gi*3
X; = 1 g, 6 gi*6
1 90 9 9:*9
1 g, 12 g;*12

where again g; = 0 if subject i belongs to control group and g; = 1 if subject i belongs to

the treatment group. Likewise, we’ll have within subjects covariance matrix:
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0o o1
Ly = 2
Oo1 011
with 64, being the variance of random intercept, 67, that of random slope, and 0y, the
covariance between random intercept and random slope.

And so the variance of ¥; will be Z;23;Z;" + 0215, with

1 0
1 3
Z;=|1 6
1 9
1 12

Now, using the Kenward-Roger F statistic, Fxg, we will have Fyp = 18
tr[HE~1] from I1.D and will be tested using the o level rejection region of an F i3
distribution, which we’ve seen to be the exact value for the test of the group by time
interaction. Thus, while in general the Wald test statistic # for the LMM does not have
an easily calculable distribution, the Kenward-Roger adjustment has caused the exact

value for this hypothesis known from the GLMM to be returned.

V. Existing Power Calculation Methods

As described, the KR approach only approximates the distribution of the Wald
statistic under the null hypothesis, which means calculating power for this adjusted
statistic is not straightforward. Existing power calculations for the KR adjusted Wald test
can be described as belonging to at least one of three approaches: equivalent, parallel, or
simulated. Equivalent approaches calculate power for a test statistic (such as the HLT
statistic in the GLMM) that is known to be equivalent to the KR statistic in certain cases.
Parallel approaches calculate power for some other LMM Wald statistic approximation,

with the idea being that power for the KR statistic should be similar. Lastly, simulated
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approaches provide an estimate of power by simulating the specified trial a number of
times and observing the proportion of times the null hypothesis is rejected.

One straightforward exact approach is to use the equivalence between the HLT
statistic in the GLMM and KR statistic in the LMM. A 2018 article by Chi et al. provides
a detailed set of criteria under which the LMM be recast as a GLMM and the KR statistic
obtained via REML estimation will be equivalent to the HLT trace test statistic>. The
resulting implications are powerful and suggest the tests of hypotheses of any individual
fixed effects in the linear mixed model with balanced data (balanced again meaning equal
observation numbers and times for all subjects with no time-varying covariates) has an
exact distribution for which power can easily be calculated by using existing multivariate
techniques. When data are unbalanced or hypotheses of interest involve more
complicated contrasts, such as those involving more than two groups or those involving
multiple effects such as omnibus ANOVA type tests, the HLT and KR statistics no longer
must be equivalent and the distribution of the HLT must itself be approximated.
However, using existing power calculations for the HLT in such instances still provides
an intuitive parallel approach to calculating power for the KR adjusted Wald test.

An alternative parallel calculation was developed by Kreidler (2014). While the
KR method matches the values of the first two moments of W, obtained via Taylor
expansion up to those of an F distribution, the method described by Kriedler takes the

two step approach of of
R 21 \-1
(1) approximating (C "(X'271X") 'c ) as a Wishart distribution and

(2) making the assumption that £ and 8 are independent, so that
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— o~ -_ —1 —

B'C (C’(X’Z‘1X) 1C) C'pB has a known correspondence with an F
distribution for

testing HO: C'B=0

Specifically, in step 1, Z is the REML estimate obtained after recasting the LMM as the
GLMM in section A.I. For balanced mixed models, a single estimate of T is obtained as
shown in A.II and so for the LMM: C'(X'f‘1X)_1C~Wa (N -q, C’(X’f‘1X)_1C) (the
proof being similar to that of E in the multivariate model). However, when data are
unbalanced, as can occur with missing or mistimed data, the LMM is recast as a
collection of m multivariate linear models grouped by observational pattern. For each
multivariate model d=1,...,m, fd is estimated. Then for each component of the LMM,
X, 271X, is inverse Wishart distributed, but for the overall LMM, X'Z1X =

X E71X, + -+ + X, 21X, has an unknown distribution.

The distribution of X'T71X = X, 71X, + -+ + X}, 21X, is instead
approximated by matching the moments of the sum to those of an inverse Wishart
distribution. The Wishart and inverse Wishart distributions have a variance for each
element, but not for the matrix as a whole. So, the expected value of the sum is matched
to the expected value of an inverse Wishart matrix, and the variance of the trace of the
sum is matched to the variance of the trace of an inverse Wishart matrix. The degrees of
freedom N, and covariance matrix £, are solved for so that the distribution of X'E~1X is

then approximated as a W, ' (N,, ;1) distribution. Consequently
- -1 \71
(c(xEX)7'c) ~~ W (., € (XETX) 10D,

In step 2, known relationships between an F distribution and quadratic forms of

X'AX with X~N,(u, Z,.) and A~ W, 1(N, X,) are used to express the Wald statistic w for
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the linear mixed model as a scaled F distributed random variable. Specifically, the
assumption is made that B and ¥ are independent—an assumption suitable for
multivariate methods, although which may not hold for the mixed model. So,
wo~AoF(ny, N, —r + a — 2) and w,~A,F(n,, N, —r + a — 2,6,,) where wy, w, and
Ao, Ay, represent Wald statistics and scale factors under the null and alternative
hypotheses. Lastly E(wy), E(w,), V(w,) are obtained and matched to a statistic of the
form given by Kenward and Roger, namely such that Aw~F(l, v, ).

Power under the alternative that C'B# B, can then be calculated by defining
values of , B, B, C, and X to obtain the distribution of Aw under the null hypothesis that
C'B=B,. The value of f..;; = F"1(1 — a, [, v) can be obtained and the power then
calculated as 1 — F(f,i;, [, v, w). This method has the advantage of allowing flexibility
in anticipated observational pattern, such as allowing for missingness. Moreover, it was
found to perform within roughly two-decimal places of accuracy in simulations of a
longitudinal analysis with moderate sample sizes. However, the assumption employed by
this methd that £ and B are assumed to be independent is frequently violated in the mixed
model. As such, the variability of B may be underestimated by this approach in cases of
unbalanced data. The KR approach instead uses an adjusted estimator of (X'E71X)™1,
and so it would also be desirable to have a power calculation for the KR test statistic that
accommodates this adjustment. In the following chapter, we will introduce a power
calculation that has the same advantages as that introduced by Kriedler, but which
addresses some of the limitations of the method for calculating power for the Kenward-

Roger test statistic.
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Another parallel method is provided by Tang (2017). In this approach, a closed-
form estimate, V, is found for the KR derived expression of var (E) under REML

estimation and monotone missingness. The power to calculate the test of treatment effect

at last visit is obtained as 1 — P (t <t, g) where t = M follows a noncentral t
2

.Btreatment

distribution with noncentrality parameter w = and degrees of freedom m

obtained approximately as the fraction of observed information retained at the study visit.
However, this methodology has only been established for comparisons between two
groups at a particular timepoint. Likewise, the method for determining degrees of
freedom in the t-distribution used for power calculations differs from the KR approach.
Perhaps the simplest of such parallel approaches would be to calculate power for
the traditional form of the Wald test statistic (equation 1.1) using the residual degrees of
freedom. Prior to the development of the KR adjusted statistic, Helms (1991) advocated
for such an approach to approximate the distribution of the Wald test statistic and thereby
calculate power for unbalanced study designs. Specifically, it was argued the Wald test
statistic approximately followed an F distribution with numerator degrees of freedom
established in the usual way, denominator degrees of freedom equal to N — rank(X||Z),

with N = nz (i.e. the total number of observations) and noncentrality parameter equal to

(ﬁ — BH)’C(C’cT)C)_IC’([A? — BH). This approach was likewise used by Verbeke and
Lessafre (1999) in calculating power for longitudinal mixed models with monotonically
missing data, although they specifically noted this method had not been validated for the
KR adjusted Wald test. Nevertheless, the simplicity of this approach is appealing and

provides a straightforward way to plan for missing observations in power calculations,
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and it would be useful to know if such an approach could adequately calculate power for
the KR adjusted Wald test.

The final type of power calculation is to simply estimate power based on a
number of simulated trials. Unfortunately, this approach can be prohibitively time
consuming in a number of ways. First, code must be written to perform the simulation,
and doing so for LMMs can be complicated and require several days of writing and
validation. While some existing software such as Power and Sample Size Software
(PASS, 2015) provides a pre-existing simulated power option for the KR test, we do not
find any pre-existing validated packages that easily accommodate for anticipated dropout,
missing observations, or other sources of unbalanced data. Regardless, the biggest
limitation to this approach is that such simulations can take hours to run. While this issue
would not be so problematic if only power were to be calculated, the ultimate question on
the mind of many researchers is not power but rather sample size. As a result, calculating
sample size would require iteratively performing many simulations, each of which could
potentially take many hours, until the correct sample size is obtained. Therefore, a fast
method of calculating power would still be preferable to the simulation-based approach.
It should, however, be noted that in our opinion a small simulation study to accompany
any power calculation approaches may still be beneficial in providing insight into
convergence of estimates and what types of covariance structures may be feasible to

model.
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CHAPTER 2
A NEW POWER CALCULATION METHOD FOR THE KENWARD-ROGER TEST
STATISTIC

L. Introduction

To the author’s knowledge, no method currently exists that calculates power for
the Kenward-Roger test statistic directly for tests of linear functions of time. Existing
power calculations are identical to that of the KR statistic in certain cases, but they are
technically calculating power for different test statistics which, while hopefully similar,
may not always align with the KR statistic. In this chapter, we introduce a power method
with the KR statistic as its target. Specifically, the theory and techniques used for the KR
statistic described in Chapter I section IV.C is applied to obtain an approximate
distribution for the Wald test statistic in the LMM under the alternative which can be
used to calculate power.

Unfortunately, an identical approach to that introduced by Kenward and Roger for
the null hypothesis of the Wald test is not tractable due to the number of terms which
must be calculated and then solved for. Recalling the Wald test statistic for the LMM is

given as
1, S S
W= ey B~ Bu) C(CsC) € (B~ B)

then, if the KR approach is to be replicated under the alternative hypotheses, we must

obtain the first two moments of W:
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E(W) = E (E(W|§))
vaw) =E(V(WIE)) +V (EWIE)),
with

E(EWIE)) =E(tr [(C’(T)C)_1(C’(|>C)]) +E ((ﬂ — B C(CHAC) " C(B - BH)),
E(V(WIE)) =E <2tr [((C’(T)AC)_I(C’q)C))ZD

+E(4(8 - By C(C'HrC) (€ HO(CHAC) " CB-B1)
V(E(WIE)) = V(P) + V(@) + 2Cov(¥, &)

? = tr ((C$a€) (€40, = (B—B)BAB— B
All of these terms would need to be calculated via Taylor expansion, and the results
would need to be modified to match the moments of an F distribution so that the exact
values are returned in the known cases tracked by the KR statistic (HLT and ANOVA F-
tests). Instead, we make a simplifying assumption to improve tractability of obtaining an
approximate distribution under the alternative hypothesis.

Specifically, we are unaware of any exact scaled F-distributed test statistics for
which null and alternative hypotheses have different degrees of freedom or scale factor.
We therefore make the assumption that the KR test statistic has identical degrees of
freedom m and scale factor 4 under both null and alternative hypotheses. Under this
assumption, we can first calculate m and 4 using the expected data pattern and population
parameters (instead of their estimated values) with the existing method provided by

Kenward and Roger. We then only need to calculate E(W) under the alternative
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hypothesis, which is rather straightforward. Doing so, we can easily solve for the

noncentrality parameter of the desired F distribution.

II. Derivation of Methods
A. Method 1: Replicating the KR Adjustment for the Alternative Hypothesis

We must first calculate E(W). We only need to calculate the value of

E <(B — BH)’C(C’(T)AC)_lC’(ﬂ — ﬂH)), as from Alnosaier (2007) we have:

I -1 r 3
E <tr [(c oc) (c ¢c)]> =1+A,+0 (n_?>
First, note that for
Ho: C'(B—Bu)=C(B-P)=0
Ha: C'(B—By) = C'(B—0) =B, at least for the purpose of calculating power.
—~ -1 Py -1
Therefore, E ((p — B C(C'PAC) C'(B - p’H)) =E(B'C(C'PaC) C'B). After
calculating this value via Taylor Expansion as in Appendix II part B. we then obtain:
1 ! !
E(W) = 7(1 +A,+ 45+ B0 — B'OAOB) + 0(n™h)
Under the assumption that scale factor and degrees of freedom are the same under null
and alternative hypotheses, we now only must solve for the noncentrality parameter, w,
to obtain the approximate distribution of the Wald statistic under the alternative
hypothesis. Due to the remainder term in the Taylor expansion, the solution will not

return the correct value in exact cases, and so as in the Kenward-Roger method for the

null hypothesis, we will adjust the expression for E(W) to return the correct expected
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value under the alternative hypothesis and then use this new value to obtain the
noncentrality parameter for the KR test statistic. First, we will let:
E(W) = Eo(W) + E,(W)

where
1 1
EoW) =7 (L+A;)  E(W) =7 (B'0B + 45— B'0AOB)

Now, if F = AW, then E(F) = AE(W) = A(Eq(W) + E4(W)). Recall that for the
noncentral F distribution with noncentrality parameter w, numerator degrees of freedom

[, and denominator degrees of freedom m, that

We can then solve for the noncentrality parameter w as:
E(F) = AE(W)

m(l + w)
I(lm—-2)

= MEo(W) + E,(W))

Additionally, knowledge about the value of w in various tests suggest w may be
broken into various components: an effect size, J, and a scale factor, ¢, such that w = y§.
For instance, in the test of linear trend given in the example from Chapter 1 section I1.D,
the effect size may here be given as § = 8’08 and the scale factor may be given as y = 1
so that w = 1(B'0B) = B'0P. Alternatively, in the two sample Hotelling model briefly
mentioned in Chapter 1 section I1.C.iv, the effect size is again given as 0 = 8’0, but the

. . nin nin
scale factor is given as y = ——% so that w = ——= B'0f. So:
nitn; ni+n,

Im—-2) Im-2) A(Eq(W) + Eq(W))
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w=y8=I\ (mT_2> (Eo(W) + Eq(W)) — 1

Noting that A = Eeowyam— Ve simplify such that
E,(W)
w=y6=1
Eo(W)

In exact cases, Eo(W) should equal % with m being the correct denominator degrees of

freedom for the Wald F statistic. However, this does not end up being the case, and so
-1
the KR method instead uses Eg(W) = (1 - %) to solve for degrees of freedom and

scale parameter under the null hypothesis so that degrees of freedom and scale factor are

correct. Under the alternative hypothesis in exact cases:

m+ 2
m

£ W) = 7(7 %) prep

Therefore, in exact cases (see Appendix II part C for details):

m+ 2\ ,,
o Ea(W)_(—m )ﬂﬂﬂ_m2—4 , ,
_y5—lES(W)— mrzz =—s B'OB = B'Op

To ensure the correct noncentrality parameter is returned in exact cases, we make a
similar modification to E, (W) as to that made to E,(W) by Kenward and Roger.
Specifically we will let

[(B'6B — A; + B'6ABB)'](B'68 — B'6ABB)*> ,B'0B # 0
0 ,B'0B =0

1
Ea(W) =11
In the above expression, the choice of multiplying by (8’68 — B'0A0)? vs multiplying
by (B'0B)? is to some extent arbitrary. However, from Appendix II part B, we see that
B'6B — B'0A6S is approximately equal to 8'C(C'$p,C) 1€’ B and therefore to the

“effect size” of the test statistic in cases where ¢ # ¢4, such as in many unbalanced
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designs. So, multiplying by (8’08 — B'0A0B)? captures more information pertaining to
the test statistic.

Note also that in the exact cases of balanced data and single rank contrast

E;(W) _ E5(W)
E,(W)  Eo(W)

and so the adjustment to the expected value of the Wald statistic under the alternative
hypothesis mirrors that made by Kenward and Roger for the null hypothesis in both form

and value. Now,

m '
s = lE;(W):—m_ZBBB
(A ()

= B'oB

which is the correct value in the exact case when data are balanced and the contrast
matrix is rank one.

One problem still remains, however. Specifically, the choices of effect size § and
scale factor y must be more generally determined. In the exact test for linear trend with
rank one contrast we want § = 8’0 and y = 1. However when the exact distribution of
the test statistic is unknown, the desired values of each become less clear. We turn
instead to the relationship between the F distribution and noncentrality parameter in the
linear model utilized by Muller and Peterson (1984). Specifically, the noncentrality
parameter for the distribution of the Fstatistic in the balanced linear model may be

expressed as w = [F. Now if F = AW, then under this framework we would have w =
w =2l %ﬂ’ﬂﬁ = AB'0, suggesting that again § = B'0f but now also that y = A.

Currently, our adjustment to the approximation of the noncentrality parameter

only returns the effect size for balanced data, but the effect size is not scaled. For
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instance, the ANOVA type omnibus F-test of all 8; = 0 (here the contrast is no longer
rank one and A # 1, nor does the test have an exact known distribution) we have when

data are balanced:
E
w=Y0=l—xi=p'0B8+18'60B

We therefore propose the final modification that:

Ea(W)
Eq(W)

= A

Therefore, in tests of linear trend, the desired (exact if the contrast is single rank) values

of w = y§ = AB'0P will be returned in balanced cases.

B. Alternative methods for consideration

While the method just described obtains a value for the noncentrality parameter
using the methodology described by Kenward and Roger to obtain the denominator
degrees of freedom and scale factor for the F distribution under the null hypothesis, this
approach is admittedly complicated. We therefore also introduce three simple intuitive
methods that could potentially be used to calculate power for the KR adjusted Wald test.
The first of these alternative methods (which we’ll refer to as method 2 to distinguish it
from the expansion based method (“method1”) described in previous section I11.A),
replicates the approach of Muller and Peterson (1984) in directly using the KR adjusted
Wald statistic to obtain the value of the noncentrality parameter. Specifically, under this
second method we let the noncentrality parameter simply be (with ¢, = ¢ + A):

w=IF =AW, = A1B'C(C'p,0)~1C'B
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The distribution of the Wald test statistic under the hypothesized “true” model parameter
values is then obtained as AW, ~F(l, m, w), with A, [, and m = mygy obtained by using the
method described by Kenward and Roger under the null hypothesis using the “true”
parameter values in lieu of their estimates. The second of these additional methods
(method 3) is identical to method 2, except that the noncentrality parameter is the
traditional value in the linear model, i.e.

w=pCce0)1C'B
which in simulation studies will allow us to examine the impact of the adjustments to the
Wald statistic made by Kenward and Roger beyond the impact of only the modifications
to the denominator degrees of freedom.

The third of these additional methods (method 4) again uses the traditional value
of the linear model. However, the denominator degrees of freedom depend on the
random effects to be modeled. If both intercept and slope are modeled as random effects,
then the denominator degrees of freedom are set as

m=n(l—-p)—1-1
where p is the proportion of follow-up observations missing out of the total number
possible. For instance, in a design where each subject is supposed to be observed at 7 =5
time points, but in the actual trial 15% of follow-up observations are missing, then m
would equal n(4*0.85+1)/5 —1—1 =0.88n —/ —1. In other words, this method simply
scales the denominator degrees of freedom by the proportion of data actually observed.
Similarly, when only a random intercept is included in the model, then

m=n(l-p)(t—1)—-1-1
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where again p is the proportion of follow-up observations missing out of the total number
possible. The reason the denominator degrees of freedom differs depending on random
effects included is that this method tries to make a simple adjustment based on the KR
value of m in balanced designs for each of these models. Specifically, when data are
balanced, then the KR degrees of freedom for random intercept and slope models will be
m =n—[— 1, whereas for random intercept only models the degrees of freedom will be m
=n(t-1)-1-1.

Lastly, we examined the ability of one simple existing approach (which we’ll
refer to as method 5) to calculate power for the KR adjusted Wald test. Specifically, we
use the method described by Helms (1992) to approximate the distribution of the Wald
statistic from which power may be calculated. This method uses the traditional value of
the noncentrality parameter in the linear model, but the denominator degrees of freedom
are given as:

m = N —rank(X||Z)
where N is the total number of observations actually collected in the study, and “||” is the
concatenation operator. So, for a study with no missing observations, N = nt.
Additionally, since in the designs of interest for this dissertation the columns of Z are also
columns of X, rank(X||Z) = rank(X). A summary of these differing methods is

presented in Table 2.1.



Table 2.1: Summary of F distribution approximation methods

Method Random Effects m w
. E;(W)
1 Either Mgr I E; (W)
2 Either Mg AB'C(C'A0)'C'B
3 Either MgRr B C(C'HO)'C'B
4 Intercept and slope n(l-p)—1-1 p'c(C'd0)"'C'B
Intercept only nl-p(t-1-1-1 p'cCc'dO)"'C'B
5 Either N — rank(X||Z) B'C(C'HCO)"'C'B

Mg is the denominator degrees of freedom calculated by Kenward and Roger
p is the % of data missing
N is the total number of study observations

C. Calculating power

For each of the methods presented in Chapter 2, Section II.B, the value of

ferie = F71(1 — a, I, m) can then be obtained and the power of the KR Wald test

calculated as 1 — F(f i1, [, m, w).

A. Simulations

Several simulations were conducted to determine how the methods described in
Chapter 2 Section II perform in power calculations for exact and non-exact cases. All
simulations were structured such that each design contained only two treatment groups

with 10 subjects per group, and 25,000 trials were simulated for each design unless

1. Simulations and Practical Example
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otherwise stated. Power was calculated only for the test of interaction between treatment

and time except for in the final set of simulations in which power was calculated for the

omnibus ANOVA type test of all fixed effects. Empirical power for each method was

then counted as the number of times the p-value for the KR Wald test was less than a =

0.05 divided by the total number of converging simulations performed.
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For each power calculation, a full design matrix X was first generated and then
non-baseline values were deleted from the matrix completely at random (using the same
seed for all simulation sets) to obtain an unbalanced design matrix X;; with missing
values. Power was then calculated using X;; with given covariance parameters.
Simulations were then performed using the same X;; on which power calculations were
performed. All simulations were performed on models incorporating treatment, time, and
treatment by time interactions as main effects. The design matrix for the simulations can
be expressed as X = [X; X, ... Xy]' where X; = [1" g; t; (gt)i], 1=
1 1 - 1l,9:=1[9: 9 - Gi],t;=[t1 2 .. ty] and (gt); =
[git1  gitz - Giln;] with g; and ¢; as defined in Chapter 1 section IV.A, but with
only non-missing observations present. So, if the second observation for subject i was
deleted, then t; in Xy became t, in X, for that subject. All power calculations and
simulations were performed using SAS 9.4 (Copyright © 2016 SAS Institute Inc).

Table 2.2 provides the parameterization of each simulation while Table 2.3
provides the results of each simulation. The “% Observations Missing” in Table 2.3 gives
the percentage of values deleted from X to form X;; (number of total observations used
as denominator, even though only follow-up are missing). The “Trials Converging”
column in this table provides the number of simulated trials where the mixed model
estimation converged. In Table 2.3, Methods 1-5 refer to the power calculated using the

denominator degrees of freedom and noncentrality parameters given Table 2.1.



Table 2.2: Simulation Parameters

Design c B’ doo | 011 | *r(int, slp) Set t' for Xp
la [12345]
1 [000 1] [4 05035 395] | 4 | 1.15 0.5 5.85 | 1b [12345]
lc [12345]
2a [12345]
2 [0 00 1] [4 05 0.35395] | 4 | N/A N/A 5.85 | 2b [12345]
2¢c [12345]
3a [12345]
3 [0 00 1] [4 05 0.351.85] | 4 | 1.15 0.5 585 |3b | [258 14 19]
3¢ | [4 7 15 22 34]
4a [12345]
4 [0 00 1] [4 05 0.35395] | 4 | NA N/A 5.85 | 4b [12 3 4]
4c [12 3]
5a [12345]
010 0
5 0 01 0] [4 05035 165 | 4 | 1.15 0.5 5.85 | 5b [12345]
0 0 0 1
5¢ [12345]

*r(int, slp) refers to the correlation between random intercept and random slope

Table 2.3: Simulation Results

Design | Set % Trials Simulated Calculated Power by Method
Missing | Converging Power 1 2 3 4 5
la 0 16005 0.9614 0.9693 | 0.9693 | 0.9693 | 0.9693 | 0.9800
1 1b 15 14611 0.9164 0.9192 | 0.9284 | 0.9337 | 0.9310 | 0.9539
Ic 32 16092* 0.7852 0.7746 | 0.8227 | 0.8483 | 0.8353 | 0.8852
2a 0 24936 0.9978 0.9971 | 0.9971 | 0.9971 | 0.9971 | 0.9972
2 2b 15 24811 0.9889 0.9871 | 0.9876 | 0.9879 | 0.9879 | 0.9883
2c 32 24518 0.9446 0.9401 | 0.9437 | 0.9461 | 0.9464 | 0.9478
3a 20 14161 0.2788 0.3268 | 0.3405 | 0.3491 | 0.3437 | 0.3784
3 3b 20 18922 0.8644 0.8691 | 0.8717 | 0.8734 | 0.8663 | 0.9008
3c 20 19016 0.9063 0.9074 | 0.9079 | 0.9083 | 0.9018 | 0.9306
4a 15 24811 0.9889 0.9871 | 0.9876 | 0.9879 | 0.9789 | 0.9883
4 4b 14 24585 0.8571 0.8542 | 0.8562 | 0.8576 | 0.8579 | 0.8611
4c 12 24030 0.4916 0.4816 | 0.486 | 0.4889 | 0.4891 | 0.4964
Sa 0 16005 0.8131 0.8118 | 0.8137 | 0.8353 | 0.8167 | 0.8945
5 5b 15 14611 0.7180 0.7118 | 0.7288 | 0.7543 | 0.7225 | 0.8359
Sc 32 16092* 0.5702 0.5766 | 0.6119 | 0.6632 | 0.5847 | 0.7492

*31500 trials were simulated to maintain a large number of converging simulations

In the first series of simulations, we examined the performance of the various

methods for a random intercept and slope model as the number of observations missing
increased. As designed, methods 1 - 4 return the exact power when no missing data is
present, and method 5 provides a close approximation. As the amount of missing data

increases to 15% in design 1b, the methods diverge slightly, but all perform within 0.05
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units of simulated power with methods 1 and 2 providing close estimates. As the amount
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of missing data increases to 32% in design lc, even more divergence is seen. In this case,
method 1 obviously outperforms other methods, although method 2 still provides a power
estimate within 0.05 units of the simulated power highlighting the impact of the
adjustment to the value of the Wald test statistic made by Kenward and Roger.

The second set of simulations is almost identical to the first, except that only a
random intercept was fit. The results are good for all methods regardless of missing data
prevalence. Additionally, more simulations were able to converge due to not having to
estimate slope variance parameters. The results suggest that for random intercept only
models (identical to compound symmetric covariance), simple methods may be adequate
for power calculations.

In the third set of simulations, the time vector was allowed to vary as something
other than t =[1 2 3 4 5]'. The parameters were set the same as those in the first set
of simulations except the values of # were reduced to keep power from converging to 1
with larger time values. The missing pattern of follow-up observation was held constant
with only the time vector allowed to vary. Here, unequal spacing in time seemed to have
less impact on each method’s performance than did the magnitude of the vector. All
methods performed poorest at the lower power values in 3a, which could indicate lower
powered tests are more difficult to approximate due to the nonlinear nature of power as a
function of the noncentrality parameter. However, even though the methods were less
accurate for low power, method 1 still outperforms other methods and maintains accuracy
within 0.05 units of power.

The fourth set of simulations has the same parameter values as the second and

again only has a random intercept. However, the time vector was allowed to be reduced
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from t =[1 2 3 4 5]’ by dropping the number of follow-up observations in X. The
results here echo those of scenario 2 and again suggest the simple approaches perform as
well as the more complicated methods in the random intercept only model. Moreover,
the number of follow-up observations was found to have little impact on the performance
in this method. Unfortunately, a similar experiment evaluating a low number of follow-
up observations would be difficult to conduct in a model with random slope because the
estimate of slope variance would be difficult to obtain and lead to convergence issues.

The fifth and final set of simulations is almost identical to that of the first, except
that now we are interested in the full omnibus F test that Bgroup = Btime = Bgroupstime = 0
The effect sizes have likewise been reduced to prevent power from being too close to 1.
The results demonstrate that with little missing data, all methods perform well. However,
as missingness increases, the degree of performance diverges. With 32% missing,
Method 2 performs within a 0.05 unit margin but not as well as Method 1, which
demonstrates the superiority of the KR type method based on the Taylor expansion to
solve for the noncentrality parameter in these more complicated scenarios. Interestingly,
method 4 performs closest to method 1 no matter the amount missing. This proximity
arises from the fact that the KR method often shrinks the denominator degrees of freedom
only by a small amount and leaves much of the heavy lifting in the F approximation to
the adjustment of the Wald statistic itself. Conversely, method 4 makes a comparatively
large adjustment to the denominator degrees of freedom that compensates for the lack of
adjustment to the Wald statistic and therefore noncentrality parameter.

Altogether the results of these simulations suggest methods 1 and 2 are capable of

providing accurate power approximations in the small sample cases for which the
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Kenward-Roger test statistic is critical. Moreover, the expansion-based method 1
outperformed simpler method 2 in random intercept and slope models, particularly when
the observational pattern became more and more imbalanced due to unobserved follow-
up observations. However, the results also suggest that in studies with low anticipated
dropout or simple covariance structures, a variety of simple methods - including ones that
use residual degrees of freedom and traditional values of the noncentrality parameter for
the F distribution of the Wald-test statistic under the alternative hypothesis — are

sufficient for calculating power.

B. Practical Example

Wolfinger (1996) examined a study on growth curve data of rats originally
presented in Box (1950). In this study, rats were provided one of three treatments:
Control, Thyroxin, or Thiouracil. The body weight growth curves of all rats were roughly
linear. Of interest: is there a difference in average trajectory of body weight over time for
either treatment group compared to the control group? The difference observed in the
study was quite large, so for this example we will determine how many rats would be
required to detect a smaller difference in trajectory given the variance parameters

observed in the study. The model for this example can be specified as follows:
Y=XF+Zb+e
WithY = [YV, Y, ... Y] and as in chapter 1:
Yi=X,B+Z;b; +e;

In this example there are 3 treatment groups, and so
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X = 1 6 Y t; 6tz Yty
i — | H H H : :

1 6 i tn, Oitn, Wity

where §;= 1 if rat i is on Thyroxin and 0 otherwise, y;= 1 if rat i is on Thiouracil and 0
otherwise, and # s the time the /™ body weight measurement for rat i is observed. In the
full balanced design, the time vector for each rat will be t = [t; t, ... t5]' =

[0 1 2 3 4]'. Bisthe 6 x 1 vector of fixed effect parameters to be estimated given by
B =By B1 B2 B3 Ba Bsl', where B, is the mean body weight intercept for rats on
control, 5;1s the mean difference in body weight intercept between rats on Thyroxin and
rats on control, 3, is the mean difference in body weight intercept between rats on
Thiouracil and rats on control, 53 is the mean change in body weight per week for rats on
control, 5, is the mean difference in the amount the body weight changes per week
between rats on Thyroxin and rats on control, and f5 is the mean difference in the
amount the body weight changes per week between rats on Thiouracil and rats on control.

Specifically, in this example we will have:
B =[5288 482 —1.08 2648 —6.43 1.0914]

Both intercept and slope will be included as random effects with:

_[31.6315 —2.5103

Tpi = —2.5103 15.1184

T = 18.8556 - I yn,

As mentioned, of primary interest will be the omnibus hypothesis: is the average change
in body weight over time different in either treatment group compared to the control

group? The contrast matrix will then be given as:
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(0 0 0 0 1 O
=l 000 0 1l
We can now calculate power for a trial using these estimates where the observation
pattern of the rats is planned to be unbalanced. Specifically, we plan for the rats to have

the observation pattern specified in Table 2.4, which shows the planned time of

observation for each of the six rats allocated to each treatment group.

Table 2.4: Observation patterns for planned trial

Treatment Rat Obse'rvatlon
Times
1 0,1,2,3,4
2 0,1,2,3,4
3 0,1,2,3,4
Control n 0234
5 0’ 1 ’3’4
6 0,1,4
1 0’ 1 92’394
2 0,1,2,3,4
; 3 0,1,2,3,4
Thyroxin n 0123
5 0,123
6 0,2,3
1 0,1,2,3,4
2 0,1,2,3,4
. . 3 0’2’3’4
Thiouracil n 0
5 0’ 1 ’2’4
6 0,1,2,4

We calculated power for each of the 5 methods presented in Chapter 2 Section
II.B and compared them to empirical power obtained from 75,000 simulated trials. The
results are presented in Table 2.5 and show that the methods using the KR degrees of
freedom (methods 1-3) perform best, while the simpler methods 4 and 5 tend to under or
overestimate power. However, the estimates provided by method 4 and 5 are not terribly

far off from the simulated value, which agrees with the results in Table 2.3 where all
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methods tended to perform well in the presence of low to moderate amounts of missing
data.

Table 2.5: Simulated empirical vs calculated power for Rats example

Desion % Trials Simulated Calculated Power by Method
g Missing | Converging Power 1 2 3 4 5
rats 13 73811 0.7767 0.7738 | 0.7765 | 0.7770 | 0.7593 | 0.7865

IV. Summary and Discussion

In this chapter, we developed a novel approach to calculating power for
the KR adjusted Wald-test that extends the approach of Kenward and Roger from the null
to the alternative hypothesis. We also introduced three additional intuitive approaches.
These four new approaches, as well as one existing approach based on the residual
degrees of freedom, were then used to calculate power for multiple designs. These
simulations showed that most of the methods work well, even in small sample studies,
provided the degree to which a design is unbalanced is not too large.

Moreover, for random intercept only models, all models provide accurate and
similar estimates of power indicating the simpler approaches are adequate in such
scenarios. For models with both random intercept and random slope, method 5
consistently overestimated power — likely due in part to the larger degrees of freedom
used by this method. While method 4 tended to perform well in many cases, this method
has the tendency to underestimate power by a noticeable amount (for instance, in the
practical example analyzing rat body weights). Additionally, method 4 may not perform
well in designs where subjects have large variations in observational pattern (such as in
observational studies where subjects may have very different vectors of observation

times), but this potential limitation has not been explored.
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Ultimately, method 1 tended to most accurately approximate power for these
designs, especially when the observation patterns were highly unbalanced. The high
degree of accuracy of this method and others suggests further exploration and the
potential extension to the calculation of power, and perhaps sample size, for designs with

some anticipated rate of missing data.



52

CHAPTER 3
PLANNING FOR INCOMPLETE DATA IN POWER CALCULATIONS

L. Introduction

In chapter 2 we demonstrated that power for the KR test statistic in the LMM can
be calculated when the observed data pattern is fixed. Calculating power for a more
general rate of missingness (i.e. when each observation has some probability of being
missing) is less straightforward, but the ability to do so would be desirable in practice.
For instance, researchers may desire to calculate power assuming each follow-up
observation has a 10% chance of being missing at random. Planning for incomplete data
in power calculations for non-longitudinal designs is often rather straightforward: the
values in the design matrix are often uniform within subject (for instance group or
cluster), and so missing data changes the noncentrality parameter in a predictable way.
Conversely, calculating power for such cases in longitudinal studies is particularly
challenging, as not every missing data point is of equal importance. For example,
Basagana and Spiegelman (2012) note that timepoints in the middle of a longitudinal
study with linear outcome trajectory have comparatively little impact on power compared
to beginning and ending timepoints, and so the impact of missing data is not obvious and
depends on which observation is missing.

A variety of literature exists incorporating incomplete longitudinal data into

power calculations for linear mixed model Wald tests. Most approaches rely either on
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asymptotic convergence between ¢ and z distributions or on multivariate theory and its
frequent correspondence with LMM hypotheses. Some methods look at calculating
power while accommodating data that are planned to be monotonically missing due to
subject dropout, while others plan for data that are assumed to be missing in some general
way. We will briefly summarize a few of these approaches as well as highlight the

limitations in applying these methods to the KR adjusted Wald test.

II. Existing methods planning for missing data in power calculations for LMMs
Hedecker, Gibbons, and Waterneaux (1999) provide power calculations for the

test of group by time interaction when a particular rate of missingness at each follow-up
visit is specified. This method simply modified existing power calculations by adjusting
covariance and noncentrality parameters based on the expected number of observations at
each time point. For instance, they approximate the distribution of the Wald statistic
testing the group by time interaction (or other single contrast tests of fixed effects) in the
balanced linear mixed model as VW ~N (\/W , 1). If each time point has an equal
probability of missing, p, then the Wald statistic would instead follow the distribution
VW~N (\/p_W , 1). This approximation is simple and intuitive, but unfortunately cannot
be utilized in the KR adjusted Wald statistic for two primary reasons. First, as noted in
the paper, approximating a ¢ distribution with a z distribution works best when the
denominator degrees of freedom in the # distribution is at least 30, which will often not be
feasible in small sample studies for which the KR adjustment is most necessary. Second,
this scaling underrepresents the true amount by which the KR Wald statistic will decrease

due to missing data. Specifically in the context of the KR Wald Statistic, when data are
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balanced A = 0 (definition of A given in Appendix II part A), and so ¢ = ¢, and W =
W,. Conversely, when data are unbalanced, such as when some data are missing, A # 0
and W # Wj. Therefore, using pW as the noncentrality parameter will ignore the
additional reduction of the Wald statistic caused by the elements of A being nonzero due
to imbalanced data.

Wang, Hall, and Kim (2012) and Zhao and Edland (2021) provide power
calculations for the test of group by time interaction in the case of monotone missingness
during follow-up. Specifically, they obtain ¢ as calculated over the T — 1 observation
patterns, with the number of subjects having each determined by dropout probability p.
They again rely on asymptotic normality of the Wald statistic, however, and so this
approach likewise avoids the issue of calculating degrees of freedom needed in smaller
sample sizes. Interestingly, as pointed out by Zhao and Edland, under these approaches
the power for the test of group by time interaction will be unaffected by the variance of
the random intercept making specifying this parameter unnecessary. While true in
balanced cases, this fact will not hold for the KR adjusted test in unbalanced designs as
the variance parameters will impact the calculations of the denominator degrees of
freedom.

Verbeke and Lesaffre (1999) take a similar, but still unique approach in
attempting to calculate power while accommodating data missing in a monotone fashion.
Specifically, as also described in Galbraith (2002), they let there be 7 observations per

subject when no dropout is present. Let P = (py, ..., p;) with p; be the probability a

patient’s data is missing after time j, and let n = (n4, ..., n;) be the number of patients
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who have observations through time j. Then power for the LMM Wald test statistic can

be calculated using the noncentrality parameter given as
w=p'cC'®c)"1c'p
with

-1
T

_ 1 oy—1
¢ = Z X hHEy X0
=1

where X ;) and Ly, refers to the ( jn j)x4 design and (jn j)x( jn j) covariance matrix

consisting of patients dropping out after time j, and again t is the maximum number of
observations per subject. This expression is provided in a more general format at the end
of section 3 of Verbeke and Lesaffre but can be easily shown to take the above form in
the case of monotone missingness. The numerator degrees of freedom are chosen in the
usual way, and the denominator degrees of freedom are equal to N — rank(X) as in Helms

(1992) (although Galbraith simply uses a z approximation to the t statistic).

The observed data n can then be described as a sample drawn from the
multinomial distribution given as multi(n, p4, ..., p;). As such, the power for the test in
the presence of such dropout is itself a random variable depending on the specific sample
of n observed. Verbeke and Lesaffre then calculate power for 1000 different such
samples given the model parameters and dropout probabilities to construct an empirical
distribution of P(Power < power) for the model power over the possible dropout patterns.
This empirical distribution can then be used to evaluate the ability of a design to actually

achieve the desired power for the design given some anticipated sample size and rate of
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dropout. They also argue this method provides a more holistic criteria (as opposed to a
single value such as mean or median power) by which to compare the power of two
designs (for instance comparing a design with 5 vs 7 observations). However, this
method may be less intuitive to investigators used to working with a single value for
power, and it also requires sampling from a full design a large number of times (as

mentioned, in this case 1000).

Galbraith uses this same sampling strategy, but instead calculates expected power
(focusing on group by time interactions only) rather than focusing on the empirical
distribution of power. Specifically, they obtain expected power (given as
E[Power(n)])by averaging calculated power over an (unspecified, but likely 1000 given
their reference to Verbeke and Lesaffre) number of samples of observed n. Moreover,
they investigate the ability to approximate E[Power(n)] with Power[E(n)] and E(n) =
(npq, ..., np;) where these values are then utilized in the expression of @ to calculate the
noncentrality parameter and power (and is therefore similar to the approach of Wang,
Hall, and Kim (2012) and Zhao and Edland (2021)). They find that, in general, this
approximation tends to overestimate E[Power(n)], but in general these values tend to be
similar. Unfortunately, a similar approximation is not feasible for our goal. E(n) can be
easily specified in the case of monotone missingness because only T — 1 observation
patterns are possible for a subject, each with an easily described probability p; of being
observed. Conversely, in the case of general missingness (i.e. each follow-up observation
has probability p of being missing) enumerating all the possible observation patterns and
their probability of occurrence for a subject becomes overwhelming as the number of

repeated measures grows (see Tu et al. 2007 equation 23 and discussion following
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equation 26). Additionally, these methods have not, as specifically mentioned by Verbeke
and Lesaffre, been designed to calculate power for the KR adjusted Wald-test although
they provide a promising framework to extend upon.

Only Ringham et al. (2015) and Josey et al. (2021) provide methods to
accommodate some general rate of missingness in calculating (expected) power for a test
statistic closely associated with the KR statistic. The roots of this method are grounded
in the theory for the GLMM -particularly in the methods developed by Muller and
Peterson (1984) and O'Brien and Shieh (1992) to calculate power for the McKeon
adjusted HLT statistic, and in methods developed by Catellier and Muller (2000) to
further adjust the degrees of freedom in the HLT test with missing data. This method has
the added benefit that expected power can be directly calculated rather than being
averaged over different sample observation patterns, which in turn reduces computation
time.

Specifically, they adjust the degrees of freedom and noncentrality parameter
based on the expected number of subjects with complete sets of observations. Treating
the probability of each of 7 observations being missing as p, then the expected number of
n subjects with complete observations is easily obtained as n. = n(1 — p)*. From

Chapter 1 section II.C we have that for single contrast tests of linear trend, the HLT

statistic (? tr[HE™1] ) follows an F; ,,_q , distribution. The method described by

Ringham et al. simply replaces the term n — q with n. — g as the denominator degrees of
freedom and replaces w with % w as the noncentrality parameter to obtain the distribution

of the HLT statistic under the alternative hypothesis from which expected power can be

calculated for the HLT test with planned rate of missingness p.
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Simulations were performed by Ringham et al. to evaluate the performance of the
method described. Small to large sample sizes were considered, with either 3 or 6
observations per subject and with missingness probability set as either 0.05 or 0.10.
Results were good for designs with 48 or more subjects and 3 observations per subject.
However, the method tended to perform worse for designs having 6 observations per
subject or fewer than 48 subjects, which is unsurprising as the noncentrality parameter
shrinks exponentially with the number of follow-up observations. Additionally, this
method only calculates expected power for a close analogue of the KR test, and so it’s
ability to calculate power for the KR test itself given some missingness rate (especially
when that rate is larger than 0.1) is unknown. Lastly, this approach operates on the
assumption power is linear around w such that E[Power|p] = Power[E(w|p)], which is

not always the case.

III. Calculating Expected Power for the KR Test with Anticipated Rate of Missing Data

A. Expected Power

We propose the simplest solution to the limitations presented in calculating
expected power for the KR statistic accommodating some anticipated rate of missing data
is to average the power calculated for a number of designs randomly generated according
to the specified probability of any follow-up observation being missing. For instance,
assume we have a full balanced design matrix X (which we can denote as X to indicate
all subjects have a full set of 7 observations), for the planned study such that for all

subjects, for example with an observation per week for 12 weeks
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16 1 61
168 2 62

15 11 811

1 6; 12 6;12

We then may expect that in an actual trial, each follow-up observation for each subject
may have a p probability of being missing (a more sophisticated missing data process
generated by a specified Markov process is described by Tu et al., but we believe the
stated approach is sufficient for typical planning needs). Thus, each subject has an
observed design matrix with possibly missing data that we can denote as X,,; to represent
that data across subjects may be unbalanced. So, for subject 1 we may have a design

matrix with

1 6, 1 6;17
1 6, 3 43
X = 1 46 4 4,4
™11 6 8 6,8

1 46; 10 4,10

1 6, 12 ;12

and, for subject 2 we may have a design matrix with

1 6, 1 6,1
1 6, 4 4,4
Xp=|1 6, 7 8,7
1 6, 9 6,9

1 6, 10 6,10

Then if we have # subjects in the model, the full observed design matrix X, is given as

Xy = [Xul X2 "'Xun],

From any full design matrix X there are Q possible X;; which could be observed. To

calculate expected power for the candidate study given probability p of any follow-up
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observation being missing (E(powerlp)), we can average the power over all Q values of
Xy weighted by their probability of appearing. Such an approach would be similar to that
proposed by Zhao and Edland (2021) and Galbraith (2002) but would naturally calculate
power for the KR statistic specifically. Since averaging over all designs (much less
determining the probability of each being observed) is not always feasible, the natural
question to such an approach is: how many different designs do we need to generate and
average power over to get a good estimate of the expected power of the study given some

anticipated rate of missing data?

B. A Heuristic Approach to Determining Necessary Computational Complexity

We will develop a heuristic approach to determine whether we have averaged
over enough designs with missing data to provide an accurate estimate of expected power
given some rate of missing follow-up observations. The approach will rely on the
relationship between the power function and noncentrality parameter, as well as on the
natural way in which the KR test statistic changes as data becomes more unbalanced. We
will then use simulations to evaluate the general ability of the method developed to
provide accurate power calculations. The results in Chapter 2 suggest that out of the five
methods examined to calculate power for the KR adjusted Wald-test, method 1, which
calculating power by extending the methodology of Kenward and Roger to the alternative
hypothesis, performed best. Therefore, we will initially focus on calculating expected
power with some probability of any follow-up observation being missing by using an
extension of method 1. However, the methodology developed will also be applicable to

methods 2-5, and so these methods will again be compared in section III of this chapter.
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Test power as a function of the noncentrality parameter is well known to be
nonlinear. For instance, in Figure 3.1, as hypothesized treatment effect size tends to
infinity, the power of the test to reject the null hypothesis of no difference in effect of
time by treatment approaches 100% asymptotically. After a certain point, a change in
effect size will result in a comparatively negligible change in power. Intuitively this
relationship means that, given anticipated missingness probability p of each planned
follow-up observation in the study, if the expected value of the noncentrality parameter
(which we can denote as E(w|p)) for a test statistic is high, power calculated for most
possible observation patterns is unlikely to deviate substantially from the expected power
of the study. For instance, if E(w|p) = A in Figure 3.1, then observed power for the study
will be similar for most X ;. Conversely, if E(o|p) is located at a point where the power
curve changes substantially with the noncentrality parameter, then differences in
observation pattern can have a big impact on calculated power. For instance, if E(o|p) =
B in Figure 3.1, then observed power for the study may vary greatly depending on X;.

As such, one of the components that will help us determine how many generated
X we need to average over to estimate expected study power is the derivative of the
power function with respect to the noncentrality parameter around E(w|p) (we will call
this value dPower). If in a study we have E(w|p) = C as in Figure 3.1, then dPower is
equal to the slope of the line tangent to the power function at C. The quantity dPower
then provides us with some idea of how many X, we need to average over to provide a
stable estimate of E(power|p). Values of dPower would range from 0 to oo, with a small
value of dPower indicating only a few number X; are needed as each would provide a

similar power value, while a large value of dPower would indicates more X;; should be
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averaged over as each may provide widely different power values. An algorithm to
calculate dPower is provided in Appendix III.

Figure 3.1: Power for an F(1, 26.2531, o) distribution as a function of .
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Of course, having study power be sensitive to changes in the noncentrality
parameter means little if the noncentrality parameter will change by only a very small
amount from one choice of X;; to another. For instance, if again E(w|p) = C as in Figure
3.1 and wy; only varies by a range of 0.01 between most probable (given p) values of Xy,
power calculated for each choice of X; should still provide a similar estimate of E(w|p)
despite the high value of dPower (compared to what it would be at point A, for instance).
One example of such a scenario may arise in testing the group by time interaction with a
small effect size but large number of time points. Note the expression for @ provided in
Chapter 2 Table 2.1 for method 1, which shall be used to obtain the value of the

noncentrality parameter in this chapter, depends on the value B'0A0p. The elements of A



63

become increasingly nonzero as data become more imbalanced, and so we can intuitively
view B'OAOP as reflecting the magnitude by which w is affected by the variability in
observational pattern between subjects. Values of B'0A08 would range from 0 to oo, with
larger average values of B'0A0 indicating a higher degree of variability in the
noncentrality parameter depending on choice of X;, whereas smaller average values
indicate the noncentrality parameter does not vary much from one choice of X;; to
another.

These two quantities, dPower and B'OA0OB, taken together provide us with some
idea of both how much the noncentrality parameter will change from one choice of X, to
another and how much the calculated power will change with the noncentrality
parameter. We can combine these two components into a single quantity “G” to provide
an intuitive measure of whether a small or large number of X;; need to be averaged over

so that

K

- 1

E(power|p)x = EZ Power(a)|XUi)
i=1

(with K being the number of X;; over which power is averaged) provides a stable
estimate of E(power|p). Specifically, for the sake of computational speed we can
calculate E(G|p) as the average of 10 Gy each calculated from a randomly generated X

such that

10 10

_ 1 1 ,

B(GIp) = EZ Gy = EZ [1000 - dPowery - (B'0A8) ]
Uu=1 U=1

A small value of E(G|p) would indicate that E(power|p) calculated over only a small

number K of X;; should provide a stable estimate of E(power|p), whereas a larger value
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of E(G|p) would indicate a large number of X;; need to be considered. Note the quantity
dPowery - (B'0A0B), is multiplied by 1000 just to keep the value of G from being too
small. Additionally, the product between dPowery - (B'0A0B), was chosen instead of
their sum to make each term equally impactful (for instance, a large value of dPowery
and a small value of (B'0A08), would negate each other to yield a moderate value of
Gy).

A simulation study was performed to help evaluate what values of E(G|p) may
indicate only a small number of X; need to be generated. 2100 designs of the form
specified in Chapter 1 Section IV.A were created by randomly generating population
parameter values with the conditions that all model standard deviations (within subjects,
random intercept, and random slope) were less than 100 with p(074, g52) € (0,0.5], and
that the group by time interaction effect parameter ;3 be no more than 2.95 times the
standard deviation of the random slope in order to keep power from being too large.
Only models with both random intercept and slope were generated since the results from
Chapter 2 Section III suggest power for random intercept only models can be accurately
calculated with simple methods (e.g. those described by Galbraith or Zhao and Edland
but for a general missingness pattern). The values of time at each observation were
allowed to vary between 1 and 75, each subsequent time value being greater than the last,
with the number of observations varying between 3 and 12. Lastly, each design was
assigned a probability, p € [0.05, 0.5], of any given follow-up observation being missing.
Model parameters f,, B;, and S,were fixed at 4, 0.9, and 3.45 respectively with only the
group by time effect f; being randomly generated as only this effect was examined. As

an example, Table 3.1 provides the first 5 of 2100 designs generated.
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Table 3.1: Sample of Generated Designs

Design Oe 011 022 p(011,022) t' for Xp l-p B3
1 1.70284 | 0.83074 0.48964 0.24706 [16914 252943525965 72] 0.94 | 0.57702
2 3.12824 | 6.48894 1.24757 0.19173 [6 15 28 29] 0.91 | 0.48217
3 73.74644 | 4.37835 | 13.18203 0.17312 [61014 17 19] 0.87 | 3.14720
4 14.68027 | 2.78509 2.42391 0.30144 [2511 1322252832 40] 0.66 | 1.15831
5 1.40316 | 0.38730 0.26408 0.43773 [116253032] 0.63 | 0.74793

From each design, 200 different observational patterns X;; were randomly
generated according to p, with the seed generating these X;; changing for each design.
E(G|p) was then calculated over the first 10 X;. Expected power was then calculated by
averaging power calculated by method 1 over the first 10 X;;, which will be denoted as
E(power|p),, as well as over 25, 50, 100, and 200 X;;, which will be denoted as
E(powerlp) x with K=25, 50, 100, or 200. Finally, we examined the relationship between
values of G and the average absolute difference between E(power|p);, and

E(power|p)x given as:

200

1 . —~
D= 2 Z |E(power|p)1o — E(power|p)k|
=25

One value of E(G|p) was obtained as -2.64192E-12 due to SAS overflow issues and was
excluded from the study for having a negative value. The results, shown in Figure 2,
show a rather straightforward association between E(G|p) and the consistency between
E(power|p)1, and E(power|p) ke(25,50,100.200} as estimators of E(power|p).

As seen in Figure 3.2.A, there is a clear relationship on the logarithmic scale
between E(G|p) (simply given as log(G) in the figure) and the average absolute
difference between E(power|p),o and E(power|p) ke(2s,50100,200; With lower values of
E(G|p) being associated with a lower difference. Additionally, Figure 3.2.B shows that

no meaningful difference (in this case a difference greater than 0.01) exists between the
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two power estimates for E(G|p) values less than 1. These results hold even stronger with
an R? value of 0.8497 when E(G|p) is calculated over 200 different X, instead of 10. The
results presented in Figure 3.2.A suggest that when E(G|p) is less than 1, only a few
different X;; (for instance 10 or 25) need to be generated in order to obtain a stable
estimate of E(power|p), which means that in such cases an estimate can be calculated
quickly and require few computational resources.

Figure 3.2: Average deviation between E(power|p);, and E(power|p) ke(25,50,100,2003
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C. Simulation Performance

A subsequent simulation study was performed to evaluate the accuracy of
E(power|p)1, and E(power|p),oo as estimators of E(power|p). Specifically, 400
designs were randomly selected from the initial 2100 mentioned in section z, with the
condition that 200 have E(G|p) values greater than 1 and 200 have E(G|p) values less
than 1. For each design selected, 20000 trials were simulated, and follow-up observations
were deleted from the trial at random according to specified probability p for each design
with seed generating outcome values and missing observations changing with each

design. Empirical expected power, E(power|p), for each design was then calculated as
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the number of times the null hypothesis was rejected (with o = 0.05 in this study).

Results of the simulation study are shown in Figure 3.3 and Table 3.2.

Figure 3.3: Calculated for Simulated power for 2100 designs

109

Simulated power

06 0.8 1.0

Calculated power, 10 observation patterns

Table 3.2: Calculated vs Empirical power

Simulated power

1.07B

T T T T
0.2 0.4 0.6 0.8 1.0

Calculated power, 200 observation patterns

- - P
Number of different | Regression Est|mates and R Absolute difference,
) E(G|p) | for model: simulated power = )
observational calculated vs simulated power
t value PF*calculated power
patterns J4 R2 Min Median | Mean | Max
Overall 0.99139 0.9990 | 0.000038 | 0.0044 | 0.0089 | 0.090
10 different Xy G<1 0.99710 0.9998 | 0.000070 | 0.0026 | 0.0037 | 0.025
G 21 0.98699 0.9984 | 0.000038 | 0.0100 | 0.0142 | 0.090
Overall 0.99248 0.9994 0.000014 0.0040 | 0.0073 | 0.067
200 different X G<1 0.99755 0.9998 0.000074 0.0028 | 0.0037 | 0.023
G 21 0.98855 0.9991 0.000014 0.0074 | 0.0109 | 0.067

Figure 3.3 shows the high degree of concordance between empirical and

calculated power, regardless of the number of X;; used in the power calcluations. Table

3.2 further clarifies the strength of this relationship by showing the results of the

regression model E(power|p) = E(power|p),, with K=10 or 200. E(power|p)«

provided accurate power estimates regardless of the number of X;; used. However, using

200 X; provided more accurate estimates than using 10, especially when values of

E(G|p) were greater than 1. Importantly, these results suggest that power can be
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calculated accurately, and when values of G are less than one, power can be calculated

quickly.

IV. Comparison With Other Chapter 2 Methods

A. Comparing All Methods

Given the complexity of method 1, we again took the opportunity to compare
power calculated by this method to that calculated by methods 2-5 described in Chapter 2
section II. Specifically, we averaged power calculated by methods 2-5 over 10 and 200
different X, for the same 400 designs mentioned in Chapter 3 Section II.B. For each
method we calculated

DK; = E(power|p) — E(power|p)y,

where j=1,...,5 represents the Chapter 2 method used to calculated power, and

E(power|p) K; is the average power calculated by method ;j calculated over K € (10, 200)

different X;; (all of which were the same for all methods). The performance of all 5
methods is summarized in the box plots of Figure 3.4, with boxes extending from lower
25% to upper 75" percentile and whiskers extending to lower 1 and upper 99" percentile.
This figure shows that, regardless of the number of X;; used, the values calculated by
method 1 tend to be most consistently close to the simulated value out of all methods
with values of D10, and D200, both being highly and symmetrically concentrated
around zero and with the spread of D200, being less than of D10,, which is to be
anticipated. Conversely, method 5 based on the residual degrees of freedom consistently
overestimates power — often by more than 0.05 units, with the number of X, used

somewhat surprisingly having little impact on the overall spread.
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Figure 3.4: Distribution of all 400 D10; and D200; values by Method ;
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Additionally, we counted the number of times E(power|p) K; calculated by a

method was closest to the simulated power. Out of all 400 designs, expected power using
10 different X;; calculated by method 1 was most often closest to simulated power.
Specifically, method 1 was closest 181 (45.25%) times, method 4 was closest 119
(29.75%) times, method 3 was closest 81 (20.25%) times, method 2 was closest 15
(3.75%) times, and finally method 5 was closest only 4 (1.00%) times. Results were
similar when 200 different X;; were used to calculate expected power with method 1
being slightly more dominant (performing best 198 times). These results, coupled with
the distributions observed in Figure 3.4, demonstrate the superior ability of method 1 to
calculate expected power for the KR adjusted Wald-test for designs with some

anticipated probability of any follow-up observation being missing. Nevertheless, given
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the relative simplicity and frequent accuracy of method 4, we believed a more thorough

comparison of methods 1 and 4 was warranted.

B. Further Comparison of Methods 1 and 4

To begin with, we wanted to examine the performance of each method when the
other performed the best to determine if a pattern emerged suggesting scenarios where
one method performed better than the other. For instance, if method 1 performed poorly
in the 119 scenarios where method 4 performed best, this would suggest some underlying
factor could be causing method 1 to perform poorly. The distribution of the difference
between calculated and simulated expected power for each method when either method 1
or method 4 provides the closest value to simulated power is presented in Table 3.3. The
results show that method 1 performs accurately and consistently regardless of whether

method 1 or method 4 performed best. Conversely, the distribution of D10; differs

substantially depending on whether method 1 or method 4 performs best. As such, there
appears to be some factor that is better accommodated by method 1 than by method 4 in
calculating expected power for certain scenarios.

Table 3.3: Distribution of D10; when methods 1 and 4 perform best

DlO]-

Best . . . .

Method Method N | Minimum Q25 Median Q75 Maximum
1 181 ] 0.000038 | 0.001552 | 0.003606 | 0.010151 | 0.013323

4 119 |1 0.000344 | 0.004410 | 0.007783 | 0.009911 | 0.013526

1

1 181 | 0.000674 | 0.006541 | 0.012838 | 0.017899 | 0.022694
4 119 ] 0.000024 | 0.001669 | 0.003193 | 0.006422 | 0.009421
*Q25 and Q75 represent the 25-th and 75-th percentiles, respectively

4

Both methods provide the same value when the distribution of the Wald statistic

for the LMM is known exactly, i.e. when data are balanced. The degree of imbalance in
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the design then seems a natural place to look for a divergence between the two methods
that could explain the reduction in performance of method 4 in certain scenarios. To do
so we looked at the difference in difference between simulated and calculated expected
power between the two methods. Specifically, we looked at the distribution of DD10, 4
defined as:

DD10, , = |D104| — |D10,4]
such that DD10, 4 will be positive when calculated power for method 4 provides a closer
value to simulated power and DD10, 4, will be negative when calculated power for
method 1 provides a closer value to simulated power. Values of DD10, 4 were then
plotted in Figure 3.5, which shows that as the probability of missing follow-up
observations increases, the relative performance of methods 1 and 4 diverges. Moreover,
this divergence is driven predominately by a larger error in method 4. Altogether, the
results provided in Table 3.3 and Figure 3.5 suggest that both methods perform well
when the design of a planned study is relatively balanced, but that method 1 outperforms
the simpler method 4 when designs are imbalanced, such as when the probability of a

follow-up observation being missing is high.
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Figure 3.5: Values of |[D10,| — |D10,] for all 400 designs examined
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V. Comparing newly developed approach to that of Ringham et al.

In the previous sections, we’ve compared several potential methods to calculate
expected power that all obtain expected power by averaging power over multiple
different X;;. The results indicate that calculating power using method 1 from Chapter 2
Section II tends to provide the best approximation to expected power. In this section, we
therefore compared the performance of E(power|p),, and E(power|p),oo obtained
using method 1 to the method described by Ringham et al., which was derived explicitly
to provide expected power given some probability of any observation being missing, but
does not require averaging over different values of X and is therefore computationally

efficient.
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To compare these two methods, 120 designs were generated where again all
model standard deviations were less than 100, and the ratio of group by time interaction
effect was no more than 3 times the standard deviation of the random slope in order to
keep power from being too large. Possible observation time values and their
corresponding GLMM within subjects contrasts are provided in Appendix III table
A.III.1, with all designs having 10 subjects per treatment group for a total of 20 subjects.
For each possible design, E(power|p),, and E(power|p),q, Were generated via method
1, as was the power estimate provided by Ringham, E(power|p)z. Note that while
Ringham et al. made no mandate that baseline values be nonmissing, we have done so
and therefore modified n. to be n. = n(1 — p)* ! instead of n, = n(1 — p)®. For each
design, E(power|p) was also calculated from 20000 simulations as the proportion of
times the null hypothesis was rejected (again o = 0.05).

Results are provided in Figure 3.6, with the anticipated rate of missingness on the
X axis and the difference between calculated and empirical power for each of the three
methods provided on the Y axis. Results of 32 designs were excluded, because the
denominator degrees of freedom calculated by the method of Ringham et al. were
between 0 and 0.9, and SAS would not calculate a critical value for this F distribution via
the FINV function.

Figure 3.6 shows that all methods are comparable and similar to empirical power
for p < 0.1, which corresponds well with the results originally published by Ringham et
al. However, as the rate of missing data increases, the E(power|p)y vastly
underestimates power due to the exponential effect of time in reducing the noncentrality

parameter. This point is further clarified in Appendix III Figure A.IIl.1 showing the
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comparatively strong performance of the Ringham et al. method in designs with only 4
observations per subject. This issue would obviously become even more pronounced for
studies involving a large number of observations per subject. Conversely, both
E(power|p)1, and E(power|p),oo track closely to empirical power, with
E(power|p),qo tending to outperform E(power|p);o. As such, these results highlight
the need of a method to calculate power that is not overly conservative, and suggests the
method we have developed can accurately address this limitation with minimal
computational complexity.

Figure 3.6: Comparison of E(power|p) vs Ringham method for k=10 and 200

L)
H e e ) S 8
e}
00-e@ 8""". C'OO.OQOOi'o °e° 3 0 °2 o
’ e © © [ ] ® ®e ®
°
® o o o o9 L ® ¢
°, °
o ° ° o
° ®e o e © o
-0.2 ° ® o
o ° o
. ° ° ® ° °
Q L ]
b= o °
D oo ¢
&=
= -04 - ®
A o
°
-0.6 ° °
°
°
0.8+
I I I I
0.1 0.2 0.3 0.4
% Missing

Method @ 10 Designavg O 200 Design avg @® Ringham



75

VI. Discussion

In this chapter, we developed a method to calculate power for longitudinal studies
with anticipated probability of missing follow-up observations and that plan on analyzing
study data using linear mixed models. Specifically, this method utilizes the power
calculation methods established in Chapter 2 to calculate power for a number of
observation patterns generated from the full non-missing study design according to the
anticipated rate of missing data. The average of these power calculations is then used as
an estimate of the expected power of the study given the rate of missing data. Using
method 1 to calculate power provided the most accurate estimate of expected power
compared to methods 2-5. Moreover, method 1 was shown to perform accurately in
simulations and outperform the method developed by Ringham et al. when the rate of
missing data is greater than 10%, regardless of the number of designs averaged over to
estimate expected study power. Lastly, a heuristic quantity G was developed to quickly
determine whether a small or large number of designs need to be averaged over in
estimating power. However, this method has a few limitations.

First and foremost, this method lacks a closed form solution and requires more
computational resources than the method of Ringham et al. Consequently, this method
cannot be used to calculate sample size for a study in a non-iterative fashion, but given
the small number of different observations typically required for power estimation, we
believe required sample size can often be obtained quickly. Second, while this method
performed well in calculating power for most studies having G values less than around
80, the number of designs that should be averaged over when the G value is larger could

be greater than 200. However, we conjecture such studies are rare, and so considering no
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more than 200 different should be sufficient to calculate expected power for most studies.
Lastly, this method was only evaluated for tests of the group by time interaction in linear
mixed models. While we suspect the method to hold for individual tests of treatment
group or time, further research may be warranted before the methods described are
extended to the tests of these fixed effects. In the meantime, the results in this chapter
further support the accuracy of the power calculation method derived in chapter 2, and
the present extension of this method can help investigators accommodate anticipated
missingness into study designs and ideally serve as a foundation for sample size

calculations in the future, which shall be the focus of the next chapter.



77

CHAPTER 4
CALCULATING SAMPLE SIZE FOR THE KR ADJUSTED WALD TEST

L. Introduction

Thus far, this dissertation has focused on finding ways to calculate power for
longitudinal studies where outcomes will be analyzed via LMM using the KR adjusted
Wald test of linear trend. Chapter 2 developed a novel way to calculate power for these
studies for a specified observation pattern. Chapter 3 extended these techniques to
calculate expected power given a pre-specified rate of missingness among follow-up
observations by leveraging heuristic techniques allowing for both accuracy and, in many
cases, speed. In this chapter, we turn finally to the ultimate goal of this dissertation:
determining the number of subjects required to achieve a desired power to reject the null
hypothesis with a given a level.

While Chapter 2 presents an array of literature addressing power calculation for
the KR test, comparatively little attention appears to have been lent towards the task of
calculating sample size — at least with respect to the KR test directly. As mentioned by
Chi et al. (2018), the sample size can be calculated for the KR adjusted test of linear trend
in the LMM when data are balanced by utilizing a suite of sample size calculation
methods developed for equivalent tests in the GLMM. Calculating power for the KR test
of linear trend when designs are unbalanced, for instance with some anticipated rate of

missing data, then remains an open problem with likely many possible approaches.
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Before detailing our own approach, we will present existing sample size calculation
methods for related tests. We will then build upon these methods to develop power

calculation methods of our own.

I1. Existing Sample Size Calculation Techniques For Related Tests
We frame the following discussion with the task of calculating sample size for the #-test .
Assuming x; ... x, are iid drawn from a normal(u, o) population, then the quantity
X— U
SZ
N

and the #-test will reject the two-sided hypothesis Hy: 4 = py = 0 with size a when

~th-1

n
If the true value of u is u,, then the sample size required to reject the null hypothesis that

u = 0 at the a level with power =1- B (with  the type II error rate) is given as

Ha— 0 (tn-11-as2 + tn-11-p)0°
\/S—Z =tlpn-11-a/2 ttn-11-g 2> N = P
n

This sample size formula presents an obvious dilemma: the value of n depends on the ¢
distribution’s degrees of freedom n — 1. Instead, the asymptotic equivalence of ¢ and z

distributions is often invoked with the sample size formula modified instead to

_(z1-0/2 + z1-p)0?
n= 2
Ua
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This formula is now easily applied to the case of simple linear regression and calculating
power for the effect given by Bj. Assuming B, ~normal (B ks agzk), then

. (Z1—a/2 + Z1—3)0§2k
B%

Extending this approach to longitudinal designs, however, remains more challenging.

Previously mentioned formulas rely on the value of aﬁzk, which in cases of simple

linear regression can, when testing the effect of a single treatment effect, be easily
specified in the design stage and is uniquely determined by error variance g2. In

contrast, specification of O"ng in longitudinal studies requires more effort, particularly

when the primary effect of interest is the interaction between treatment and time. In such

studies, specifying covariance structure and parameters for the outcome Y is required,
and aﬁzkcan be determined by the kk™ element of (X'Zy1X ’)_1 ,which depends on both the

number of observations and values of time at which observations are taken. Additionally,
specifying hypothetical covariance parameter values in complicated covariance structures
(such as for random intercept and slope models) may be challenging for investigators
unfamiliar with such approaches, although Basagafia and Spiegelman (2012) suggest
methods by which these parameters can be derived from questions more intuitive to
investigators.

Lu et al. (2008) takes a simple approach to this problem by obtaining the amount
@ by which the number of subjects required at the last visit would need to be multiplied
so that the variance in treatment effect at the last time point with missing data is the same
as what the variance would be without missing data. The sample size for the study is then

obtained by multiplying the number required to obtain the desired power for the
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treatment effect at the first visit by ¢. This approach is convenient in that it does not
require specifying many different missing data patterns. However, in this approach data
are monotone and time is treated as a categorical variable. Additionally, defining
variance of the treatment effect at the final time point is difficult for the KR adjusted
Wald-test when data are missing, all of which limits this approach from being easily
implemented to the cases we seek to address.

Murray (2007) and Galbraith (2002) note that when data are balanced, sample
size for group by time interactions will only depend on two quantities: the vector of
timepoints at which subjects are observed, and the ratio of the error variance o2, and
variance of random slope. As such, when data are balanced closed form calculations can
be provided for both the number of subjects and number of observations required, with
the design requiring the fewest number of observations being the one having only two
observations per subject (Galbraith, 2002). However, when data are not balanced, a
similar closed form expression for calculating sample size is not possible.

Under the assumption of monotone missingness, Galbraith searches over a grid of
values of n subjects and vector of T observation times given as ¢ (where each previous
vector ¢ is nested in the subsequent) to obtain values where the expected power is equal to
the desired power. A grid search in this case is necessary because the value of agzk is

given as:

-1
T

2 _ ! -1
g, = anx(j)zY(j)X(j)
j=1
44

where, as mentioned in chapter 4: n; is the number of subjects whose data is missing

after time j, and X ) and Zy (jare the design and covariance matrix consisting of patients
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dropping out or completing the study after time j. In this case, ngk depends on the value

of n;, and so n recursively depends on itself. However, they note that if the expected

power E[Power(n)] is approximated with with Power[E(n)] as defined in Chapter 3
section II (i.e. E(n) = (npy, ..., np,)), then with p; being the probability that a patient has
2

non-missing data through time j and missing data after, 03, can instead be given as

-1

T
2 _ ! -1
o8, = ZPJ'XU)ZY(,-)XU)
=1
44

which conveniently permits a closed form calculation for the sample size required for the
study. However, since this method tends to overestimate power, it by necessity also
underestimates sample size even if often only by a small amount. Additionally, this
approximation cannot be easily extended to the case of a general rate of missingness due
to the potentially intractable number of possible observation patterns which would need
to be summed over.

In summary, no method could be found to calculate power for the KR adjusted
Wald test while accommodating some general missingness pattern. Most existing
methods focus on monotone missingness and tend to use z-approximations to the
distribution of the Wald statistic. The method described by Galbraith can easily be shown
to calculate power correctly for the Wald test when data are balanced (and therefore non-
missing) — the z-approximation would provide an excellent initial guess of sample size,
and power based on the F distribution could quickly be found through iteration. There are
therefore two primary limitations to all current methods in planning for missing data,

monotone or general. First, the variance in B is obtained from ¢ instead of ¢4 used in the
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KR adjusted Wald test statistic, and these two quantities will typically not equal each
other when data are unbalanced. Second, the variance in Zy is not accounted for in the

variance of .

III. A New Approach to Calculating Sample Size for the KR Adjusted Wald-Test
In this section, we will develop a method to calculate sample size for the KR test

that maintains accuracy without being computationally cumbersome. Sample size will
then be calculated for the expected power of a design given a probability of any follow-
up observation being missing, E(power|p), as in Galbraith (2002). However, since data
are missing in a general (not necessarily monotone) fashion, approximating E(power|p)
with power|[E(w|p)] is not often feasible. Instead, E(power|p) will need to be
estimated as in Chapter 3 by averaging calculated power over a sample of possible Xu.
Sample size can then be iteratively solved for by increasing (or decreasing) the sample
size used to generate Xr from which Xu is drawn until the desired value of E(power|p)is
achieved. Fortunately, Chapter 3 has shown that E(power|p) can often be estimated
accurately by averaging over only a small number of Xy. The remaining challenge with
regard to minimizing computational speed is to determine from which sample size an

iterative sample size calculation should begin.

A. Specifying the correct effect size

To calculate sample size, we need to specify an “effect size” 0 or ratio of § to aﬁz.

In the linear model (GLM, LMM, etc.) aﬁz is obtained from ¢, or in the KR case from

¢a. As shown by Galbraith (2002) and Zhao and Edland (2021), when data are balanced,
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a closed form expression exists allowing ¢ to be expressed as § = n - f(t, 62, 62or 02 ),
with f(t, 02, 67 or 62 ) being a function of the time vector of observations ¢, 62, and
either 67 or 62 depending on the fixed effect of interest. This closed form expression
permits sample size to be factored out and solved for by & in terms of the variance
components of the outcome Y instead of the variance of 8. However, when data are
unbalanced, this approach is not feasible. Two problems must then be addressed when
specifying for longitudinal studies under the KR framework. First (7), sample size must
somehow be isolated from effect size § to avoid a recursive sample size formula. Second

(i), aﬁz must be given in terms of ¢4 instead of ¢.

(i) Isolating sample size from & To address the first issue, we look at the balanced case

and note that desired sample size n, can be calculated by inflating the ratio of B to 0-5

directly in terms of a given starting sample size ng instead of having to specify ¢ in terms
of Zy,. For instance, in the case of a simple t-test using a standard normal approximation
We can express ng as
&) |

Ng . Ha

with
Uq o

nNg = ns(zl—o:/z + 21—3)2

and so equivalently

_ ns(zl—o:/z + Z1—3)2
B w|ng

In other words, this formula tells us what sample size n, is required so that w =

2 . . . .
(Zl—o: 2+ 21_3) when using n, instead of ng. Noting that we can equivalently express z
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as the noncentrality parameter of the z-distribution under the alternative hypothesis given
ng subjects, we can then finally express n; as

2
n, — ns(Z1—a/2 + Zl—B)
¢ (w|ng)?

In short, this reformulation allows n, to be calculated by first obtaining w|n; for
some arbitrary sample size ng and then solving for n;. We can then use this method to
calculate sample size by using any of the expressions for w given in Chapter 2 Table 2.1.
Specifically, we can for an arbitrary sample size n, calculate E(w|ng) by averaging w|n;

over a number of Xy and then obtain n, as

_ ns(zl—o:/z + Z1—3)2
[E(winy)]’

This method only applies to tests of individual fixed effects (i.e. only Wald tests with
rank one contrasts) and is facilitated by the symmetry of the normal distribution. For
instance, a random variable N ~n(zl_a + 718, 1) will be greater than z;_, exactly (1 —
B)% of the time. Conversely, the F-distribution is often nonsymmetric, and so
determining the necessary value of noncentrality parameter required to achieve (1 — )%
power is not straightforward. Instead, we will use an approximate value obtained by
matching cumulants of the Z and F distributions.

These cumulants can be obtained through the ‘quantile’ function in SAS, however
in this dissertation we will use an approximation that explicitly relates the cumulants of Z
and F distributions. Specifically, Ferreira (2011) showed that, for the random variable F'
having a central F' distribution with vi numerator and v> denominator degrees of freedom,

P(F < f) = P(Z < z) with Z~normal(0,1) and
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i/(2U2+U1f/3+U1—2)f_(1_L)
s = 2v, + 4v,f /3 (4.1)

2
91,

provided that v, is large and v, /v, = 3. Letting z = z,_, + z;_g then we can solve for f

in equation 4.1 (which we can refer to as f1_4)+(1-g)) and obtain a new formulation for

n, that accommodates multi-rank contrasts:

fa—ay+(1-
ng = ceil (lns %) (4.2)
S

Where ceil is the ceiling function and f{1_q)4(1-p) is obtained as:

_ —b+Vb?—4ac
fa-a+a-p = oa (4.3)
121 4
a=?, b=v1+2v2—§l{v1—2, ¢ = —2Kv,

Additionally, v; = rank(C) = [ and v, = 10000 to maintain consistency with the z
approximation. As an example, suppose we desire 85% power to reject the null
hypothesis of the F test with « = 0.05. Assume v; = [ = 4. Here we would have z =
Zoos + Zpgs = 1.644854 + 1.036433 = 2.681287. Using the values in equation 4.3

we obtain fi1_gy4(1-p) = 3.9203138. Now, we can check that P(Z < 2.681287) =

0.99633 and similarly P(F4,1oooo < 3.9203 1) = 0.99651, and so there is a high degree

of concordance between the F and Z approximation. Thus, n, can be thought of as the
sample size required for the noncentrality parameter in the F distribution to be

approximately equivalent to z;_, + z;_g in terms of cumulants. While this method does
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not provide an exact match, it appears to perform well when the numerator degrees of

freedom are 6 or less.

(i1) Providing 05 in terms of ¢a The method described in (i) uses the value of the

noncentrality parameter provided in Chapter 2 Table 2.1 for method 1and therefore
naturally incorporates the modifications made by KR so that var(B) = ¢4 instead of .
However, the value of ¢ will crucially depend on the value of ng, with the elements of
A tending towards 0 (and therefore ¢pa towards ¢) as the value of n tends to oo given a
similar data observation pattern. With the eventual goal being an iterative algorithm that
searches for the correct sample size starting at ny_, we then want to choose a value of ng
that provides and initial value of ¢a neither leads to largely overestimated values of
w|ng, at small values of ng nor to largely underestimated values of w|n,, at large values
of ng_, as both scenarios would lead to a larger number of iterations needing to be
performed in the search algorithm.

First, we will define a function: @ (x) = r * ceil(x/r), where r is the number of
treatment groups in the study. We settle on a value of ng, = ¢(50), as this value will
provide a value of A (on which ¢a depends) that noticeably impacts w in the presence of
substantially unbalanced data, but that does not greatly underestimate w when ng_is large
and would lead to a large number of computations at each iteration of the sample size
search. The choice of ng was not further investigated, as it will only severely impact
calculation speed in designs where data are anticipated to be highly unbalanced, e.g.

when probability of any follow-up observation being missing is high.
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B. Specification of the sample size calculation algorithm
After the design, model parameters, and probability p of any follow-up observation being
missing have all been specified, the first step of the sample size calculation algorithm is

to provide a starting value ng, from which to obtain the final desired sample size ny £

This is done by calculating E(w|ns = (p(SO)) as specified in A.ii with the number of X,

being given as:

1,ifp=0
25,if p>0and E(G) < 1 (we use 25 instead of 10, as this can still be done quickly)
50, if p>0and I<E(G) <2.5
100, if p>0and 2.5<E(G) <5
150, ifp>0and 5<E(G) <7.5
200, if p>0and 7.5<E(G) < 10
250, if p>0and E(G) > 10

based on the results in chapter 3 suggesting larger values of G indicate a larger number of
Xy need to be averaged over in order to provide a stable power estimate (while this stage
is concerned with estimating the expected value of w, the number of X;; determined in
this stage will be carried forward into the power calculation phase as well). Then, ng, is
obtained using equation 4.2 with E(w|n; = ¢(50)) used to calculate ny .- E(power|p)
is then calculated using ng, as in chapter 3, and if E(power|p) is equal to the power
desired by the investigator, the algorithm moves to step 3. Otherwise, the algorithm
continues to the second step.

In the second step, the sample size in each group is increased by 1. While in more

complicated designs, the sample size could be increased per group proportionate to the

allocation ratio, we have restricted our focus to studies with equal group allocation ratio.
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Power is recalculated using the new sample size, and the process is repeated until
calculated power is at least equal to desired power.

For the third and final step, since w could be underestimated for large sample
sizes due to w being calculated over a sample size of 50 and the elements of A therefore
being more nonzero than would be observed with large sample sizes, the final step of the
algorithm reduces the sample size in each group by the group’s allocation ratio. Power is
then recalculated, and the process is repeated until power is less than the desired power.

The last sample size before power is less than desired power is then chosen as ny £ This

final step will typically add little to overall calculation time, as ng, will typically be less

than ny ; and will therefore only involve a single additional iteration for the algorithm.

C. Algorithm Example

In Chapter 2 section III, we calculated power for the omnibus test of any
differential effect of time in either of the two rat groups compared to placebo. In that
example, power was calculated for a single value of X;; randomly sampled from X. We
now focus on general probability p of any follow-up observation being missing and ask:
“How many rats will be required for each treatment group to achieve an expected power
of 90% given anticipated p=0.15"? The model parameters are specified in Chapter 2
section III and are used as inputs to our sample size calculation algorithm.

In step 1, X is initially specified as in Chapter 2 section III with ¢(50) =51 rats or
17 rats per group. From X, 10 different X;; are randomly generated according to p=0.15.
For each X, the noncentrality parameter w; and value G are calculated. Finally,

E(w|ng = 51,p = 0.15) and E(G|ns = 51,p = 0.15) are calculated as the average value
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of wy and Gy for the 10 X;. Doing so, we obtain E(w|ns = 51,p = 0.15) = 32.1509

and E(G|ns = 51,p = 0.15) = 0.004. Now, ng, can be calculated as

f (1—a)+(1—8)>

ng = ceill ln,—
“ ( °* Ewlny)

From equation 4.3 using:
vy =rank(C) =2, v, =1000, 2z =2zy95+ 2z99 = 1.64485 + 1.28155 = 2.9264
we obtain f1_q)4+(1-p) = 6.4843 and therefore ny, = 21 (i.e. 7 rats per group).

In step 2, we first calculate expected power obtained from 25 (since G <1)

different X;; generated from consisting of %nd , = 7 rats per group. Doing so, we obtain

E(power|n = 21,p = 0.15) = 0.85603, which is less than the desired value of 0.9, and

so the process is repeated using 7 + 1 = 8 rats per group instead (i.e. ng, = 24). Doing

S0, we obtain E(power|n = 24,p = 0.15) = 0.91359, which is greater than 0.9, and so
the algorithm proceeds to step 3.

In step 3, we subtract 1 from the n per group settled upon in step 2 and recalculate
expected power. Doing so, we obtain E(power|n = 21,p = 0.15) = 0.85603 which is
less than 0.8. Therefore, no further steps are necessary and the algorithm terminates with

ng, = 24 or 8 rats per group being the final sample size selected. Empirical results from

f
20,000 simulated trials likewise support each step of this algorithm with average
simulated power using 7 rats per group obtained as 85.56% and from 8 rats per group

obtained as 91.02%. This algorithm was performed in SAS 9.4 and took 23 seconds to

run.
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IV. Simulation Study and Evaluation of Performance

A set of simulations were performed to evaluate the performance of the methods
developed to calculate expected power for the KR adjusted Wald-test. Specifically, we
first calculated power for designs 1 and 5 specified in Chapter 2 Table 2.1. We compare
simulated power to the expected power calculated by the algorithm specified in previous
section II.B using each of power calculation methods 1-4 specified in Chapter 2 section
II. Note the denominator degrees of freedom were modified such that m = n(1 — p) —
[ — 1 with p the expected rather than observed proportion of follow-up observations
being missing. Only models with both random intercept and random slope were
examined, since Chapter 2 results suggest power and sample size for intercept only
models can be calculated via simple methods. Additionally, method 5 was not examined
in this simulation study as it was shown in Chapter 3 to substantially overestimate power.

Typically, the desired sample size would be the minimal number of subjects
required to achieve the desired expected power. However, the ability to calculate this
minimal number may not be the singular criteria by which performance should be
evaluated especially when comparing two sample size calculation methods. Consider the
scenario comparing two different methods: method 1 determines n=14 and n=15 to
provide 84.9% and 91.0% power, respectively, while method 2 determines n=14 and
n=15 to provide 87.5% and 92.5% power. Additionally, suppose the true power values
for n=14 and n=15 are 85.05% and 91.2%. Method 1 would then incorrectly determine
n=15 would be the number required to achieve at least 85% power, despite having more

accurate nominal power values. In evaluating these methods, we therefore examine both
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the ability of each method to provide the correct sample size as well as the comparison of
calculated and simulated power at each sample size.

For designs 1 and 5 in Chapter 2 table 2.1, sample size was calculated to achieve
75%, 80%, 85%, 90%, and 95% expected power for each design with probability of a
follow-up observation missing being 0.4, 0.2, and 0.1. For instance, Table 4.1 shows the
sample size required to achieve 90% expected power for each method for design 9
assuming each follow-up observation has a 10% chance of being missing. Methods 1, 2,
and 4 all calculate the correct sample size, with the nominal expected power associated
with method 1 being closest to the empirical power associated with that sample size.

Table 4.1: Sample size calculation for design 1, desired power = 90%

N per group Nominal Empirical
Method p calculated Power Power
1 0.10 9 0.9316 0.91584
2 0.10 9 0.9344 0.91584
3 0.10 8 0.9010 0.86699
4 0.10 9 0.9338 0.91584

Expected power was calculated for a total of 15 specifications for each method
(power, missing probability p combination, so 5*3) for each design. With a total of 4
methods and 2 designs, this means a total of 120 sample size calculations were
performed. The results of these calculations are presented in Appendix IV Table A.IV.1,
and this table also includes power calculations that were not given as solutions for one
method but did appear as solutions for other methods so that power could be compared
for each method at each sample size. While the full set of results is available in
Appendix IV, we will focus on certain important aspects of these results in this section.

First and foremost, we are interested in the ability of these methods to calculate

the correct sample size. Table 4.2 shows the number of times each method correctly
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calculated the sample size required such that the simulated (empirical) expected power
achieved the desired level. On average, methods 1 and 4 calculated the correct sample
size most frequently (both 73% of the time). In all methods, sample size per group was
never off by more than 1. Calculations for design 5 were more accurate for all methods,
with methods 1 and 4 again performing best (each being correct 87% of the time). We
suspect the reason for this difference in performance lies in sample size. For design 1,
calculated sample sizes ranged from 6 to 13 per group, whereas for design 5 calculated
sample sizes ranged from 10 to 19 per group. Methods 1 and 4 were each only incorrect
a total of 3 times when sample sizes were 10 per group or larger, and the difference
between nominal and empirical power in such cases was a maximum of 0.0082 (0.9558

vs 0.9476) for method 1 and 0.0098 (0.9574 vs 0.9476) for method 4.

Table 4.2: Sample Size Calculation Performance
Sample Size Calculation
Design Method | Correct | Overestimated | Underestimated
1 1 9 0 6
(Single group 2 9 0 6
by time 3 4 0 11
contrast) 4 9 0 6
c 1 13 1 1
. 2 12 0 3
(Omnibus 3 z 0 10
contrast)
4 13 2 0
1 22 1 7
2 21 0 9
Total 3 9 0 1
4 22 2 6

We also looked at the concordance between nominal and empirical expected
power at each of the sample sizes calculated for all methods. Specifically, some methods

had different sample sizes, so we made sure that power was calculated using all methods
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for any sample size calculated by any method. For instance, suppose methods 1, 2, and 5
determined for 75%, 80%, 85%, 90%, and 95% power a total of 6, 7, 8, 10, and 12
subjects per group were required while method 3 determined 5, 7, 8, 9, and 11 subjects
were required. In this scenario, we would calculate power for 5, 6, 7, 8,9, 10, 11, and 12
subjects per group using each of the power calculation methods and compare the
calculated to empirical power. Table 4.3 provides a summary of the absolute deviation
between calculated and empirical expected power over all sample sizes for each method,
both per design and in total. This table shows that all methods performed well in
calculating nominal power for any specific sample size. Performance was poorer in
design 1, again perhaps due to the smaller sample sizes, but all methods still performed
well. Thus, as shown in Appendix IV Table A.IV.1, while the correct sample size was not
always chosen, this can in some cases be due to nominal and empirical power being very
similar but on opposite sides of the desired power threshold. Method 1 tended to provide
the closest approximation to empirical power followed closely by Method 4, with both
having a median difference of less 0.01 from empirical power. In fact, Method 1 achieved
the closest approximation to empirical power in 25 (73.5%) of 34 sample sizes (compared
to 7 times (20.6%) for method 3 and 2 times (5.9%) for method 6), and for the 9 sample
sizes for which another method performed better, the maximum difference between

nominal and empirical power for method 1 was 0.0087.



Table 4.3: Comparison of nominal vs empirical power at calculated sample size

Absolute difference between Calculated and Empirical Power

Design Method Number.of Min Max Median Mean SD
Sample Sizes

1 1 15 0.000048 | 0.062738 | 0.015756 | 0.022604 | 0.021254
(Single 2 15 0.007508 | 0.080843 | 0.031440 | 0.034168 | 0.023165
group by 3 15 0.009786 | 0.091593 | 0.034050 | 0.041051 | 0.025604
CO:::S” 4 15 0.006658 | 0.074113 | 0.030442 | 0.031502 | 0.021667
1 19 0.000063 | 0.008664 | 0.002511 | 0.002780 | 0.002093
( Om‘:’] s 2 19 0.000152 | 0.026222 | 0.005116 | 0.007886 | 0.007768
contrast) 3 19 0.005950 | 0.062212 | 0.025244 | 0.025901 | 0.015850
4 19 0.000833 | 0.010948 | 0.002408 | 0.003755 | 0.002952
1 34 0.000048 | 0.062738 | 0.003954 | 0.011526 | 0.017142
rotal 2 34 0.000152 | 0.080843 | 0.010980 | 0.019481 | 0.020881
3 34 0.005950 | 0.091593 | 0.027503 | 0.032585 | 0.021759
4 34 0.000833 | 0.074113 | 0.006882 | 0.015996 | 0.019987

Altogether, these results suggest that all methods are capable of providing

accurate sample size calculations, with method 1 being the most accurate. However,
method 4 frequently provided the same sample size as method 1 with only a slightly

larger difference between nominal and empirical power suggesting this simple method

may be a viable option for calculating power. Moreover, these results confirm that
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sample size can be calculated quickly. Each algorithm provided a sample size calculation

in around 20 seconds since G was always less than 0.1 and therefore only 25 X, were

averaged over.

We turn again to the study on growth curves of rat body weights described in
Chapter 2 Section II1.B provided by Wolfinger (1996) and Box (1950). To summarize:
rats were provided a control treatment, Thyroxin, or Thiouracil, and the question of

interest for the study was whether there is a difference in average trajectory of body

V. Practical Example

weight between either treatment group and the control group.
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We can now calculate the sample size required to achieve 75%, 80%, 85%, and
90% power via the algorithm described in X using each power calculation method. In
addition to methods 1-4 in Chapter 1, we will also use method 5 (with m = nt(1 — p) —
rank(X||Z) with p the expected rather than observed proportion of follow-up observations
being missing) to show how using a traditional power calculation based on the residual
degrees of freedom (as can be found in Helms 1992) or similar normal approximation to
calculate sample size for the KR adjusted Wald-test compares to the sample sizes
obtained using methods 1-4. In this example, we will assume each treatment group has
the number of rats, and the probability of any follow-up observation being missing will
be p =0.15. We lastly performed a final sample size calculation needed for 90% power
assuming f3, = -2.44 instead of -6.43, as this scenario would likely require a large sample
size, in order to compare the performance of all methods in a large sample scenario.

Results are provided in Table 4.5.

These results show that methods 1-3 are again able to calculate sample size
accurately for a design encountered by researchers. Method 4 tended to slightly
underestimate power, while method 5 tended to vastly overestimate power leading to
incorrect sample size in some instances. However, when sample sizes were large, all 5
methods performed accurately. This convergence in performance conforms with
expectations: the distribution of the KR adjusted Wald-test statistic asymptotically
converges with that of the traditional Wald-test in the LMM. Ultimately, these results,
coupled with the results in section III and in previous chapters, highlight the need for a
power and sample size approach specifically targeting the KR adjusted Wald-test when

sample sizes are small, and suggest method 1 is the optimal approach tried of doing so.



Table 4.5: Sample size calculations for rat bodyweight study

Value | Desired | Method | Calculated Nominal | Empirical | Simulations
of 5, | Power N per group | Expected | Expected | Converging
required Power Power

1 7 0.85603 0.85559 19839

2 7 0.85675 0.85559 19839

80% 3 7 0.85722 0.85559 19839

4 7 0.84681 0.85559 19839

5 6 0.84961 0.78517 19695

1 7 0.85603 0.85559 19839

2 7 0.85675 0.85559 19839

—6.43 85% 3 7 0.85722 0.85559 19839

4 8 0.90193 0.91020 19921

5 7 0.90315 0.85559 19839

1 8 0.90781 0.91020 19921

2 8 0.90842 0.91020 19921

90% 3 8 0.90881 0.91020 19921

4 8 0.90193 0.91020 19921

5 7 0.90315 0.85559 19839

1 35 0.90152 0.9018 20000

2 35 0.90165 0.9018 20000

-2.44 90% 3 35 0.90174 0.9018 20000

4 35 0.90052 0.9018 20000

5 35 0.90856 0.9018 20000

96



97

CHAPTER 5
SUMMARY DISCUSSION AND IDEAS FOR FUTURE RESEARCH
I. Summary Discussion

The Kenward Roger adjustment to the Wald test statistic in the LMM was developed to
address three primary issues with using the traditional form of the statistic (equation 1.1) when

making inferences about fixed effects. First the REML variance estimates are biased. Second,
the variance of 8 does not take into account the variance in & on which B depends. Lastly, the
distribution of the test statistic is generally unknown except for special cases. Kenward
and Roger only defined their adjustment under the null hypothesis, however, and so
calculating power for their adjusted statistic is not straightforward. Currently, no
methods for calculating power or sample size exist that target the KR adjusted Wald
statistic by specifically addressing all three issues for which the KR adjustment was
developed. In this dissertation, we addressed this void in methodology by introducing a
technique for calculating power and sample size (which in this dissertation we generally
referred to as “method 17) that extends to the alternative hypothesis the approach
originally used by Kenward and Roger to adjust the Wald statistic under the null.
Additionally, we introduced three other methods (methods 2-4) utilizing simpler
methodologies. All four of these methods were compared in their ability to calculate
power and sample size, both to each other and to a fifth pre-existing method described in
Helms (1992) that simply uses the residual degrees of freedom and traditional value of

the noncentrality parameter. Specifically, all methods were compared on their ability to
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calculate power for designs with a specific observation pattern, their ability to calculate
power for designs with some anticipated probability of any follow-up observation being
missing, and their ability to calculate sample size for designs with some anticipated
probability of any follow-up observation being missing.

All methods performed well when only a random intercept was used in the model.
When both intercept and slope were included as random effects in the model, method 1
consistently outperformed the other four methods examined, especially when the designs
became more imbalanced (in this case caused by an increase in missing follow-up data).
Outperforming these other four methods clarifies why a sophisticated approach to
calculating the KR adjusted Wald test is necessary. Outperforming methods 3-5 shows
that the KR adjusted variance of B (given as ¢ ) should be accounted for, and in the case
of methods 4-5, the adjustment to the denominator degrees of freedom in the F
distribution should be accounted for in any method calculating power or sample size for
this test. Outperforming method 2 suggests a more subtle issue that must be accounted
for, as method 2 accommodates both the adjusted variance of 8 and the adjustment to the
denominator degrees of freedom.

Specifically, the KR method obtains denominator degrees of freedom and scale
factor by matching to the expected value and variance of the adjusted Wald statistic.

Using ¢, as the estimated variance of in B the KR adjusted Wald statistic W, we have:

E(W,) = E (E(Wal$a))
However, method 2 utilizes the traditional relationship between the noncentrality
parameter and F statistic in the linear model (i.e. w = [F). The accuracy of this

relationship implicitly relies on the assumption that E(W,) = E(WA |pa = A). When
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data are unbalanced, then the Taylor expansion in Appendix II suggest that
E (E(WA|$ A)) < E(WA|(T) A=¢ A) (although there is a remainder term in this expansion

that makes this statement difficult to prove definitively). Additionally, since we have

m(l + w)

E(AWA) = E(F) = m

then in unbalanced designs w obtained from E (E(WA|$ A)) must be less than if w were

obtained from E(WA |[pa = A) provided degrees of freedom are the same, which is
attested to by the fact that in all calculations examined in this dissertation the
noncentrality parameter obtained using method 1 was smaller than that obtained using
method 2. Therefore, the performance of method 1 over method 2 (although often
marginal) suggests that method 1 better captures the reduction in noncentrality parameter
due to the hierarchical relationship of ¢, and W, in unbalanced designs. Ultimately, the
relative performance of these methods highlights the importance of calculating power and
sample size using methodology similar to that of Kenward and Roger and suggests that
method 1 successfully performs this task.

Power and sample size calculations accommodating some anticipated probability
p of any follow-up data being missing rely on averaging calculated power over a number
of different observed design matrices X, generated by deleting follow-up observations
from the full potential design matrix X according to p. As such, these calculations have
the potential to be computationally intensive. To limit the computational demands of this
method, we developed a heuristic value G that can be used to determine when only a few
number of X; need to be averaged over in order to provide a consistent estimate of the

expected power (or sample size needed to obtain such power) of the study. Specifically,



100

when values of G are low, we found only a few X, need to be considered in calculating
expected power. Moreover, these low values of G are more likely when power is high
and p is low, which will be typical for most sample size calculations of interest to
researchers. As such, these results suggest that sample size calculations performed by
iteratively searching for a minimum sample size achieving desired expected power can
typically be conducted quickly with few computational demands.

Aiding in the speed of such a sample size algorithm, we developed an approach to
calculating an initial starting sample size from which to search that utilizes the
relationship between the noncentrally parameter and the Z (standard normal) distribution.
This approach relies on the approximation between F and Z distributions that, while
therefore not perfectly accurate, often provides a starting sample size within one or two
values of the final determined sample size and easily accommodates the general form of
the Wald statistic in the linear model.

Ultimately, this dissertation not only highlights the need for methods
accommodating the KR adjusted Wald statistic in power and sample size calculations, but
provides an accurate method of doing so that is computationally practical. Specifically,
method 1 addresses the same issues targeted by Kenward and Roger using similar
methodology, and upon examination this new method provides reliably accurate power
and sample size calculations, both objectively and compared to other methods, for the KR

adjusted Wald statistic.
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II. Limitations and Future Directions

While the methods developed in this dissertation (and method 1 in particular)
have been demonstrated to accurately calculate power for the KR adjusted Wald test in
the LMM, these methods are not without their limitations in applicability, nor is this
dissertation without limits in scope.

Method 1 has only been developed to calculate power for models treating time as
a continuous variable in the design matrix X. Notably, in designs where X has a dummy
variable for each time-point, the obtained solution for the noncentrality parameter will
not match the value in known exact cases. The method 1 solution for the noncentrality

parameter can easily be modified to obtain the correct value for both models by

2
multiplying w by 1 — % + # , where W is the number of within subjects factors (in this

case number of time points). We have not examined this adjustment further, however, as
this type of model restricts the benefits of the mixed model by requiring balanced data.
Such an adjustment may nonetheless be necessary if this method is to be applied to
designs incorporating random cluster effects in future research.

Another limitation with method 1 appears in the bias of the remainder term in the

Taylor expansion. Specifically, when we have in balanced data
E (B’C(C’$AC)_1C’B) = B'0B — B'0A6B + O0(n~1) (Appendix II section B). As the

proportion of follow-up observations missing becomes more extreme, the bias in this
value obtained by the Taylor Expansion increases. In such cases this bias will cause the
numerator in the solution of the noncentrality parameter to shrink and denominator to
inflate by an excessive amount, which will result in a noncentrality parameter

substantially smaller than the correct value. However, this issue is relegated to extremely
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unbalanced designs, for instance cases where 60 or 70 percent of follow-up observations
are missing, and will thus be of little practical concern when calculating power for most
studies.

The limitations in the scope of this dissertation also provide avenues for future
research. For instance, this dissertation only examined linear mixed models with either
random intercept or random intercept and slope. The KR adjustment, however, can be
applied to more general covariance matrices. In the original adjustment developed by
Kenward and Roger in 1997, a term appears in the expression for ¢, that becomes zero
for linear covariance structures (i.e. structures where the second derivative of the
covariance matrix is 0 with respect to all estimated parameters, as in the random intercept
and slope models) and is not included in this dissertation or the original proc mixed and
GLIMMIX procedure in SAS. Kenward and Roger (2009) noted that dropping this term
in nonlinear covariance structures (for instance AR(1) structures in the GLM) could
introduce additional sources of bias, and they provided an adjustment to their method that
extends to such nonlinear covariances (and has since been implemented in proc
Mixed/GLIMMIX as an additional option). Therefore, two additional areas of research
could be explored: first whether method 1 as currently exists adequately calculates power
for this adjusted method in nonlinear covariance models, and secondly whether a parallel
adjustment to method 1 is feasible.

Another natural direction for future research would be the extension of method 1
to models that do not assume normality of the outcome. Proc GLIMMIX in SAS already
permits the KR adjustment for a variety of assumed conditional outcome distributions,

including Binomial and Poisson (provided a pseudo likelihood approach is used for
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estimation). Therefore, future research extending method 1 to such generalized linear
mixed model approach has potentially wide applicability for a wide class of models.

In the meantime, the methods examined in this dissertation, and in particular
method 1, allows for accurate calculation of power and sample size for the KR adjusted
Wald test in relatively small sample longitudinal studies with normally distributed
outcomes. Moreover, these methods allow researchers to accurately plan for a range of
missing data in the study design phase and thus allowing for power and sample size

calculations that are neither overly conservative nor optimistic.
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APPENDIX I

CHAPTER 1 LIKELIHOOD MAXIMIZATION
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Proof 1: Maximum Likelihood Estimates for the General Linear Multivariate Model

Before we begin maximizing the likelihood function, we will define a useful operation.

—)
Definition I: aAA

11 G12 Ain di1  diz din

. 21 Q2 Qaon d d d d
For matrix A = , ﬁA =D, = 21 22 2n
Am1 Amz ° Amn dmi dmz  dpn

dljzl ifaian
dU=OLfaU(,i_a

where {
and a is the set of all elements of A which are allowed to vary when taking the
derivative. For instance, if @ = [a;4, az4], then dq; = 1, dp4 = 1, and all other d;; = 0.
This concept will be necessary to show B and £ maximize the likelihood function
regardless of which combination of elements of # and X are allowed to vary.

Maximizing the likelihood function

(i) We’ll maximize [(B,Z|Y) w.r.t. B by first taking %l(ﬂ, Z|Y). Note that

(a) % (¥ —Xp)z~1] = :—ﬁ [YZ~L = XBE™] = O(yp) — XDpZ ™"
(b) Z[(¥ —XB)] =2 (¥) = - (B'X") = Ogu — DX’
() S [(¥ =XBZT'(Y = XB)] = (¥ = XBYE™ T [(Y = XB)'] + 3 [(¥ = XB)E'|(¥ — XB)'
= XBE'DyX' — YE'DyX' + XDpE'B'X' — XDpE'Y'’
Now, using cyclic permutation under the trace operator and the fact that ;—X tr(A) =
tr (;—X A) we have
a%tr[(Y —XB)E (Y — XB)'| = tr[DpX'XBL ™ — DpX'YE™* + B'X'XDpE ™! —YXDpE™'|

= tr[(DgX'XB — DpX'Y + B'X'XDy — YXDp)E ™!
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= tr[Kx™1]
This function will obviously equal zero when KX~ ! = = 0pxp Which will occur when
XBE'DpX' = YE'DgX' since then so too will XDgZ~'B'X’ = XDgZ~'Y’. Solving
we have:

XﬁZ‘lD;;X’ = YZ‘lD};X’

Z‘lD};X’Xﬁ = Z‘lD;;X’Y

DpgX'XB = DgX'Y
X'Xp=XY
B=XX)XY

For the second derivative test we have

%tr[(Y —XB)L (Y —XPB)'] = tr[XDpZ DX’ + XDgE ' DpX'|

= tr[(DpX'XDg + DpX'XDg)x ™! |
Note for DgX'XDg = A we have a; = Y- S XupXyy >0 foralli=1,..,7 when
all elements of B are allowed to vary and 0 < ay; < Y7 X1 x,%x,, foralli =1,..,1
otherwise, and since X771 is positive semidefinite with all eigenvalues, 1;(Z71),
nonnegative and at least one nonzero, we have

2 T

ST = XPE Y - Xy - D k(>0

Therefore, __ﬂ tr[(Y — XB)X (Y — XB)'] < 0 and so the MLE for B is

B=XX)1XY
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(ii) We'll maximize [(8, |¥) w.r.t. E by first taking —[(B, Z|¥). Note that = log|A| =

tr (A‘1 3—2) (Petersen and Pedersen, 2012, expression 43) so
nt n 1
U(BEIY) = ——-log(2n) ~ 5 loglE] — 5 tr[(Y ~ XBE(Y ~ XB)']

ZIBEY) =-2tr [ 2 @) -1tr [ E Y - XB)' (Y - X))
= —2tr[Z71Dy] + %tr[Z_lDzZ_l(Y —XB)'(Y — XB)]
Solving for zero we have
I7Dy = ~[E7IDLE7I(Y — XB)'(Y — XB)]
Dy = -DyE X (Y — XB)'(Y — XP)
Z =Y —XB)'(Y - XB)

For the second partial derivative test we have
(@ ZUBEIY) = 2tr(E1E) + tr[E 571 (Y — XB)' (¥ — X))

which evaluatedat 8 = and £ = %(Y - Xﬁ)'(Y - Xﬁ) is a function of the

traces of powers (i.e. squared, cubed, etc.) of [(Y — Xﬁ)’(Y -X ﬁ)]_l, a symmetric

positive semi-definite matrix of rank>0, and is therefore greater than 0.

62

~ 1 P P
(b) 375 I(B,Z|Y) evaluatedat B = 8 and X = ;(Y — XB)'(Y — XPB) is also greater

than 0 since again [(Y -X ﬁ)'(Y -X ﬁ)]_l is positive semidefinite, and so the proof is
almost identical to the second derivative test given in (i) but with this new quantity

instead of 71

() %;,l(ﬂ,ZlY) evaluated at B = Band T = %(y — XB)'(¥ - XB)
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= —tr[(DgX'XB — DgX'Y + B'X'XDg — YXDjg)E 127
=0
because from (i) we have ((DpX'XB — DpX'Y + B'X'XD — YXDj)) = 0

when 8 = B

2 2

Therefore, (%) (%) — ( 6222) >0 evaluated at § = B and Z = %(Y — Xﬁ)’(Y —

X ﬁ) Thus, (B, Z|Y) achieves bivariate maximum at

B=XX)7XY, E=—-(v-XB) (¥ - XB).

Proof 2: Maximum Likelihood Estimates for the Balanced General Linear Model

(i) We’ll maximizing [(B, Z|Y) by first taking :—BI(B,ZW). Note that
0 Iy — 0 r v/ - I —
@ SV -XBYE™] = Z[(V - FXE] = —1,, X5

2 Iv—1 _ Iyv—1 9 2 Iv—1
(b) ¥ =XBYEI(Y - X)) = (¥ = XB)YE™' 2[¥ — XB] + 2 [(¥ — XBY2 (Y — XB)

=—(Y —XB)'E"'XDy — DpX'T' (Y — XB)

= —Y'Z_lXDI; + ﬂ'X'X_lXDI; - D'ﬂX'X_lY + D'ﬂX'X_lXﬂ
Setting ;—ﬁ [(B,2]Y) = 0 and solving we have
YEIIX+ X2y =B'XE X+ X'271XB
X'27ly = X'T71XB (since then also X'E71Y = X'E71XRB)
X2 IX)"IX'zly = (X'TIX)TIX'ZIXB
XTI 'X) Xz ly=p8
(i) We’ll next continue maximizing [(B, X|Y) by first taking % I(B,Z|Y).

Note that % (Y — XB)'E~1(Y — XP) is scalar and so:
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LY —XpYETN(Y - XB) =tr E Y —XB)E1(Y — Xﬁ)] = tr Ez—l(y —XB)(Y — Xﬁ)’]

)

- e[ L o] -La [y L e - xpw - xey
- 2 i azl L ] 2 L az i 1 2 i l

Now,

al —nalz 19 nz-lyxyx’
3z (B'Z|Y)——§a—zi(09| il)_iﬁ tr ; Y —-XpH¥, - X.B)

n -1 1 < -1 -1 !
= _Etr[zi Dy ] + Str Z DX (Y - XiB)X; — XiB)
=

Setting aa_z [(B,2]Y) = 0 and solving we have,

n
n 1 ,
Etr[Z{lDzi] =5tr [Z Dy ETNY - X B — XiB)
i=1

n 1 - _ ’
Etr[lrxr] =5tr [; Y - XY - XiB)

Note in balanced data X; is the same for all subjects, and so can factor out £ *to write

n _ 1 -1 < r
Sl = 507 |2; Zl(yi ~X:B)(¥; - X,

Ml = 27 (V= Xif) (¥ = Xif)

n

1 !
5= ) = XB) Y~ Xi)

i=1
<~ 1
L =—(Y - XB)¥ - Xp)

(iii) We’ll now use the second partial derivative test to prove bivariate maximization

We found zeros in (i) and (ii) at g = (X’27'X)"'X'2"'Y and E; = %(Y - XB)(Y —XB)'
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Note that B and &; are zeros regardless of values of B and . Thus % I(B,Z|Y) and

aa_z (B, Z|Y) are both zero when evaluated at Z; = £; and B = B, respectively.
Next,

azﬁl(ﬁ Z|Y)——Eﬁ{ Y'E'XDg + B'X'E'XDg — DpX'E7'Y + DpX'E 7' XB}

= —~(DpX'T7XDy + DpX'E71XDp)

=Yl Yo didja;j , for A= X'271X
Note, X'E271X is symmetric and through the spectral theorem can be written as G'AG,
with A being a diagonal matrix of non-negative eigenvalues of 4 (since £~ 1 is positive

definite, so is X'E7'X). So X1_, X}, didja;; = X, [dj/ljj(ZLl dl-gl-j)z] > 0 and so,

when evaluated at Z; = £; and B = B, we have

l\)lb—l

1 < <
l(p’ Z|Y) = -5 (DpX'T™' XDy + DpX'37XDyg) = —

aZﬁ 1deau <0

i=

Next,

i zv)

Z D ENY - X B (Y — XiB)

i=1

d n 1 1
:ﬁ —Etr[zi Dzi]+§tr

| )

zi_l(DZi)zi_l(DZi)zi_lz(yi - XBpY,—X;B)

i=1

n 2
= Etr[Zfl(Dzi)Zi_l(Dzi)] -t

n 2 -
= S tr[Z7 (g )27 (Dy,)] — 5 tr[Z7 (Dy )27 (Dy )27 nE

Evaluated at ; = £, = %(Y —XB)(Y —XB) and B = B = (X'T1X)"1X'z "1y,
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n o -1 a -1 2n o -1 1,\
=t 27 (D)2 (Ps)] - s 27 (D)2 (D2 )2 2]
n o -1 o -1
—tr 27 (D)2 (D3]
Note, when all elements of Z; are allowed to vary, tr [fi_l(Dzi)fi_l(Dzi)] =
tr [fi_l(lrxf)fi_l(lrxr)] which is the square of the sum of all elements of fl-_l and is

therefore positive. When some elements are held fixed, tr [fl-_l(Dzi)fi_l(Dzi)] will
obviously still be greater than zero albeit less than the square of the sum of all elements

of fi_l. Thus, when evaluated at £; = £; and B = 8 we have

92
S5 (B, >:|Y)_— tr 27 (1pap) B (1pnp)] < 0

Finally,

ﬁl(ﬂ Z|Y) —£<ﬁl(ﬁ 2:|Y)>

=5 (=Y'Z7'XDg + B'X'E'XDg — DpX'S7'Y + DpX'3 7' XPB)
—y/'y-1 -1 a ry/y—1 -1 I yiy—1 -1
=Y'2 7Dy 27'XDy —ﬁ(p X'E7'Dy 27XDg) + DgX'E Dy 27Y —

aa_z (DpX'E7*Dy 271 XPB)
Note when g = (X'271X)"1X'21Y, we have
= (DpX'S7' D537 XB) = = (DpX'E ' Dy EIX(X'E1X)IX'E 1Y)
= —DjX'E "Dy 27'Y + DX’ D ETIX(X'ETIX) TIX'E LY —
DpX'E Dy ZTIX(X'ETIX)TIX'ETY

= —DyX's 71Dy 371y
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Thus, at ¥; = £; and B = B we have
ml(ﬁ Z|Y) =YDy E7'XDg — Y'E ' Dy 27'XDg + DgX'E 1Dy Y —
DpX'37'Dy 7Y
=0

In summary, at ; = £; and B = B we have

7]
5 (BEY) =0
7]
—I(BZ|Y) =0

azﬁl(ﬁ Z|Y) < 0

azzl(ﬁ Z|Y) <0

[Z18.510)] [ 1B.51¥)] - [r25 18,5 )] >0
Therefore [(B, Z|Y) achieves bivariate maximum at

B=XZ1X)1X'E'Y and g, = %(Y —XB)(Y — XB)'
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APPENDIX II

CHAPTER 2 DEFINITIONS AND DERIVATIONS
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A. Definitions
Some of these terms have already been presented in the body of the text, but have been
repeated here for a consolidated list of terms.

8 =C(C'PO)"IC  withd = (X'Z7'x)

i)
P,=-X31—31x

aO'i
_ yiy-19% 1 0% 4
Qij _Xz 6aiz aa]z
M. = 026
Y 90,00

wij = ij th entry of the inverse of the expected information matrix

=28 =2¢ Z Z[WU (QU P,pP )] ¢ ( note A is obtained using Z in place on)

i=1j=

r

A, Z w;;tr(0pP,pOGP; )
1j=1

i=

r

r
1
Az = E Z Uﬂ Ml]ﬂ
1j=1

i=

B. Taylor expansion of Expected Value of KR adjusted Wald Statistic
E(W) = E (E(FIE))
=& (er [(C3a0) (€@ + MO)]) + B (B - B C(CBAC) € B~ Bi)
From Alnosaier (2007) we have:

E (tr [(C’cT)AC)_l(C’((I) + A)C)D =1+ % +0 (n_%>
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To derive E ((ﬂ — B C(CHAC) ' C' (B - BH)> first note from lemma 3.1.2.1 from
Alnosaier (2007) we have:
(€$a0) " = [1-(c'HC) ' (C'AC) + 0,(n™?)] (C'PC)
= (C'dC) " - (C'$C) (CAC)(C'HC) " +0,(n"?)(C'HC)
And so, noting (C'C) ™" is 0, (n),

E[(C#ac) | =E[(c'dC) |- E[(c'dC) " (c'Ac)(c'dC) | +E[0, ()]

Now, letting 8=C(C'$C )_1(,' " we then have

o~

E(B'C(C'BaC) C'B) = E['8p] — E[F'BABB] + O(n™")

We can now obtain E[B’ﬁﬁ] and E[ﬁ’@ﬁ@ﬁ] using a Taylor expansion about 6.

First, we’ll establish bounds of certain values which shall appear in the Taylor expansion

derived quantities of E(F). From Alnosaier (2007) we have:

o 02 _
(D) ¢ ,a—:)i ,?L_i areall 0(n™1)

2%0
aO'iJj

286,—, are all 0(n)

~ _ ..~ OAR 0%A . _
3)A=AK+0(n"5%?), w1thA,a—oi,mbemg 0(n~?)

2
(4) E(6; — 0;) = 0 + O(n™2) for linear covariance structures (i.e. of the form ai;ﬂj =0)

(5) Cov(6;,6;) = w;j + 0(n™%)



(6) w;j is 0(n™1), withw; ; being the ij th element of the inverse of the expected
information matrix

(7) E[(6; — 0)(6; — 6)) (6 — 0i)] s O(n™?)

Additionally we have

(8) E[(6; — al-)(ﬁj - aj)] = w;; + 0(n™?) for linear covariance structures

We can now perform the Taylor Expansion to obtain E[ﬁ ’ﬁﬂ] and E[ﬂ ”B\K’B\ﬂ]

(i) Deriving E[B'0]

Via Taylor expansion we have:

0= B+Zr:(al—ai)aa—:+% 'S (6; —a)(6; — )a 26 +0(n™")
Note
g—: = —C(C'¢C)—1C'Z—$C(C'¢C)—1C'
aa;aj = 0(dP:d)B(GP;)6 + O(PP,)O(HP,$)0
— 0¢P;¢P;p0 — 0¢pP;pP; 0 + 0Q;;$pO
_m,

Therefore,
Bo] =0+ (G, — o) o+ 2 Y E[(61 — 06 - ) 406

i=1 bOTiEL

—0+0( ) += 2 2 wi My +0(n™Y) + 0(n™Y)

i=1 j=

120
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hJIhA

—0+ Z My +0(n~Y)

i=1j=1
And consequently

R R 1 T T
E[6'08] = BE[B]B = FOf +5 ) > wi'MyB +0(n™)

i=1 j=1

(ii) Deriving E[ﬁ ”B\K’B\B]
First, note A = 2A and is therefore O(n=2). Next,

00A0 on2? 00 ‘e 0A 0+ 00 A6
do; 601 do; do;

which is 0(1) since all of its terms are are 0(n)0(n~2)0(n) = 0(1).

020A0 0%0 0%0 00A 00 00 0A0 0A 060 0A 00
—— = + AO + —— +O——t———
00;00; do;00; 00;00; doj do; 601 aa] do; do;  doj do;
+ 0 o°A 0
00;00;

which is again O(1) since all of its terms are 0(n)0(n~2)0(n) = 0(1).

Now via Taylor expansion we have:

r r T
e R 00A0 1 R R 62(-)A(-) B
i=1 i=1j=1
And so
E[0AB] = 0A0 + O(n™") and therefore E[B'0ABB] = B'0AOB + 0(n™!)
(iii) Deriving E(W)

Putting everything together from Alnosaier and parts (i) and (ii) we have
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E(W) = E (E(F|§))
= E(tr [(C$a€) € @+ MO]) + E((B - ) C(C'BaC) €' (B - b))

i=1j=1

=1+
+0(n?)
A 1 T r
=1+ 2+ BOB+5 ) > wyB Myf + F'OABS + 0(n™)
i=1 j=1
Letting
T T
1 :
Az = Ez Z w;iiB'M;;B
i=1 j=1

we can then simply write

EW)=1+ % +B'0B + A; + B'OAOB + O0(n™ 1)

C. Adjusting solution of w to match correct value in exact cases
(i) Obtaining value of A; + B0 — B'0ABP in balanced linear mixed models
We’ll start by assuming all observations are independent, so Zy, = o2 L,xp. We can now

evaluate the terms in the expressions.

Iy — -1 1 -1 ! -
D)= (X'Z71x) " = (x ;IX) = 62(X'X)"1

’ —1 ’ v\ — —1 7 1 1wl v — 1
(2)0 =C(C'p0)Ic’' =c(C'a?(X'X)"10) ' = ;C(C X'x)"c)"1c

Cxs1Z gy il (1)
GV =—XE 1 Zx X=X 215X =—(5) XX

o2

_ _xg 1108y (1)
4)Qy =-XE 12312y x_( )xx

o2 o2
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(5) Q11 — P1$pP; = (%)3X'X - (%)3X'X =0

(6)A=2K=2¢Y_, ¥ i[wi;(Qij — PipP;)| b = 2wy, ®(Q; — P1dP,) = 0

(7) wy; = CRLB(82) = ni"_“q
(8) 20($P, $)O(GP; $)0 = = C(C'(X'X)71C)7'C’

9) 0p (2P, 9pP; —2Q,1)9p0 =0

(10) M;; = 20($P,d)0(pP,$p)0 — 0p (2P, pP, — 2Q,,)P0O = %C(C’(X’X)*C)_lC’
So:

20%
np —

2 ! ! -1 —1p7 4 1 14 ! -1 -1
qo np—qo

1 1
—_ ! — ! ! ! -1 -1
Az = Eﬂ w1 My B = np — q_cz p'cC’X'x)~"C)~C'p

Therefore, we have:

As + B'OB — B'OABB = A; + /OB = + % gcC'X'’X)"o)tc'B

(np — q)o?

2+np—q ,
=g Bk
np —q
m+2 ,,
=~ POB
The value of m is obtained exactly by the KR method for ANOVA and HLT tests of

linear trend with rank 1 contrast, and so this solution should, and upon calculation does,

also generalize to the HLT test of linear trend.
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(ii) Obtaining exact solution

Our goal is to adjust E, (W) into E}; (W) in a way that parallels the adjustment of Ey(W)
into Ej(W) made by Kenward and roger. In the original KR paper, in order to obtain the
correct values for / and m, the value of

Az

1

is instead modified to Ej(W) so that

s =(1-4)

Formally we can express this as:

A
EO(W)=1+T2=a+b—O=a+b—c
1 (a—0)?

1_ﬁ_a—b+c
l

Eo(W) =

Now we have:
E,(W) = %(ﬂ’eﬂ + A; — B'0AOB) = %(a +b—c)

Noting that in the solution to the noncentrality parameter we multiply by [ we can focus
just on the quantity 8’08 + A; — f'0A0B = a + b — c. Employing the form of the

adjustment obtained by Kenward and Roger we then have the similar form:

oy L 1@=0? 1 (B'6B—p'OABP)
EeW)=7—51¢= 1(B'0B — A; + B'OAOR)

And solving for E} (W) as in part (i) we have:

1 (B'6p)? 1 m
Es(W) =~ ==

B'oB

Therefore:
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Ez(W) %3'93

w=1 = p'op

Now obviously to obtain the desired result of w = 18’08 we simply multiply the

solution to the noncentrality parameter by A and therefore obtain
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CHAPTER 3 DERIVATIONS AND SUPPLEMENTAL INFORMATION
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Calculating dPower

We use the limit definition of a derivative:

fx+h) - fl)
h

f'(x) = lim

h—oo

Let the power function given some value of the noncentrality parameter @ be given as y(w), then
we let #=0.000001 and calculate approximate dPower as:

W(w+h) —P(w) P +0.000001) — Y(w)

dPower = h 0.000001

This approximation provides accurate calculation of dPower when the slope of the power
function around w is not extremely steep, which is true for values of power for which researchers

are interested.

Supplemental tables and figures

Table A.IIL.1: Observation times and GLMM contrasts for comparing to Ringham
method

Contrasts for GLMM Equivalent Hypothesis
LMM t' Between subjects, €’ Within subjects, U’
[1 23 4] [0 1] [-(3 -1 1 3]
[3 69 12 15] [0 1] [-12 -6 0 6 12]
[1 49 13 18 21] [0 1] [-20 -14 -4 4 14 20]
[2 56 9] [0 1] [-7 -117]
[1 371013 17 19] [0 1] [-18 -14 -6 0 6 14 18]




Figure A.IIL.1: Performance of power methods when design has four time points

Difference

Figure A.II1.2: Performance of power methods when design has more than four time points
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APPENDIX IV

CHAPTER 4 SUPPLEMENTAL INFORMATION AND PROGRAMS



Supplemental Tables

Table A.IV.1: Results of Chapter 4 Simulation Study

vesin | Metha | 1 [ ered | oo Romnel | Enpl [ e e
1 1 0.6 0.75 8 | 0.75909 | 0.743952 | Underestimate
1 1 0.6 0.8 9 | 0.82005 | 0.812538 | Correct

1 1 0.6 0.85 10 | 0.87001 | 0.870058 | Correct

1 1 0.6 0.9 11 | 0.90427 0.90717 | Correct

1 1 0.6 0.95 13 | 0.95224 | 0.952842 | Correct

1 1 0.8 NA 6 0.7209 | 0.658547

1 1 0.8 0.75 7 | 0.80764 0.76397 | Correct

1 1 0.8 0.8 7 | 0.80764 | 0.76397 | Underestimate
1 1 0.8 0.85 8 0.8671 | 0.832648 | Underestimate
1 1 0.8 0.9 9 | 0.91008 | 0.89368 | Underestimate
1 1 0.8 0.95 11 | 0.95894 | 0.954674 | Correct

1 1 0.9 0.75 6 0.7652 | 0.702462 | Underestimate
1 1 0.9 0.8 0.84187 | 0.803974 | Correct

1 1 0.9 0.85 0.89414 | 0.86699 | Correct

1 1 0.9 0.9 0.9316 | 0.915844 | Correct

1 1 0.9 0.95 10 | 0.95578 | 0.947608 | Underestimate
1 2 0.6 0.75 8 | 0.79351 | 0.743952 | Underestimate
1 2 0.6 0.8 0.84732 | 0.812538 | Correct

1 2 0.6 0.85 10 | 0.89058 | 0.870058 | Correct

1 2 0.6 0.9 11 | 0.91963 | 0.90717 | Correct

1 2 0.6 0.95 13 | 0.96035 | 0.952842 | Correct

1 2 0.8 NA 6 | 0.73939 | 0.658547

1 2 0.8 0.75 7 | 0.82075 | 0.76397 | Correct

1 2 0.8 0.8 7 | 0.82075 0.76397 | Underestimate
1 2 0.8 0.85 8 | 0.87665 | 0.832648 | Underestimate
1 2 0.8 0.9 9 | 0.91679 0.89368 | Underestimate
1 2 0.8 0.95 11 0.9624 | 0.954674 | Correct

1 2 0.9 0.75 6 | 0.77369 | 0.702462 | Underestimate
1 2 0.9 0.8 0.84788 | 0.803974 | Correct

1 2 0.9 0.85 0.89843 | 0.86699 | Correct

1 2 0.9 0.9 0.9344 | 0.915844 | Correct

1 2 0.9 0.95 10 0.9577 | 0.947608 | Underestimate
1 3 0.6 0.75 0.81277 | 0.743952 | Underestimate
1 3 0.6 0.8 0.81277 | 0.743952 | Correct

1 3 0.6 0.85 0.86252 | 0.812538 | Underestimate
1 3 0.6 0.9 10 0.902 | 0.870058 | Underestimate
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1 3 0.6 NA 11 0.9282 | 0.90717

1 3 0.6 0.95 13 | 0.96484 | 0.952842 | Correct

1 3 0.8 0.75 0.75014 | 0.658547 | Underestimate
1 3 0.8 0.8 0.82845 0.76397 | Underestimate
1 3 0.8 0.85 0.8823 | 0.832648 | Underestimate
1 3 0.8 0.9 9| 0.92077 | 0.89368 | Underestimate
1 3 0.8 0.95 11 | 0.96446 | 0.954674 | Correct

1 3 0.9 0.75 6 | 0.77873 | 0.702462 | Underestimate
1 3 0.9 0.8 7 0.8515 | 0.803974 | Correct

1 3 0.9 0.85 7 0.8515 | 0.803974 | Underestimate
1 3 0.9 0.9 8 | 0.90104 | 0.86699 | Underestimate
1 3 0.9 NA 9 | 0.93612 | 0.915844

1 3 0.9 0.95 10 | 0.95888 | 0.947608 | Underestimate
1 4 0.6 0.75 8 | 0.78658 | 0.743952 | Underestimate
1 4 0.6 0.8 0.84298 | 0.812538 | Correct

1 4 0.6 0.85 10 | 0.88801 | 0.870058 | Correct

1 4 0.6 0.9 11 | 0.91736 0.90717 | Correct

1 4 0.6 0.95 13 0.9595 | 0.952842 | Correct

1 4 0.8 NA 6 | 0.73266 | 0.658547

1 4 0.8 0.75 7 | 0.81607 0.76397 | Correct

1 4 0.8 0.8 7 | 0.81607 | 0.76397 | Underestimate
1 4 0.8 0.85 8 | 0.87345 | 0.832648 | Underestimate
1 4 0.8 0.9 9| 0.91475 | 0.89368 | Underestimate
1 4 0.8 0.95 11 | 0.96178 | 0.954674 | Correct

1 4 0.9 0.75 6 | 0.77122 | 0.702462 | Underestimate
1 4 0.9 0.8 0.84639 | 0.803974 | Correct

1 4 0.9 0.85 0.8975 | 0.86699 | Correct

1 4 0.9 0.9 0.93383 | 0.915844 | Correct

1 4 0.9 0.95 10 | 0.95741 | 0.947608 | Underestimate
5 1 0.6 NA 11 | 0.69771 | 0.693458

5 1 0.6 0.75 12 | 0.75515 | 0.752985 | Correct

5 1 0.6 0.8 13 0.8024 | 0.797011 | Underestimate
5 1 0.6 NA 14 | 0.84464 | 0.845952

5 1 0.6 0.85 15 0.8752 | 0.876355 | Correct

5 1 0.6 0.9 16 | 0.90496 | 0.902386 | Correct

5 1 0.6 NA 18 | 0.94133 | 0.943501

5 1 0.6 0.95 19 | 0.95476 | 0.954823 | Correct

5 1 0.8 NA 10 | 0.73783 | 0.738354

5 1 0.8 0.75 11 | 0.79532 | 0.800145 | Correct

5 1 0.8 0.8 12 | 0.84551 | 0.847017 | Overestimate
5 1 0.8 0.85 13 | 0.88321 | 0.883914 | Correct
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5 1 0.8 0.9 14 | 0.91322 | 0.916338 | Correct

5 1 0.8 0.95 16 | 0.95228 | 0.955042 | Correct

5 1 0.9 0.75 10 | 0.77584 | 0.776826 | Correct

5 1 0.9 0.8 11 | 0.82956 | 0.838224 | Correct

5 1 0.9 0.85 12 | 0.87391 | 0.878398 | Correct

5 1 0.9 0.9 13 | 0.90731 | 0.910967 | Correct

5 1 0.9 0.95 15 | 0.95169 | 0.954201 | Correct

5 2 0.6 NA 11 | 0.71968 | 0.693458

5 2 0.6 0.75 12 0.7743 | 0.752985 | Correct

5 2 0.6 0.8 13 | 0.81884 | 0.797011 | Underestimate
5 2 0.6 0.85 14 | 0.85785 | 0.845952 | Underestimate
5 2 0.6 NA 15 | 0.88656 | 0.876355

5 2 0.6 0.9 16 | 0.91365 | 0.902386 | Correct

5 2 0.6 NA 18 | 0.94731 | 0.943501

5 2 0.6 0.95 19 | 0.95951 | 0.954823 | Correct

5 2 0.8 NA 10 | 0.74905 | 0.738354

5 2 0.8 0.75 11 | 0.80483 | 0.800145 | Correct

5 2 0.8 0.8 11 | 0.80483 | 0.800145 | Correct

5 2 0.8 0.85 12 | 0.85274 | 0.847017 | Underestimate
5 2 0.8 NA 13 | 0.88903 | 0.883914

5 2 0.8 0.9 14 | 0.91763 | 0.916338 | Correct

5 2 0.8 0.95 16 | 0.95489 | 0.955042 | Correct

5 2 0.9 0.75 10 | 0.78241 | 0.776826 | Correct

5 2 0.9 0.8 11 | 0.83496 | 0.838224 | Correct

5 2 0.9 0.85 12 | 0.87787 | 0.878398 | Correct

5 2 0.9 0.9 13 0.9103 | 0.910967 | Correct

5 2 0.9 0.95 15 0.9533 | 0.954201 | Correct

5 3 0.6 0.75 11 | 0.75567 | 0.693458 | Underestimate
5 3 0.6 0.8 12 | 0.80542 | 0.752985 | Underestimate
5 3 0.6 NA 13 | 0.84481 | 0.797011

5 3 0.6 0.85 14 | 0.87926 | 0.845952 | Underestimate
5 3 0.6 0.9 15 | 0.90427 | 0.876355 | Underestimate
5 3 0.6 NA 16 | 0.92763 | 0.902386

5 3 0.6 0.95 18 | 0.95641 | 0.943501 | Underestimate
5 3 0.6 NA 19 | 0.96666 | 0.954823

5 3 0.8 0.75 10 | 0.77918 | 0.738354 | Underestimate
5 3 0.8 0.8 11 0.8297 | 0.800145 | Correct

5 3 0.8 0.85 12 | 0.87254 | 0.847017 | Underestimate
5 3 0.8 0.9 13 | 0.90459 | 0.883914 | Underestimate
5 3 0.8 NA 14 | 0.92968 | 0.916338

5 3 0.8 0.95 16 | 0.96193 | 0.955042 | Correct
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5 3 0.9 0.75 10 | 0.80804 | 0.776826 | Correct

5 3 0.9 0.8 10 | 0.80804 | 0.776826 | Underestimate
5 3 0.9 0.85 11 0.8556 | 0.838224 | Underestimate
5 3 0.9 NA 12 | 0.89389 | 0.878398

5 3 0.9 0.9 13 | 0.92259 | 0.910967 | Correct

5 3 0.9 0.95 15 | 0.96015 | 0.954201 | Correct

5 4 0.6 NA 11 | 0.68251 | 0.693458

5 4 0.6 NA 12 | 0.74416 | 0.752985

5 4 0.6 0.75 13 | 0.79474 | 0.797011 | Overestimate
5 4 0.6 0.8 14 | 0.83804 | 0.845952 | Correct

5 4 0.6 0.85 15 | 0.87112 | 0.876355 | Correct

5 4 0.6 0.9 16 | 0.90144 | 0.902386 | Correct

5 4 0.6 NA 18 | 0.94012 | 0.943501

5 4 0.6 0.95 19 | 0.95399 | 0.954823 | Correct

5 4 0.8 NA 10 | 0.73481 | 0.738354

5 4 0.8 0.75 11 | 0.79416 | 0.800145 | Correct

5 4 0.8 0.8 12 | 0.84462 | 0.847017 | Overestimate
5 4 0.8 0.85 13 | 0.88308 | 0.883914 | Correct

5 4 0.8 0.9 14 | 0.91324 | 0.916338 | Correct

5 4 0.8 0.95 16 0.9527 | 0.955042 | Correct

5 4 0.9 0.75 10 | 0.77799 | 0.776826 | Correct

5 4 0.9 0.8 11 | 0.83218 | 0.838224 | Correct

5 4 0.9 0.85 12 | 0.87599 | 0.878398 | Correct

5 4 0.9 0.9 13 | 0.90914 | 0.910967 | Correct

5 4 0.9 0.95 15 | 0.95286 | 0.954201 | Correct

Blue values not included in Table 4.3 averages as they are duplicates

The following SAS Code on the following pages calculates sample size required to

achieve 90% power using Method 1 and 5, = -6.43 in Table 4.5. SAS program editor

SAS Code
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formatting does not carry over well to a paper document with defined margins. Thus, for

a more readable file, copy and past the program into SAS.
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/*Specify Design*/

******************;

******************;

%let ncpuse=ncpl; *Other options: ncp2, ncp3, ncpé4, ncpb5;

$let ddfuse=ml; *Other options: m2, m3, m4, m5;

%let xbarl=57.7; *Hypothesized population mean of treatment group 1
(investigative treatment);

%let xbar2=52.8800; *Hypothesized population mean of treatment group 2 (control
treatment) ;

%let xbar3=51.8; *Hypothesized population mean of treatment group 3 (comparator
treatment) ;

%let btimel=20.05; *Hypothesized effect of Time in group 1; *Use 24.04 for
large sample example;

$let btime2=26.48; *Hypothesized effect of Time in group 2;

%let btime3=27.5714; *Hypothesized effect of Time in group 3;

%$let glratio=1; *Number of observations of which we will take the mean for
treatment group;

$let g2ratio=1; *Number of observations of which we will take the mean for
control group;

%$let g3ratio=1; *Number of observations of which we will take the mean for
comparator group;

$let missparm=0.85; *1l-probability of any follow-up being missing;

%let errdev=4.342303536; *Hypothesized within subjects error standard
deviation;

%let ranistd=5.62418883; *Hypothesized standard deviation of Random Intercept;
$let ransstd=3.888238676; *Hypothesized standard deviation of Random Slope (set
to 0 if want intercept only);

$let correlation=-0.114792316; *Hypothesized correlation between random
intercept and random slope (set to 0 if want intercept only);

$let timevec=0,1,2,3,4; *Vector of time values for each subject when no
observations missing;

$let alpha=0.05; *Desired Type-I Error Rate;

%let despower=0.9; *Desired Power;

$let seedl=607824;

%let seed2=52451;

$let seed3=7983831;

%let ranlseedl=8695815;

$let ranlseed2=64638;

$let ran2seedl=1436208;

%let ran2seed2=3378521;

$let ran3seedl=145532;

%let ran3seed2=7530156;

slet misseedl=647211;

%let misseed2=71617929;

slet misseed3=4278484;

data work.MacroVals;
missparm=&missparm;
nl=ceil (((&glratio/ (&glratio+&g2ratio+&g3ratio))*50));
n2=ceil (((&g2ratio/ (&glratio+&g2ratio+&g3ratio)) *50));
n3=ceil (((&g3ratio/ (&glratio+&g2ratio+&g3ratio)) *50))
if missparm=1 then reps=1;
else reps=10;
call symput('nl', nl);
call symput('n2', n2);
call symput('n3', n3);
call symput ('reps', reps);

’

run;

/*
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*/
data work.Treatment;
seed=&misseedl;
reps=&reps;
do rep=1 to reps;
do n=1 to &nl;
ID=compress (put (n,best8.) | |"A");
do Time=min (&timevec) to max (&timevec) ;

z=ranuni (seed); /*Uses uniform(0,1) random variable "z" to
assign missing values if z>missparm, modified later to force baseline as
nonmissing*/
if z>&missparm then u=0;
else if z<=&missparm then u=1l;
output;
end;
end;
end;
drop seed z;
run;
proc sql;
create table work.Treatobs as
select rep, ID, Time, case Time when . then 1 else 1 end as
intercept,
case Time when . then 1 else 1 end as Treatment,
case Time when . then 0 else 0 end as Comparator, u
from work.Treatment
where Time in (&timevec);
quit;

data work.Placebo;
seed=&misseed?2;
reps=&reps;
do rep=1 to reps;
do n=1 to &n2;
ID=compress (put (n,best8.) | |"B");
do time=min (&timevec) to max (&timevec) ;

z=ranuni (seed); /*Uses uniform(0,1) random variable "z" to
assign missing values if z>missparm, modified later to force baseline as
nonmissing*/
if z>&missparm then u=0;
else if z<=&missparm then u=1l;
output;
end;
end;
end;
drop seed z;
run;
proc sql;
create table work.Plbobs as
select rep, ID, Time, case Time when . then 1 else 1 end as
intercept,
case Time when . then 0 else 0 end as Treatment,
case Time when . then 0 else 0 end as Comparator, u

from work.Placebo
where Time in (&timevec);

quit;

data work.Comparator;
seed=&misseed3;
reps=&reps;

/*
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*/

do rep=1 to reps;
do n=1 to &n3;

ID=compress (put (n,best8.) | |"C");
do time=min (&timevec) to max (&timevec) ;
z=ranuni (seed); /*Uses uniform(0,1) random variable "z" to

assign missing values if z>missparm, modified later to force baseline as
nonmissing*/

if z>&missparm then u=0;

else if z<=&missparm then u=1l;

output;
end;
end;
end;
drop seed z;
run;
proc sql;
create table work.Cmptorobs as
select rep, ID, Time, case Time when . then 1 else 1 end as
intercept,
case Time when . then 0 else 0 end as Treatment,
case Time when . then 1 else 1 end as Comparator, u
from work.Comparator
where Time in (&timevec):;
quit;

data work.MixedData a; *Combine placebo and treatment designs into one dataset;
set work.Treatobs work.Plbobs work.Cmptorobs;
run;

proc sql; *Will create variable "M" to serve as missing data indicator and make
sure no baseline values are missing;
create table work.MixedData b as

select rep, ID, intercept, Treatment, Comparator, Time,

Treatment*Time as TreatTime, Comparator*Time as CompTime,
case when u=0 and time ne min(&timevec) then . else

1 end as M

from work.MixedData a;

quit;
proc sql;
create table work.MixedData as

select rep, ID, intercept, Treatment, Comparator, Time, TreatTime,
CompTime

from work.MixedData b

where M ne .;
quit;

proc sort data=work.MixedData;
by rep id time;

run;

quit;

$macro Mij (i=&covparmi, j=&covparmj); /*This macro calculates the second partial

derivatives of THETA with respect to covariance parameters i and j*/
(O*PHI*P&I*PHI*O*PHI*P&J*PHI*O+O*PHI*P&J*PHI*O*PHI*P&i*PHI*O~

O*PHI* (P&i*PHI*P&j+P&j*PHI*P&i~Q&i&j-Q&j&i) *PHI*O)

$mend Mij;

/*



*/

data work.power b;
COL1=9999;

run;

$macro power (rep=&sim);

proc sqgl;
create table work.mixeddata &rep as
select *
from work.MixedData
where rep=&rep;
quit;

proc sort data=work.mixeddata é&rep;

by rep id time;
run;
quit;
data work.seqids &rep;

set work.MixedData é&rep;

by id;

retain order 0;

if first.id then order=order+1l;

run;
ods select all;
proc iml;
Contrasts=({0 0 001 0, 0O00O0O0O0T1})";
C=Contrasts;
L=trace (ginv (C) *C) ;
g=L+1l; *+1 if to account for intercept;
ivar=&ranistd;
svar=&ransstd;
corr=&correlation;
errvar=&errdev*&errdev;
cov=(ivar* ({1 0, 0 O})+svar*({0 0, 0 1}))*(corr* ({0 1,
0 0})+svar* ({0 0, 0 1}));
bint=&xbar2; *group 2 will be used as reference group;
btreat=&xbarl-&xbar2; *treatment effect;
bcompare=&xbar3-&xbar?2;
btime=&btime2; *time effect in reference group 2;
btreattime=&btimel-&btime2; *group*time interaction;
bcomptime=&btime3-&btime?2;

Beta= (bint| |btreat| |bcompare| |btime| |btreattime| |bcomptime) *;

B=Beta;
n=&nl+&n2+&n3;
use work.seqgids &rep;;
do i=1 to n;

read all var {intercept Treatment Comparator
where (order=1i) into X;

read all var {intercept Time} where (order=1i)

S=z*cov*z ' +I((nrow(X)))(@errvar;

if i=1 then V=(X " *inv (S)*X);

else V=V+ (X *inv (S) *X) ;
end;
PHI=inv (V) ;
use work.seqgids &rep;;
do i=1 to n;

read all var {intercept Treatment Comparator
where (order=1i) into X;

read all var {intercept Time} where (order=1i)

S=z*cov*z ' +I((nrow(X)))(@errvar;

dl=z*({1 0, 0 0})*z";

d2=z* ({0 0, 0 1})*z";

d3=I (nrow (X)) ;
/*
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1 0})+I(2))*(ivar* ({1 O,

Time

into

Time

into

’

TreatTime CompTime}

Z;

TreatTime CompTime}

Z;
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*/

d4=z* ({0 1, 1 0})*z";

if i=1 then P1l=-X'*inv (S)*dl*inv (S)*X; else P1=Pl-
X *inv (S) *dl*inv (S) *X;

if i=1 then P2=-X'*inv (S) *d2*inv (S) *X; else P2=P2-
X *inv (S) *d2*inv (S) *X;

if i=1 then P3=-X'*inv (S) *d3*inv (S) *X; else P3=P3-
X *inv (S) *d3*inv (S) *X;

if i=1 then P4=-X'*inv (S)*d4*inv (S) *X; else P4=P4-
X *inv (S) *d4*inv (S) *X;

if i=1 then Q11=X *inv (S)*dl*inv (S)*dl*inv (S) *X; else
Q11=Q11+X *inv (S) *d1*inv (S) *d1*inv (S) *X;

if i=1 then Ql2=X"*inv (S)*dl*inv (S)*d2*inv (S) *X; else
Q12=Q12+X *inv (S) *d1*inv (S) *d2*inv (S) *X;

if i=1 then Ql13=X"*inv (S)*dl*inv (S) *d3*inv (S) *X; else
Q13=Q13+X " *inv (S) *d1*inv (S) *d3*inv (S) *X;

if i=1 then Ql4=X"*inv (S)*dl*inv (S) *d4*inv (S) *X; else
Q14=Q14+X *inv (S) *d1*inv (S) *d4*inv (S) *X;

if i=1 then Q21=X"*inv (S)*d2*inv (S) *dl*inv (S) *X; else
Q21=Q21+X *inv (S) *d2*inv (S) *d1*inv (S) *X;

if i=1 then Q22=X"*inv (S) *d2*inv (S) *d2*inv (S) *X; else
Q22=0Q22+X *inv (S) *d2*inv (S) *d2*inv (S) *X;

if i=1 then Q23=X"*inv (S) *d2*inv (S) *d3*inv (S) *X; else
Q23=0Q23+X *inv (S) *d2*inv (S) *d3*inv (S) *X;

if i=1 then Q24=X"*inv (S)*d2*inv (S) *d4*inv (S) *X; else
Q24=0Q24+X *inv (S) *d2*inv (S) *d4*inv (S) *X;

if i=1 then Q31=X"*inv (S) *d3*inv (S) *dl*inv (S) *X; else
Q031=Q31+X *inv (S) *d3*inv (S) *d1*inv (S) *X;

if i=1 then Q32=X"*inv (S) *d3*inv (S) *d2*inv (S) *X; else
Q32=0Q32+X " *inv (S) *d3*inv (S) *d2*inv (S) *X;

if i=1 then Q33=X"*inv (S)*d3*inv(S)*d3*inv(S) *X; else
Q33=0Q33+X " *inv (S) *d3*inv (S) *d3*inv (S) *X;

if i=1 then Q34=X"*inv (S) *d3*inv (S) *d4*inv (S) *X; else
Q34=0Q34+X *inv (S) *d3*inv (S) *d4*inv (S) *X;

if i=1 then Q41=X"*inv (S)*d4*inv (S)*dl*inv (S) *X; else
Q41=Q41+X *inv (S) *d4d*inv (S) *d1*inv (S) *X;

if i=1 then Q42=X"*inv (S)*d4*inv (S) *d2*inv (S) *X; else
Q42=Q42+X " *inv (S) *d4*inv (S) *d2*inv (S) *X;

if i=1 then Q43=X"*inv (S)*d4*inv (S) *d3*inv (S) *X; else
Q043=Q43+X *inv (S) *d4*inv (S) *d3*inv (S) *X;

if i=1 then Q44=X"*inv (S)*d4*inv (S)*d4*inv (S) *X; else
Q44=Q44+X *inv (S) *d4*inv (S) *d4*inv (S) *X;
*Information Matrices;

if i=1 then Illa=trace (inv (S)*dl*inv (S)*dl); else
Illa=trace(Illa)+trace (inv(S)*dl*inv (S) *dl) ;

if i=1 then Il2a=trace (inv (S)*dl*inv (S)*d2); else
Il2a=trace(Il2a)+trace (inv(S) *dl*inv (S) *d2) ;

if i=1 then Il3a=trace (inv (S)*dl*inv (S) *d3); else
I13a=trace(Il3a)+trace (inv(S) *dl*inv (S) *d3) ;

if i=1 then Ilda=trace (inv (S)*dl*inv (S)*d4); else
Il4a=trace(Il4a)+trace (inv(S) *dl*inv (S) *d4) ;

if i=1 then I2la=trace (inv (S)*d2*inv (S)*dl); else
I2la=trace(I2la)+trace (inv(S) *d2*inv (S) *dl) ;

if i=1 then I22a=trace (inv (S)*d2*inv (S)*d2); else
I22a=trace (I22a)+trace (inv(S) *d2*inv (S) *d2) ;

if i=1 then I23a=trace (inv (S)*d2*inv (S) *d3); else
I23a=trace (I23a)+trace (inv (S) *d2*inv (S) *d3) ;

if i=1 then I24a=trace (inv (S)*d2*inv (S)*d4); else
I24a=trace (I24a)+trace (inv(S) *d2*inv (S) *d4) ;

if i=1 then I3la=trace (inv (S)*d3*inv (S)*dl); else
I3la=trace(I3la)+trace (inv (S) *d3*inv (S) *dl) ;
/*
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if i=1 then I32a=trace (inv(S)*d3*inv (S)*d2); else
I32a=trace (I32a)+trace (inv (S) *d3*inv (S) *d2) ;

if i=1 then I33a=trace (inv(S)*d3*inv(S)*d3); else
I33a=trace (I33a)+trace (inv (S) *d3*inv (S) *d3) ;

if i=1 then I34a=trace (inv(S)*d3*inv (S)*d4); else
I34a=trace (I34a)+trace (inv (S) *d3*inv (S) *d4) ;

if i=1 then I4d4la=trace (inv(S)*d4*inv (S)*dl); else
I4la=trace(I4la)+trace (inv(S)*d4*inv (S) *dl) ;

if i=1 then I42a=trace (inv(S)*d4*inv (S)*d2); else
I42a=trace (I42a)+trace (inv(S) *d4*inv (S) *d2) ;

if i=1 then I43a=trace (inv(S)*d4*inv (S)*d3); else
I43a=trace(I43a)+trace(inv (S)*d4*inv (3) *d3);

if i=1 then I44a=trace (inv(S)*d4d*inv (S)*d4); else
I44a=trace (I44a)+trace (inv (S)*d4*inv (S) *d4) ;
end;
I11=((0.5*trace(Illa)-0.5*trace (2*PHI*Q11-PHI*P1*PHI*P1)))*({1 0 0 O, O O O O,
0000, OO0O0O};
I12=((0.5*trace(Il2a)-0.5*trace (2*PHI*Q12-PHI*P1*PHI*P2)))*({0 1 0 O, 0 0 0 O,
0000, OO0O0O};
I13=((0.5*trace(Il3a)-0.5*trace (2*PHI*Q13-PHI*P1*PHI*P3)))*({0 0 1 0, 0 0 0 O,
0000, OO0O0O};
I14=((0.5*trace(Il4a)-0.5*trace (2*PHI*Q14-PHI*P1*PHI*P4)))*({0 0 0 1, 0 0 0 O,
0000, OO0O0O};
I21=((0.5*trace(I2la)-0.5*trace (2*PHI*Q21-PHI*P2*PHI*P1)))*({0 0 O O, 1 0 O O,
0000, OO0O0O};
I22=((0.5*trace(I22a)-0.5*trace (2*PHI*Q22-PHI*P2*PHI*P2)))*({0 0 0 O, 0 1 0 O,
0000, OO0O0O};
I23=((0.5*trace(I23a)-0.5*trace (2*PHI*Q23-PHI*P2*PHI*P3)))*({0 0 0 O, 0 O 1 O,
0000, OO0O0O};
I24=((0.5*trace(I24a)-0.5*trace (2*PHI*Q24-PHI*P2*PHI*P4)))*({0 0 0 O, 0 0 O 1,
0000, OO0O0O};
I31=((0.5*trace(I31la)-0.5*trace (2*PHI*Q31-PHI*P3*PHI*P1)))*({0 0 O O, O O O O,
1000, 00O0O0});
I32=((0.5*trace(I32a)-0.5*trace (2*PHI*Q32-PHI*P3*PHI*P2)))* ({0 0 O O, O O O O,
0100, 00O0O0});
I33=((0.5*trace(I33a)-0.5*trace (2*PHI*Q33-PHI*P3*PHI*P3)))*({0 0 0 O, 0 0 O O,
0010, 00O0O0});
I34=((0.5*trace (I34a)-0.5*trace (2*PHI*Q34-PHI*P3*PHI*P4)))*({0 0 0 O, 0O O O O,
0001, 000 O0});
I41=((0.5*trace(I4la)-0.5*trace (2*PHI*Q41-PHI*P4*PHI*P1)))*({0 O O O, 0O O O O,
0000, 1000});
I42=((0.5*trace (I42a)-0.5*trace (2*PHI*Q42-PHI*P4*PHI*P2)))*({0 0 O O, 0 O O O,
0000, 0O100});
I43=((0.5*trace(I43a)-0.5*trace (2*PHI*Q43-PHI*P4*PHI*P3)))*({0 0 0 O, 0 O O O,
0000, 0OO010});
I44=((0.5*trace (I44a)-0.5*trace (2*PHI*Q44-PHI*P4*PHI*P4)))*({0 0 0 O, 0 O O O,
0000, OO0O0T1});
I=ginv(I11+I12+I13+I14+I21+I122+I23+I124+I31+I32+I33+I134+T141+T142+I143+144);
*Inverse of Expected Information Matrix;
*W Terms;

wll=({1 0 0 O0})*I*({1 O 0 0O}) *;
wl2=({1 0 0 0})*I* ({0 1 0 0}) *;
wl3=({1 0 0 0})*I*({0O O 1 0}) *;
wl4=({1 0 0 O})*I* ({0 O O 1}) ;
w21=({0 1 0 0})*I*({1 O 0 0}) *;
w22=({0 1 0 0})*I* ({0 1 0 0}) *;
w23=({0 1 0 0})*I* ({0 O 1 0}) *;
w24=({0 1 0 0})*I*({0O O O 1}) ;
w3l=({0 0 1 0})*I*({1 O 0 0}) *;
w32=({0 0 1 0})*I* ({0 1 0 0}) *;

/*



*/

w33=({0
w34= ({0
wdl= ({0
w42= ({0
w43= ({0
wd4= ({0

OoO0OoO0OoOoOo

0

OoOoOOoORrHKr

0

*Sum Terms;

cll=wll*(Ql1l-(P1*PHI*P1))
Q12- (P1*PHI*P2))
Q13- (P1*PHI*P3))
Ql4- (P1*PHI*P4))
Q21- (P2*PHI*P1))
Q22~ (P2*PHI*P2))
Q23- (P2*PHI*P3))
Q24- (P2*PHI*P4));
))
))
))
))
))
))
))

cl2=wl2*
cl3=wl3*
cld=wld*
c2l=w21*
C22=w22*
c23=w23*
c24=w24*
c31=w31l*
c32=w32*
c33=w33*
c34=w34*
c4l=wdlx*
cl42=w42*
c43=w43*

031- (P3*PHI*P1
Q32— (P3*PHI*P2
033- (P3*PHI*P3
Q34— (P3*PHI*P4
Q41- (P4*PHI*P1
Q42— (P4*PHI*P2
Q43— (P4*PHI*P3

0})
0})
1})
1})
1})
1})

*I*({0 0 1 0}) ;
*I*({0 0 0 1});
*I*({1 0 0 0}) ;
*I*({0 1 0 0})
*I*({0 0 1 0}) s
*I*({0 0 0 1}) " ;

’
’

’

’

’

’

’

’

’

’

’

’

’

’

c44=w44* (Q44- (PA4*PHI*P4)) ;

sum=cll+cl2+cl3+cld+c2l+c22+c23+c24+c31+c32+c33+c34+cdl+cd2+cd3+cdd;

PHIA=PHI+2*PHI* (sum) *PHI;

Astar=2*PHI* (sum) *PHI;

*Theta denoted as O in this code;
0=C*ginv (C *PHI*C) *C";

*Traces;
*Al;

tall=wll*trace
tal2=wl2*trace
tal3=wl3*trace
tald=wld*trace
ta2l=w2l*trace
ta22=w22*trace
ta23=w23*trace

ta3l=w3l*trace
ta32=w32*trace
ta33=w33*trace
ta34=w34*trace
tadl=wdl*trace
tad2=wd2*trace
tad3=wd3*trace
tadd=wi4dd*trace (O*PHI*P4*PHI) *trace (O*PHI*P4*PHI) ;
Al=tall+tal2+tal3+tald+ta2l+taz22+ta23+ta24+tal3l+tal32+tal33+tal34+tadl+tad2+tad3+t

add;
*A2;

(
(
(
(
(
(
(
taz24=w24*trace (
(
(
(
(
(
(
(

O*PHI*P1*PHI
O*PHI*P1*PHI
O*PHI*P1*PHI
O*PHI*P1*PHI
O*PHI*P2*PHI
O*PHI*P2*PHI) *trace (O*PHI*P2*PHI
O*PHI*P2*PHI) *trace (O*PHI*P3*PHI

) (O*PHI*P1*PHI
) (
) (
) (
) (
) (
) (
O*PHI*P2*PHI) *trace (O*PHI*P4*PHI
) (
) (
) (
) (
) (
) (
) (

O*PHI*P2*PHI
O*PHI*P3*PHI
O*PHI*P4*PHI
O*PHI*P1*PHI

*trace
*trace
*trace
*trace
*trace

O*PHI*P3*PHI) *trace (O*PHI*P1*PHI
O*PHI*P3*PHI) *trace (O*PHI*P2*PHI
O*PHI*P3*PHI) *trace (O*PHI*P3*PHI
O*PHI*P3*PHI) *trace (O*PHI*P4*PHI
O*PHI*P4*PHI) *trace (O*PHI*P1*PHI
O*PHI*P4*PHI) *trace (O*PHI*P2*PHI
O*PHI*P4*PHI) *trace (O*PHI*P3*PHI

tbll=wll*trace (O*PHI*P1*PHI*O*PHI*P1*PHI) ;
tbl2=wl2*trace (O*PHI*P1*PHI*O*PHI*P2*PHI) ;
tbl3=wl3*trace (O*PHI*P1*PHI*O*PHI*P3*PHI) ;
tbld=wld*trace (O*PHI*P1*PHI*O*PHI*P4*PHI) ;
tb2l=w2l*trace (O*PHI*P2*PHI*O*PHI*P1*PHI) ;

O*PHI*P2*PHI*O*PHI*P2*PHI) ;

tb23=w23*trace (O*PHI*P2*PHI*O*PHI*P3*PHI) ;
tb24=w24*trace (O*PHI*P2*PHI*O*PHI*P4*PHI) ;
tb31l=w3l*trace (O*PHI*P3*PHI*O*PHI*P1*PHI) ;
tb32=w32*trace (O*PHI*P3*PHI*O*PHI*P2*PHI) ;
tb33=w33*trace (O*PHI*P3*PHI*O*PHI*P3*PHI) ;

(
(
(
(
(
tb22=w22*trace (
(
(
(
(
(

/*

)
)
)
)
)
)
)
)
)
)
)
)
)
)
)

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’
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*/
tb34=w34*trace
tb4l=wdl*trace

O*PHI*P3*PHI*O*PHI*P4*PHI) ;
O*PHI*P4*PHI*O*PHI*P1*PHI) ;
tbd42=wi42*trace (O*PHI*P4*PHI*O*PHI*P2*PHI) ;
tb43=w43*trace (O*PHI*P4*PHI*O*PHI*P3*PHI) ;
tbd4=wi4d*trace (O*PHI*P4*PHI*O*PHI*P4*PHI) ;
A2=tbll+tbl2+tb13+tbl4+tb21+tb22+tb23+tb24+tb31+tb32+tb33+tb34+tb41+tb42+tb43+t
bd4;
*Mij component of E(F NonCentral) terms;
M11=%Mij (i=1,j=1);
Ml2=%Mij(i=1,3=2);
M13=%Mij(i=1,3=3);
M14=%Mij (i=1,j=4);
M21=%Mij(i=2,3=1);
M22=%Mij (i=2,j=2) ;
M23=%Mij(i=2,3=3);
M24=%Mij (i=2,j=4);

(

(

(

(

(

(

(

M31=%Mij (i=3,3=1);

M32=%Mij (i=3,j=2);

M33=%Mij (i=3,3=3);

M34=%Mij (1i=3,j=4);
M41=%Mij(i=4,3=1);

M42=%Mij (i=4,j=2) ;

M43=%Mij (i=4,3=3);

M44=%Mij (i=4,j=4);

*A3 component of E(F) and Var (F);
tcll=wll*B *M11*B;

tcl2=wl2*B *M12*B;

tcl3=wl3*B *M13*B;

tcld=wl4*B *M14*B;

tc2l=w21*B *M21*B;

tc22=w22*B  *M22*B;

tc23=w23*B *M23*B;

tc24=w24*B  *M24*B;

tc31=w31*B *M31*B;

tc32=w32*B  *M32*B;

tc33=w33*B  *M33*B;

tc34=w34*B *M34*B;

tcdl=w41l*B *M41*B;

tcd2=wl2*B *M42*B;

tcd3=w43*B *M43*B;

tcdd=wd4*B *M44*B;

A3=0.5* (tcll+tcl2+tcl3+tcld+tc2l+tc22+tc23+tc24+tc31l+tc32+tc33+tc34+tcdl+tcd2+t
c43+tcdd);

L=trace (ginv (C) *C) ;

*DF components;

E=inv (1-(A2/L));
B=(1/(2*L)) * (Al+(6*A2));
gg=((L+1) *Al- (L+4) *A2) / ((L+2) *A2) ;
ddl=gg/ (3*L+2* (1-gg) ) ;

dd2=(L-gg) / (3*L+2* (1-gg) ) ;
dd3=(L-gg+2) / (3*L+2* (1-gg) ) ;
V=(2/L)* ((1+(dd1*B) )/ ((1-(dd2*B) ) * (1-(dd2*B) ) * (1-(dd3*B))));
rr=V/ (2*E*E) ;

B=Beta;

*Degrees of Freedom M and Scale Factor Lambda;
m=4+ ((L+2) / ((L*rr)-1));
Lambda=m/ (E* (m-2)) ;

*Expected Value;

E null=(1/L)* (L+A2);

/*



*/

E_alt:E_null + (1/L)* (B *C*ginv (C *PHI*C)*C  *B+A3) -

(1/L)* (B *C*ginv (C *PHI*C) *C *Astar*C*ginv (C *PHI*C) *C" *B) ;
ncp=lambda* (B *C*ginv (C *PHIA*C) *C" *B) ;
ratl=(lambda*E null)/ (m/(m-2));
ncpform=B " *C*ginv (C *PHI*C) *C" *B;

EO=ginv(1-(A2/L)); *KR adjustment to E null;
EA=(1/L) *ginv (ncpform-

A3+4B *C*ginv (C**PHI*C) *C  *Astar*C*ginv (C *PHI*C)*C  *B) * ( (ncpform-
B *C*ginv (C *PHI*C) *C  *Astar*C*ginv (C *PHI*C)*C *B) * (ncpform-
B *C*ginv (C *PHI*C) *C *Astar*C*ginv (C *PHI*C) *C *B));
ncpnew=L*Lambda* (EA/EQ) ;

ncpl=ncpnew;

ncp2=ncp;

ncp3=ncpform;

ncpé4=ncpform;

ncpb=ncpform;

ncpuse=&ncpuse;

alpha=&alpha;

alpha2=1-&alpha;

zscorea=quantile ("Normal", alpha2, 0, 1);
despower=&despower;

zscoreb=quantile ("Normal", despower, 0, 1);
zScore=zscorea+tzscoreb;

QFC32=(abs (zscore) *sqrt (2/ (9*L) )+ (1-(2/(9*L)))) **3; *K in dissertation
quadratic formula;

QFa2=L/3; *a in dissertation quadratic formula;
QFb2=L+2*10000-(4/3) *QFC32*L-2; *b in dissertation quadratic formula;
QFc2=-2*QFC32*10000; *c in dissertation quadratic formula;
Fscore= (-QFb2+sqrt (QFb2*QFb2-4*QFa2*QFc2) )/ (2*QFa2) ;
multfactor=((Fscore))* (1/ncpuse) *L;

scalera=B *C*ginv (C *PHI*C) *C *Astar*C*ginv (C *PHI*C) *C *B;
L=trace (ginv (C) *C) ;

*DF components;

E=inv (1-(A2/L));

B=(1/(2*L))* (Al+(6*A2)) ;

gg=((L+1) *Al-(L+4) *A2) / ((L+2) *A2) ;

ddl=gg/ (3*L+2* (1-gg)) ;

dd2=(L-gg) / (3*L+2* (1-gg) ) ;

dd3=(L-gg+2) / (3*L+2* (1-gqg) ) ;

V=(2/L)* ((1+(dd1*B) )/ ((1-(dd2*B)) * (1-(dd2*B) ) * (1- (dd3*B)))) ;
rr=V/ (2*E*E) ;

*Degrees of Freedom M and Scale Factor Lambda;

m=4+ ((L+2) / ((L*rr)-1));

Lambda=m/ (E* (m-2)) ;

*Power;

alpha=0.05;

alval=1-0.05;

timevec= ({&timevec}) ;

ml=m;

m2=m;

m3=m;

md=(&nl+&n2+&n3) * (( (nrow (timevec)-1) *&missparm+l) /nrow (timevec))-L-1;
mS5=(&nl+&n2+&n3) * ( ( (nrow (timevec) -

1) *smissparm+l) /nrow (timevec) ) * (nrow (timevec) ) -6;
muse=&ddfuse;
critval=finv(alval, L, muse); *So p(Wald<w) = p((l/lambda)*F < f);

power=1-probf (critval, L, muse, ncpuse);

ncp_dev=ncpnew+0.000001;

power dev=((l-probf(critval, L, m, ncp dev))-(l-probf(critval, L, m,
ncpnew) ))/0.000001;

G=1000*scalera*power dev;

/*
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*/

R2=1-inv (1+(1/L) *Lambda*ncp* (L/m) ) ;
outvec=power | |[multfactor| |G;

create work.power a from outvec;
append from outvec;

quit;

data work.power b;

set work.power b work.power a;
run;
$mend power;

$macro average;
$do designs=1 %to &reps;
spower (rep=&designs) ;
%end;
$mend average;

%average; run;

proc sql;
create table work.power c as

select COL1 as Power, COL2 as multfactor, Col3 as G

from work.power b
where COL1l ne 9999;

quit;

proc sql;
create table work.AveragePower as

select mean (Power) as Power, mean (multfactor)

mean (G) as G
from work.power c;

quit;

proc sql;
create table work.macrostarta as

as multfactor,

select Power, multfactor, G, ceil(&nl*multfactor) as nl,

ceil (&n2*multfactor) as n2, ceil (&n3*multfactor) as n3,

case when &missparm*1l=1 then 1

when
G<=1 then 25

when
1<G<=2.5 then 50

when
2.5<G<=5 then 100

when
5<G<=7.5 then 150

when

7.5<G<=10 then 200
/*

&missparm*1<1

&missparm*1<1

&missparm*1<1

&missparm*1<1

&missparm*1<1

and

and

and

and

and
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*/

G>10 then 250

from work.AveragePower;
quit;

data work.MacroValsglobal;

set work.macrostarta;

call symput ('reps', reps);
run;

data work.MacroVals;
set work.macrostarta;
call symput('nl', nl);
call symput('n2', n2);
call symput('n3', n3);
run;

slet power=0;

$macro m(nl=&qgl,n2=&g2,n3=&93) ;
$do Swhile (&power<é&despower) ;
data work.Treatment;
seed=&misseedl+l;
reps=&reps;
do rep=1 to reps;
do n=1 to &nl;
ID=compress (put (n,best8.) | |"A");
do Time=min (&timevec)
z=ranuni (seed) ;
assign missing values if z>missparm,
nonmissing*/

when

else end as reps

to max (&timevec) ;
/*Uses uniform(0,1)
modified

later to force baseline as

if z>&missparm then u=0;

else if z<=&missparm then

output;
end;
end;
end;
drop seed z;
run;
proc sqgl;
create table work.Treatobs as
select rep, ID, Time,
intercept,
case Time when
case Time when
from work.Treatment
where Time in (&timevec):;
quit;

data work.Placebo;
seed=&misseed2+1;
reps=&reps;
do rep=1 to reps;
do n=1 to &n2;
ID=compress (put (n,best8.) | |"B");
/*

case Time when

u=1l;

then 1 else 1 end as

then 0 else 0 end as Comparator,

random variable "

&missparm*1<1l and

"

then 1 else 1 end as Treatment,

u

144
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*/

do time=min (&timevec) to max (&timevec) ;

z=ranuni (seed); /*Uses uniform(0,1) random variable "z" to
assign missing values if z>missparm, modified later to force baseline as
nonmissing*/
if z>&missparm then u=0;
else if z<=&missparm then u=1l;
output;
end;
end;
end;
drop seed z;
run;
proc sqgl;
create table work.Plbobs as
select rep, ID, Time, case Time when . then 1 else 1 end as
intercept,
case Time when . then 0 else 0 end as Treatment,
case Time when . then 0 else 0 end as Comparator, u
from work.Placebo
where Time in (&timevec):;
quit;
data work.Comparator;
seed=&misseed3+1;
reps=&reps;
do rep=1 to reps;
do n=1 to &n3;
ID=compress (put (n,best8.) | |"C");
do time=min (&timevec) to max (&timevec) ;
z=ranuni (seed); /*Uses uniform(0,1) random variable "z" to

assign missing values if z>missparm, modified later to force baseline as
nonmissing*/

if z>&missparm then u=0;

else if z<=&missparm then u=1l;

output;
end;
end;
end;
drop seed z;
run;
proc sqgl;

create table work.Cmptorobs as
select rep, ID, Time, case Time when . then 1 else 1 end as
intercept,
case Time when . then 0 else 0 end as Treatment,
case Time when . then 1 else 1 end as Comparator, u
from work.Comparator
where Time in (&timevec):;
quit;

data work.MixedData a; *Combine placebo and treatment designs into one dataset;
set work.Treatobs work.Plbobs work.Cmptorobs;
run;

proc sqgl; *Will create variable "M" to serve as missing data indicator and make
sure no baseline values are missing;
create table work.MixedData b as
select rep, ID, intercept, Treatment, Comparator, Time,

/*
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*/Treatment*Time as TreatTime, Comparator*Time as CompTime,
case when u=0 and time ne min(&timevec) then . else
1 end as M
from work.MixedData a;

quit;
proc sqgl;
create table work.MixedData as

select rep, ID, intercept, Treatment, Comparator, Time, TreatTime,
CompTime

from work.MixedData b

where M ne .;
quit;

proc sort data=work.MixedData;
by rep id time;

run;

quit;

data work.power b;
COL1=9999;

run;

$macro power (rep=&sim) ;

proc sqgl;
create table work.mixeddata &rep as
select *
from work.MixedData
where rep=&rep;
quit;

proc sort data=work.mixeddata é&rep;

by rep id time;
run;
quit;
data work.seqids &rep;

set work.MixedData &rep;

by id;

retain order O0;

if first.id then order=order+1l;

run;
ods select all;
proc iml;
Contrasts=({0 0 001 0, 00 O0O0O0T1})";
C=Contrasts;
L=trace (ginv (C) *C) ;
g=L+1l; *+1 if to account for intercept;
ivar=&ranistd;
svar=&ransstd;
corr=&correlation;
errvar=&errdev*&errdev;
cov=(ivar* ({1 0, O O})+svar* ({0 0, O 1}))*(corr* ({0 1, 1 O})+I(2))* (ivar*({1 O,
0 0})+svar* ({0 0, 0 1}));
bint=&xbar2;
btreat=&xbarl-&xbar2; *treatment effect;
bcompare=&xbar3-&xbar?2;
btime=&btime2; *time effect in reference group 2;
btreattime=&¢btimel-&btime2; *group*time interaction;
bcomptime=&¢btime3-&btime?2;
Beta=(bint| |btreat| |bcompare| |btime| |btreattime| |bcomptime) *;
B=Beta;
n=&nl+&n2+&n3;
/*
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*/
use work.seqgids &rep;
do i=1 to n;

read all var {intercept Treatment Comparator Time TreatTime CompTime}
where (order=1) into X;

read all var {intercept Time} where (order=i) into Z;

S=z*cov*z +I ((nrow(X)))Qerrvar;

if i=1 then V=(X *inv (S) *X) ;

else V=V+ (X *inv (S) *X) ;
end;
PHI=inv (V) ;
use work.seqgids &rep;;
do i=1 to n;

read all var {intercept Treatment Comparator Time TreatTime CompTime}
where (order=1i) into X;

read all var {intercept Time} where(order=i) into Z;

S=z*cov*z +I((nrow(X)))(@errvar;

dl=z*({1 0, 0 0})*z";

d2=z* ({0 0, 0 1})*z";

d3=I (nrow (X)) ;

d4=z* ({0 1, 1 0})*z";

if i=1 then Pl=-X'*inv (S)*dl*inv (S)*X; else P1=Pl-
X *inv (S) *dl*inv (S) *X;

if i=1 then P2=-X'*inv (S) *d2*inv (S) *X; else P2=P2-
X *inv (S) *d2*inv (S) *X;

if i=1 then P3=-X'*inv (S) *d3*inv (S) *X; else P3=P3-
X *inv (S) *d3*inv (S) *X;

if i=1 then P4=-X'*inv (S)*d4*inv (S) *X; else P4=P4-
X *inv (S) *d4*inv (S) *X;

if i=1 then Q11=X"*inv (S)*dl*inv (S)*dl*inv (S) *X; else
Q011=Q11+X *inv (S) *d1l*inv (S) *d1l*inv (S) *X;

if i=1 then Q12=X"*inv (S)*dl*inv (S) *d2*inv (S) *X; else
Q12=Q12+X *inv (S) *d1*inv (S) *d2*inv (S) *X;

if i=1 then Q13=X"*inv (S)*dl*inv (S) *d3*inv (S) *X; else
Q13=Q13+X *inv (S) *d1*inv (S) *d3*inv (S) *X;

if i=1 then Q14=X *inv (S)*dl*inv (S)*d4*inv (S) *X; else
Q014=0Q14+X *inv (S) *d1l*inv (S) *d4*inv (S) *X;

if i=1 then Q21=X"*inv (S)*d2*inv (S) *dl*inv (S) *X; else
Q21=Q21+X *inv (S) *d2*inv (S) *d1*inv (S) *X;

if i=1 then Q22=X"*inv (S) *d2*inv (S) *d2*inv (S) *X; else
Q22=0Q22+X *inv (S) *d2*inv (S) *d2*inv (S) *X;

if i=1 then Q23=X"*inv (S) *d2*inv (S) *d3*inv (S) *X; else
Q23=0Q23+X " *inv (S) *d2*inv (S) *d3*inv (S) *X;

if i=1 then Q24=X"*inv (S)*d2*inv (S) *d4*inv (S) *X; else
Q24=0Q24+X *inv (S) *d2*inv (S) *d4*inv (S) *X;

if i=1 then Q31=X"*inv (S)*d3*inv (S)*dl*inv (S) *X; else
Q031=Q31+X *inv (S) *d3*inv (S) *d1*inv (S) *X;

if i=1 then Q32=X"*inv (S) *d3*inv (S) *d2*inv (S) *X; else
Q32=0Q32+X *inv (S) *d3*inv (S) *d2*inv (S) *X;

if i=1 then Q33=X"*inv (S) *d3*inv (S) *d3*inv (S)*X; else
Q33=0Q33+X " *inv (S) *d3*inv (S) *d3*inv (S) *X;

if i=1 then Q34=X"*inv (S) *d3*inv (S) *d4*inv (S) *X; else
Q34=0Q34+X *inv (S) *d3*inv (S) *d4*inv (S) *X;

if i=1 then Q41=X"*inv (S)*d4*inv (S)*dl*inv (S) *X; else
Q41=Q41+X *inv (S) *d4d*inv (S) *d1*inv (S) *X;

if i=1 then Q42=X"*inv (S)*d4*inv (S) *d2*inv (S) *X; else
Q42=0Q42+X *inv (S) *d4*inv (S) *d2*inv (S) *X;

if i=1 then Q43=X"*inv (S)*d4*inv (S) *d3*inv (S) *X; else
Q43=0Q43+X *inv (S) *d4*inv (S) *d3*inv (S) *X;

if i=1 then Q44=X"*inv (S)*d4*inv (S) *d4*inv (S) *X; else
Q44=0Q44+X *inv (S) *d4*inv (S) *d4*inv (S) *X;
/*



*/

*Information Matrices;

if i=1 then Illa=trace (inv(S)*dl*inv(S)*dl); else
Illa=trace(Illa)+trace(inv(S)*dl*inv (S) *dl) ;

if i=1 then Il2a=trace (inv(S)*dl*inv(S)*d2); else
Il2a=trace(Il2a)+trace(inv(S) *dl*inv (S) *d2) ;

if i=1 then Il3a=trace (inv(S)*dl*inv(S)*d3); else
Il3a=trace(Il3a)+trace (inv (S)*dl*inv (S) *d3) ;

if i=1 then Ild4a=trace (inv(S)*dl*inv(S)*d4); else
Il4a=trace(Il4da)+trace(inv(S) *dl*inv (S) *d4) ;

if i=1 then I2la=trace (inv(S)*d2*inv (S)*dl); else
I2la=trace(I2la)+trace (inv(S) *d2*inv (S) *dl) ;

if i=1 then I22a=trace (inv(S)*d2*inv (S)*d2); else
I22a=trace (I22a)+trace (inv(S) *d2*inv (S) *d2) ;

if i=1 then I23a=trace (inv(S)*d2*inv (S)*d3); else
I23a=trace(I23a)+trace (inv (S) *d2*inv (S) *d3) ;

if i=1 then I24a=trace (inv (S)*d2*inv (S)*d4); else
I24a=trace(I24a)+trace (inv(S) *d2*inv (S) *d4) ;

if i=1 then I3la=trace (inv(S)*d3*inv (S)*dl); else
I3la=trace(I3la)+trace (inv (S) *d3*inv (S) *dl) ;

if i=1 then I32a=trace (inv(S)*d3*inv (S)*d2); else
I32a=trace (I32a)+trace (inv (S) *d3*inv (S) *d2) ;

if i=1 then I33a=trace (inv(S)*d3*inv (S)*d3); else
I33a=trace (I33a)+trace (inv (S) *d3*inv (S) *d3) ;

if i=1 then I34a=trace (inv(S)*d3*inv (S)*d4); else
I34a=trace (I34a)+trace (inv (S) *d3*inv (S) *d4) ;

if i=1 then I4d4la=trace (inv(S)*d4*inv (S)*dl); else
I4la=trace(I4la)+trace (inv(S)*d4*inv (S) *dl) ;

if i=1 then I42a=trace (inv(S)*d4*inv (S)*d2); else
I42a=trace (I42a)+trace (inv(S) *d4*inv (S) *d2) ;

if i=1 then I43a=trace (inv(S)*d4*inv (S)*d3); else
I43a=trace(I43a)+trace (inv(S) *d4*inv (S) *d3) ;

if i=1 then I4d44a=trace (inv(S)*d4*inv (S)*d4); else
TI44a=trace (I44a)+trace (inv(S)*d4*inv (S) *d4) ;

end;
I11=((0.5*trace(Illa)-0
0000, OO0O0O});

I12=((0.5*trace (I12a)-0.

0000, 00O0O0});

I13=((0.5*trace(I13a)-0.

0000, 00O0O0});

I14=((0.5*trace (I14a)-0.

0000, 00O0O0});

I21=((0.5*trace (I21a)-0.

0000, 00O0O0});

I122=((0.5*trace (I22a)-0.

0000, 00O0O0});

I23=((0.5*trace (I23a)-0.

0000, 00O0O0});

I24=((0.5*trace (I24a)-0.

0000, 00O0O0});

I31=((0.5*trace(I31la)-0.

1000, 000O00O0});

I32=((0.5*trace (I32a)-0.

0100, 000O00O0});

I33=((0.5*trace (I33a)-0.

0010, 000O00O0});

I34=((0.5*trace (I34a)-0.

0001, 000 O0});

I41=((0.5*trace (I41la)-0.

0000, 1000});
/*

.5*trace (2*PHI*Q11-PHI*P1*PHI*P1)))* ({1
5*trace (2*PHI*Q12-PHI*P1*PHI*P2))) * ({0
5*trace (2*PHI*Q13-PHI*P1*PHI*P3)))* ({0
5*trace (2*PHI*Q14-PHI*P1*PHI*P4)))* ({0
5*trace (2*PHI*Q21-PHI*P2*PHI*P1)))* ({0
5*trace (2*PHI*Q22-PHI*P2*PHI*P2))) * ({0
5*trace (2*PHI*Q23-PHI*P2*PHI*P3)))* ({0
5*trace (2*PHI*Q24-PHI*P2*PHI*P4))) * ({0
5*trace (2*PHI*Q31-PHI*P3*PHI*P1)))* ({0
5*trace (2*PHI*Q32-PHI*P3*PHI*P2))) * ({0
S5*trace (2*PHI*Q33-PHI*P3*PHI*P3)))* ({0
5*trace (2*PHI*Q34-PHI*P3*PHI*P4))) * ({0

5*trace (2*PHI*Q41-PHI*P4*PHI*P1)))* ({0

148
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I42=((0.5*trace (I42a)-0.5*trace (2*PHI*Q42-PHI*P4*PHI*P2)))* ({0 O O O, O O O O,
0000, 0O100});

I43=((0.5*trace(I43a)-0.5*trace (2*PHI*Q43-PHI*P4*PHI*P3)))*({0 0 0 O, O O O O,
0000, 0010},

I44=((0.5*trace (I44a)-0.5*trace (2*PHI*Q44-PHI*P4*PHI*P4)))* ({0 O O O, O O O O,
0000, 0OO0O0T1});

I=ginv (I11+I12+T13+T14+T121+I122+123+124+I31+I32+I133+I134+141+T142+T143+144);
*Inverse of Expected Information Matrix;

*W Terms;

wll=({1 0 0 O})*I*({1 O O 0O}) *;
wl2=({1 0 0 0})*I*({0 1 0 0}) ;
wl3=({1 0 0 0})*I*({0 O 1 0}) ;
wld=({1 0 0 O})*I*({0 O O 1}) " ;
w21=({0 1 0 0})*I*({1 0 O 0}) *;
w22=({0 1 0 0})*I*({0 1 0 0}) ;
w23=({0 1 0 0})*I*({0 O 1 0}) ;
w24=({0 1 0 0})*I*({0 O O 1}) " ;
w31l=({0 0 1 0})*I*({1 0 0 0}) *;
w32=({0 0 1 0})*I*({0 1 0 0}) ;
w33=({0 0 1 0})*I*({0 O 1 0}) ;
w34=({0 0 1 0})*I*({0 O O 1}) " ;
w4l=({0 0 0 1})*I*({1 0 O 0}) ;
w42=({0 0 0 1})*I*({0 1 0 0}) ;
w43=({0 0 0 1})*I*({0 O 1 0}) ;
w4d4=({0 0 O 1})*I*({0 O O 1}) " ;

*Sum Terms;
cll=wll* (Q11-(P1*PHI*P1))
cl2=wl2* (Q12-(P1*PHI*P2))
cl13=wl3* (Q13-(P1*PHI*P3))
cld=wld* (Q1l4- (P1*PHI*P4))
c21=w21* (Q21- (P2*PHI*P1))
Cc22=w22* (Q22- (P2*PHI*P2))
c23=w23* (Q23- (P2*PHI*P3)) ;
c24=w24* (Q24- (P2*PHI*P4)) ;
( ))
( ))
( ))
( ))
( ))
( ))
( ))

’
’

’

’

’

’

’

c31=w31* (Q31-(P3*PHI*P1

c32=w32* (Q32- (P3*PHI*P2

c33=w33* (Q33- (P3*PHI*P3

c34=w34* (Q34- (P3*PHI*P4

c4l=w41l* (Q41- (P4*PHI*P1

c42=w42* (Q42- (P4*PHI*P2

c43=w43* (Q43- (P4*PHI*P3)) ;

cd4d4=wd4* (Q44- (P4A4*PHI*P4));

sum=cll+cl2+cl3+cld+c2l+c22+c23+c24+c31+c32+c33+c34+cdl+cd2+cd3+cd4d;

PHIA=PHI+2*PHI* (sum) *PHI;

Astar=2*PHI* (sum) *PHI;

*Theta denoted as O in this code;

0=C*ginv (C *PHI*C) *C";

*Traces;

*Al;

tall=wll*trace( ) ( )

tal2=wl2*trace ( ) ( )

tal3=wl3*trace (O*PHI*P1*PHI) *trace (O*PHI*P3*PHI)

tald4=wld*trace (O*PHI*P1*PHI) *trace (O*PHI*P4*PHI)

ta2l=w2l*trace (O*PHI*P2*PHI) *trace (O*PHI*P1*PHI) ;

ta22=w22*trace (O*PHI*P2*PHI) *trace (O*PHI*P2*PHI) ;
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )

’

’

’

’

’

’

O*PHI*P1*PHI
O*PHI*P1*PHI

O*PHI*P1*PHI
O*PHI*P2*PHI

*trace
*trace

’

’

’

’

ta23=w23*trace (O*PHI*P2*PHI) *trace (O*PHI*P3*PHI
ta24=w24*trace (O*PHI*P2*PHI) *trace (O*PHI*P4*PHI
ta3l=w3l*trace (O*PHI*P3*PHI) *trace (O*PHI*P1*PHI
ta32=w32*trace (O*PHI*P3*PHI) *trace (O*PHI*P2*PHI
ta33=w33*trace (O*PHI*P3*PHI) *trace (O*PHI*P3*PHI
/*

’

’

’

’
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*/
ta34=w34*trace
tadl=wdl*trace
tad2=wd42*trace (O*PHI*P4*PHI) *trace (O*PHI*P2*PHI
tad43=wd43*trace (O*PHI*P4*PHI) *trace (O*PHI*P3*PHI
tadd=wdd*trace (O*PHI*P4*PHI) *trace (O*PHI*P4*PHI) ;
Al=tall+tal2+tal3+tald+ta2l+taz22+ta23+ta24+ta3l+ta32+ta33+tal34+tadl+tad2+tad3+t
adi;
*A2;
tbll=wll*trace (O*PHI*P1*PHI*O*PHI*P1*PHI) ;
tbl2=wl2*trace (O*PHI*P1*PHI*O*PHI*P2*PHI) ;
tbl3=wl3*trace (O*PHI*P1*PHI*O*PHI*P3*PHI) ;
tbl4=wld*trace (O*PHI*P1*PHI*O*PHI*P4*PHI) ;
tb2l=w2l*trace (O*PHI*P2*PHI*O*PHI*P1*PHI) ;
tb22=w22*trace (O*PHI*P2*PHI*O*PHI*P2*PHI) ;
tb23=w23*trace (O*PHI*P2*PHI*O*PHI*P3*PHI) ;
tb24=w24*trace (O*PHI*P2*PHI*O*PHI*P4*PHI) ;

(

(

(

(

(

(

(

O*PHI*P3*PHI
O*PHI*P4*PHI

*trace
*trace

O*PHI*P4*PHI) ;
O*PHI*P1*PHI) ;
) .
)

’

’

tb31l=w3l*trace (O*PHI*P3*PHI*O*PHI*P1*PHI) ;
tb32=w32*trace (O*PHI*P3*PHI*O*PHI*P2*PHI) ;
tb33=w33*trace (O*PHI*P3*PHI*O*PHI*P3*PHI) ;
tb34=w34*trace (O*PHI*P3*PHI*O*PHI*P4*PHI) ;
tbd4dl=wd4l*trace (O*PHI*P4*PHI*O*PHI*P1*PHI) ;
tbd42=wi42*trace (O*PHI*P4*PHI*O*PHI*P2*PHI) ;
tbd4d3=wi43*trace (O*PHI*P4*PHI*O*PHI*P3*PHI) ;
tbd4=wi4d*trace (O*PHI*P4*PHI*O*PHI*P4*PHI) ;
A2=tbll+tbl2+tb13+tbl4+tb21+tb22+tb23+tb24+tb31+tb32+tb33+tb34+tb41+tb42+tb43+t
bd4;

*Mij component of E(F NonCentral) terms;
M11=%Mij (i=1,j=1);

Ml2=%Mij(i=1,3=2);

M13=%Mij (i=1,j=3);

M1l4=%Mij(i=1,3=4);

M21=%Mij (i=2,j=1);

M22=%Mij(i=2,3=2) ;

M23=%Mij (i=2,j=3);

M24=%Mij (i=2,3=4);

M31=%Mij (i=3,j=1);

M32=%Mij (i=3,j=2) ;

M33=%Mij (i=3,3=3);

M34=%Mij (1i=3,j=4);

M41=%Mij(i=4,3=1);

M42=%Mij (i=4,j=2) ;

M43=%Mij(i=4,3=3);

M44=%Mij (i=4,j=4);

*A3 component of E(F) and Var (F);
tcll=wll*B *M11*B;

tcl2=wl2*B *M12*B;

tcl3=wl3*B *M13*B;

tcld=wl4*B *M14*B;

tc2l=w21*B *M21*B;

tc22=w22*B  *M22*B;

tc23=w23*B *M23*B;

tc24=w24*B  *M24*B;

tc31=w31*B *M31*B;

tc32=w32*B  *M32*B;

tc33=w33*B  *M33*B;

tc34=w34*B  *M34*B;

tcdl=w4l*B *M41*B;

tcd2=w42*B *M42*B;

tcd3=wi43*B *M43*B;

tcdd=w44*B *M44*B;

/*
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A3=0.5* (tcll+tcl2+tcl3+tcld+tc2l+tc22+tc23+tc24+tc31+tc32+tc33+tc34+tcdl+tcd2+t
cd43+tcdd);

L=trace (ginv (C) *C) ;

*DF components;

E=inv (1-(A2/L));

B=(1/(2*L)) * (Al+ (6*A2)) ;

gg=( (L+1) *Al- (L+4) *A2) / ((L+2) *A2) ;

ddl=gg/ (3*L+2* (1-gg)) ;

dd2=(L-gg) / (3*L+2* (1-gg) ) ;

dd3=(L-gg+2) / (3*L+2* (1-gqg) ) ;

V=(2/L)* ((1+(dd1*B) )/ ((1-(dd2*B))* (1-(dd2*B)) * (1-(dd3*B))))
rr=V/ (2*E*E) ;

B=Beta;

*Degrees of Freedom M and Scale Factor Lambda;

m=4+ ((L+2) / ((L*rr)-1));

Lambda=m/ (E* (m-2)) ;

*Expected Value;

E null=(1/L)* (L+A2);

E_alt:E_null + (1/L)* (B *C*ginv (C *PHI*C)*C *B+A3) -

(1/L)* (B *C*ginv (C *PHI*C) *C *Astar*C*ginv (C *PHI*C) *C" *B) ;
ncp=lambda* (B *C*ginv (C *PHIA*C) *C" *B) ;
ratl=(lambda*E null)/ (m/(m-2));
ncpform=B " *C*ginv (C *PHI*C) *C" *B;

EO=ginv(1-(A2/L)); *KR adjustment to E null;
EA=(1/L) *ginv (ncpform-

A3+4B *C*ginv (C**PHI*C) *C  *Astar*C*ginv (C *PHI*C)*C  *B) * ( (ncpform-
B *C*ginv (C *PHI*C) *C  *Astar*C*ginv (C *PHI*C)*C *B) * (ncpform-
B *C*ginv (C *PHI*C) *C *Astar*C*ginv (C *PHI*C) *C *B));
ncpnew=L*Lambda* (EA/EQ) ;

ncpl=ncpnew;

ncp2=ncp;

ncp3=ncpform;

ncpé4=ncpform;

ncpb=ncpform;

ncpuse=&ncpuse;

scalera=B *C*ginv (C *PHI*C) *C *Astar*C*ginv (C *PHI*C) *C *B;
L=trace (ginv (C) *C) ;

*DF components;

E=inv (1-(A2/L));

B=(1/(2*L)) * (Al+ (6*A2)) ;

gg=( (L+1) *Al- (L+4) *A2) / ((L+2) *A2) ;

ddl=gg/ (3*L+2* (1-gg)) ;

dd2=(L-gg) / (3*L+2* (1-gg) ) ;

dd3=(L-gg+2) / (3*L+2* (1-gqg) ) ;

V=(2/L)* ((14+(dd1*B) )/ ((1-(dd2*B)) * (1-(dd2*B)) * (1- (dd3*B)))) ;
rr=V/ (2*E*E) ;

*Degrees of Freedom M and Scale Factor Lambda;

m=4+ ((L+2) / ((L*rr)-1));

Lambda=m/ (E* (m-2)) ;

*Power;

alpha=&alpha;

alval=l-alpha;

timevec= ({&timevec}) ;

ml=m;

m2=m;

m3=m;

md=(&nl+&n2+&n3) * (( (nrow (timevec)-1) *&missparm+l) /nrow (timevec))-L-1;
mS5=(&nl+&n2+&n3) * ( ( (nrow (timevec) -

1) *smissparm+l) /nrow (timevec) ) * (nrow (timevec) ) -6;
muse=&ddfuse;

/*
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critval=finv(alval, L, muse); *So p(Wald<w) = p((l/lambda)*F < f);
power=1-probf (critval, L, muse, ncpuse);

ncp_dev=ncpnew+0.000001;

power dev=((l-probf(critval, L, m, ncp dev))-(l-probf(critval, L, m,
ncpnew) ))/0.000001;

R2=1-inv (1+(1/L) *Lambda*ncp* (L/m) ) ;

create work.power a from power;

append from power;

quit;

data work.power b;

set work.power b work.power a;
run;
$mend power;

%macro average;
$do designs=1 %to &reps;
spower (rep=&designs) ;
%end;
$mend average;

raverage; run;

proc sql;
create table work.power c as
select COL1 as Power
from work.power b
where COLl1 ne 9999;

quit;

proc sql;

create table work.AveragePower as

select count (power) as Designs, mean (Power) as Power, std(power)
as DevPower, min (power) as MinPower, max (power) as maxPower,
1*&nl as nlfinal, 1*&n2 as n2final, 1*&n3 as n3final
from work.power c;

quit;
data work.MacroVals;

set work.AveragePower;

nl=round (&nl+&glratio);

n2=round (&n2+&g2ratio) ;

n3=round (&n3+&g3ratio) ;

call symput ('Power', Power);

call symput('nl', nl);

call symput('n2', n2);

call symput('n3', n3);
run;
%end;
$mend m;
$m(nl=&nl,n2=&n2,n3=&n3); run;

proc sql;
create table work.SampleSizel as
select nlfinal as nl, n2final as n2, n3final as n3, Power as
Power, Power as nominalipower
from work.AveragePower;

quit;

data work.MacroVals;
set work.SampleSizel;

/*
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call symput ('Power', Power);
call symput('nl', nl);
call symput('n2', n2);
call symput('n3', n3);
run;

$macro m2 (nl=&gql,n2=&9g2,n3=&g3) ;
$do Swhile (&power>&despower) ;
data work.Treatment;
seed=&misseedl+l;
reps=&reps;
do rep=1 to reps;
do n=1 to &nl;
ID=compress (put (n,best8.) | |"A");
do Time=min (&timevec) to max (&timevec) ;
z=ranuni (seed); /*Uses uniform(0,1) random variable
assign missing values if z>missparm, modified later to force baseline as
nonmissing*/

z" to

if z>&missparm then u=0;
else if z<=&missparm then u=1l;

output;
end;
end;
end;
drop seed z;
run;
proc sqgl;
create table work.Treatobs as
select rep, ID, Time, case Time when . then 1 else 1 end as
intercept,
case Time when . then 1 else 1 end as Treatment,
case Time when . then 0 else 0 end as Comparator, u
from work.Treatment
where Time in (&timevec):;
quit;

data work.Placebo;

seed=&misseed2+1;

reps=&reps;

do rep=1 to reps;
do n=1 to &n2;
ID=compress (put (n,best8.) | |"B");
do time=min (&timevec) to max (&timevec) ;
z=ranuni (seed); /*Uses uniform(0,1) random variable

assign missing values if z>missparm, modified later to force baseline as
nonmissing*/

z" to

if z>&missparm then u=0;
else if z<=&missparm then u=1l;
output;
end;

end;

end;

drop seed z;

run;

proc sqgl;
create table work.Plbobs as
select rep, ID, Time, case Time when . then 1 else 1 end as
intercept,

/*
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case Time when . then 0 else 0 end as Treatment,
case Time when . then 0 else 0 end as Comparator, u
from work.Placebo
where Time in (&timevec):;
quit;

data work.Comparator;

seed=&misseed3+1;

reps=&reps;

do rep=1 to reps;
do n=1 to &n3;
ID=compress (put (n,best8.) | |"C");
do time=min (&timevec) to max (&timevec) ;
z=ranuni (seed); /*Uses uniform(0,1) random variable

assign missing values if z>missparm, modified later to force baseline as
nonmissing*/

"

z" to

if z>&missparm then u=0;
else if z<=&missparm then u=1l;

output;
end;
end;
end;
drop seed z;
run;
proc sqgl;
create table work.Cmptorobs as
select rep, ID, Time, case Time when . then 1 else 1 end as
intercept,
case Time when . then 0 else 0 end as Treatment,
case Time when . then 1 else 1 end as Comparator, u
from work.Comparator
where Time in (&timevec):;
quit;

data work.MixedData a; *Combine placebo and treatment designs into one dataset;
set work.Treatobs work.Plbobs work.Cmptorobs;
run;

proc sgl; *Will create variable "M" to serve as missing data indicator and make
sure no baseline values are missing;
create table work.MixedData b as

select rep, ID, intercept, Treatment, Comparator, Time,

Treatment*Time as TreatTime, Comparator*Time as CompTime,
case when u=0 and time ne min (&timevec) then . else

1 end as M

from work.MixedData a;

quit;
proc sqgl;
create table work.MixedData as

select rep, ID, intercept, Treatment, Comparator, Time, TreatTime,
CompTime

from work.MixedData b

where M ne .;
quit;

proc sort data=work.MixedData;
by rep id time;
run;

/*
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quit;

data work.power b;
COL1=9999;

run;

$macro power (rep=&sim) ;

proc sqgl;
create table work.mixeddata &rep as
select *
from work.MixedData
where rep=&rep;
quit;

proc sort data=work.mixeddata é&rep;
by rep id time;
run;
quit;
data work.seqids &rep;
set work.MixedData &rep;
by id;
retain order 0;
if first.id then order=order+l;
run;
ods select all;
proc iml;
Contrasts=({0 0 001 0, 00O0O0O01})";
C=Contrasts;
L=trace (ginv (C) *C) ;
g=L+1; *+1 if to account for intercept;
ivar=&ranistd;
svar=&ransstd;
corr=&correlation;
errvar=&errdev*&errdev;
cov=(ivar* ({1 0, 0 O})+svar* ({0 0, O 1}))*(corr* ({0 1, 1 O})+I(2))*(ivar*({1 O,
0 0})+svar* ({0 0, 0 1}));
bint=&xbar2;
btreat=&xbarl-&xbar2; *treatment effect;
bcompare=&xbar3-&xbar?2;
btime=&btime2; *time effect in reference group 2;
btreattime=&btimel-&btime2; *group*time interaction;
bcomptime=&¢btime3-&btime?2;
Beta=(bint| |btreat| |bcompare| |btime| |btreattime| |bcomptime) *;
B=Beta;
n=&nl+&n2+&n3;
use work.seqgids &rep;
do i=1 to n;
read all var {intercept Treatment Comparator Time TreatTime CompTime}
where (order=1) into X;
read all var {intercept Time} where (order=i) into Z;
S=z*cov*z +I ((nrow(X)))Qerrvar;
if i=1 then V=(X *inv (S) *X) ;
else V=V+ (X *inv (S) *X) ;
end;
PHI=inv (V) ;
use work.seqgids &rep;;
do i=1 to n;
read all var {intercept Treatment Comparator Time TreatTime CompTime}
where (order=1) into X;
read all var {intercept Time} where (order=i) into Z;
S=z*cov*z +I ((nrow(X)))Qerrvar;

/*
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dl=z* ({1 0, 0 0})*z";

d2=z* ({0 0, 0 1})*z";

d3=I (nrow (X)) ;

d4=z*({0 1, 1 0})*z";

if i=1 then P1=-X *inv(S)*dl*inv(S)*X; else Pl=P1-
X *inv (S) *dl*inv (S) *X;

if i=1 then P2=-X"*inv(S)*d2*inv(S) *X; else P2=P2-
X *inv (S) *d2*inv (S) *X;

if i=1 then P3=-X"*inv (S)*d3*inv (S) *X; else P3=P3-
X *inv (S) *d3*inv (S) *X;

if i=1 then P4=-X'*inv (S)*d4*inv (S) *X; else P4=P4-
X *inv (S) *d4*inv (S) *X;

if i=1 then Q11=X *inv (S)*dl*inv (S)*dl*inv (S) *X; else
Ql1=Q11+X *inv (S) *d1l*inv (S) *dl*inv (S) *X;

if i=1 then Q12=X"*inv (S)*dl*inv (S) *d2*inv (S) *X; else
Q12=Q12+X *inv (S) *d1*inv (S) *d2*inv (S) *X;

if i=1 then Q13=X"*inv (S)*dl*inv (S) *d3*inv (S) *X; else
Q13=Q13+X *inv (S) *d1*inv (S) *d3*inv (S) *X;

if i=1 then Q14=X *inv (S)*dl*inv (S)*d4*inv (S) *X; else
Q14=Q14+X *inv (S) *d1*inv (S) *d4*inv (S) *X;

if i=1 then Q21=X"*inv (S)*d2*inv (S)*dl*inv (S) *X; else
Q021=0Q21+X *inv (S) *d2*inv (S) *d1*inv (S) *X;

if i=1 then Q22=X"*inv (S)*d2*inv (S) *d2*inv (S) *X; else
Q022=Q22+X *inv (S) *d2*inv (S) *d2*inv (S) *X;

if i=1 then Q23=X"*inv (S)*d2*inv (S) *d3*inv (S) *X; else
Q023=Q23+X *inv (S) *d2*inv (S) *d3*inv (S) *X;

if i=1 then Q24=X"*inv (S)*d2*inv (S)*d4*inv (S) *X; else
Q024=Q24+X *inv (S) *d2*inv (S) *d4*inv (S) *X;

if i=1 then Q31=X *inv (S)*d3*inv (S)*dl*inv (S) *X; else
Q031=Q31+X *inv (S) *d3*inv (S) *d1l*inv (S) *X;

if i=1 then Q32=X"*inv (S)*d3*inv (S)*d2*inv (S) *X; else
032=Q32+X *inv (S) *d3*inv (S) *d2*inv (S) *X;

if i=1 then Q33=X"*inv (S) *d3*inv (S) *d3*inv (S) *X; else
033=Q33+X *1inv (S) *d3*inv (S) *d3*inv (S) *X;

if i=1 then Q34=X"*inv (S)*d3*inv (S)*d4*inv (S) *X; else
Q34=Q34+X *inv (S) *d3*inv (S) *d4*inv (S) *X;

if i=1 then Q41=X"*inv (S)*d4*inv (S)*dl*inv (S) *X; else
Q41=Q41+X *inv (S) *d4d*inv (S) *d1*inv (S) *X;

if i=1 then Q42=X"*inv (S)*d4*inv (S) *d2*inv (S) *X; else
Q42=0Q42+X *inv (S) *d4d*inv (S) *d2*inv (S) *X;

if i=1 then Q43=X"*inv (S)*d4*inv (S) *d3*inv (S) *X; else
Q43=0Q43+X " *inv (S) *d4*inv (S) *d3*inv (S) *X;

if i=1 then Q44=X"*inv (S)*d4*inv (S) *d4*inv (S) *X; else
Q44=0Q44+X *inv (S) *d4d*inv (S) *d4*inv (S) *X;
*Information Matrices;

if i=1 then Illa=trace (inv(S)*dl*inv(S)*dl); else
Illa=trace(Illa)+trace(inv(S)*dl*inv (S) *dl) ;

if i=1 then Il2a=trace (inv(S)*dl*inv(S)*d2); else
Il2a=trace(Il2a)+trace(inv(S)*dl*inv (S) *d2) ;

if i=1 then Il3a=trace (inv(S)*dl*inv(S)*d3); else
Il3a=trace(Il3a)+trace (inv (S)*dl*inv (S) *d3) ;

if i=1 then Ild4a=trace (inv(S)*dl*inv(S)*d4); else
Il4a=trace(Ilda)+trace (inv(S) *dl*inv (S) *d4) ;

if i=1 then I2la=trace (inv(S)*d2*inv(S)*dl); else
I21la=trace(I2la)+trace(inv(S)*d2*inv (S) *dl) ;

if i=1 then I22a=trace (inv(S)*d2*inv (S)*d2); else
I22a=trace (I22a)+trace (inv(S) *d2*inv (S) *d2) ;

if i=1 then I23a=trace (inv(S)*d2*inv(S)*d3); else
I23a=trace (I23a)+trace (inv (S) *d2*inv (S) *d3) ;
/*
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if i=1 then I24a=trace (inv(S)*d2*inv (S)*d4); else
I24a=trace (I24a)+trace (inv(S) *d2*inv (S) *d4) ;

if i=1 then I3la=trace (inv(S)*d3*inv(S)*dl); else
I31la=trace(I3la)+trace (inv(S) *d3*inv (S) *dl) ;

if i=1 then I32a=trace (inv(S)*d3*inv(S)*d2); else
I32a=trace (I32a)+trace (inv(S) *d3*inv (S) *d2) ;

if i=1 then I33a=trace (inv(S)*d3*inv(S)*d3); else
I33a=trace(I33a)+trace (inv (S)*d3*inv (3) *d3) ;

if i=1 then I34a=trace (inv(S)*d3*inv(S)*d4); else
I34a=trace (I34a)+trace (inv(S) *d3*inv (S) *d4) ;

if i=1 then I4la=trace (inv(S)*d4*inv(S)*dl); else
I4la=trace(I4la)+trace (inv(S)*d4*inv (S) *dl) ;

if i=1 then I42a=trace (inv(S)*d4*inv (S)*d2); else
I42a=trace (I42a)+trace (inv(S) *d4*inv (S) *d2) ;

if i=1 then I43a=trace (inv(S)*d4*inv (S)*d3); else
I43a=trace(I43a)+trace (inv(S) *d4*inv (S) *d3) ;

if i=1 then I4d44a=trace (inv(S)*d4*inv (S)*d4); else
T44a=trace (I44a)+trace (inv(S) *d4*inv (S) *d4) ;
end;
I11=((0.5*trace(Illa)-0.5*trace (2*PHI*Q11-PHI*P1*PHI*P1)))*({1 0 0 O, 0O O O O,
0000, OO0O0O});
I12=((0.5*trace(Il2a)-0.5*trace (2*PHI*Q12-PHI*P1*PHI*P2)))*({0 1 0 0, 0 O 0 O,
0000, OO0O0O});
I13=((0.5*trace(I1l3a)-0.5*trace (2*PHI*Q13-PHI*P1*PHI*P3)))*({0 0O 1 0, 0 O 0 O,
000O, OO0O0O});
I14=((0.5*trace(Il4a)-0.5*trace (2*PHI*Q14-PHI*P1*PHI*P4)))*({0 0 0 1, 0 0 0 O,
0000, OO0O0O};
I21=((0.5*trace(I21la)-0.5*trace (2*PHI*Q21-PHI*P2*PHI*P1)))*({0 O O O, 1 0 O O,
0000, OO0O0O});
I22=((0.5*trace (I22a)-0.5*trace (2*PHI*Q22-PHI*P2*PHI*P2)))*({0 0 0 O, 0 1 0 O,
0000, OO0O0O});
I23=((0.5*trace (I23a)-0.5*trace (2*PHI*Q23-PHI*P2*PHI*P3)))*({0 0 0 O, 0 O 1 O,
000O, OO0O0O});
I24=((0.5*trace (I24a)-0.5*trace (2*PHI*Q24-PHI*P2*PHI*P4)))*({0 0 0 O, 0 0 O 1,
0000, OO0O0O};
I31=((0.5*trace(I31la)-0.5*trace (2*PHI*Q31-PHI*P3*PHI*P1)))*({0 O O O, 0O O O O,
1000, 00O0O0});
I32=((0.5*trace(I32a)-0.5*trace (2*PHI*Q32-PHI*P3*PHI*P2)))* ({0 O O O, O O O O,
0100, 00O0O0});
I33=((0.5*trace(I33a)-0.5*trace (2*PHI*Q33-PHI*P3*PHI*P3)))*({0 O O O, O O O O,
0010, 00O0O0});
I34=((0.5*trace (I34a)-0.5*trace (2*PHI*Q34-PHI*P3*PHI*P4)))* ({0 O O O, O O O O,
0001, 000 O0});
I41=((0.5*trace(I4la)-0.5*trace (2*PHI*Q41-PHI*P4*PHI*P1)))*({0 O O O, O O O O,
000O0O, 1000}
I42=((0.5*trace(I42a)-0.5*trace (2*PHI*Q42-PHI*P4*PHI*P2)))* ({0 0 O O, O O O O,
0000, 0O100});
I43=((0.5*trace(I43a)-0.5*trace (2*PHI*Q43-PHI*P4*PHI*P3)))* ({0 O O O, O O O O,
0000, 0010},
I44=((0.5*trace(I44a)-0.5*trace (2*PHI*Q44-PHI*P4*PHI*P4)))* ({0 0 O O, O O O O,
0000, OO0O0T1});
I=ginv (I11+I12+TI13+T114+I21+I122+I123+124+I131+I132+I33+I134+T41+T142+T143+144);
*Inverse of Expected Information Matrix;

*W Terms;

wll=({1 0 0 O})*I*({1 0 O 0}) *;
wl2=({1 0 0 0})*I*({0 1 0 0}) *;
wl3=({1 0 0 0})*I*({0 O 1 0})
wld=({1 0 0 O})*I* ({0 O O 1}) ;
w21=({0 1 0 0})*I*({1 0 O 0}) *;
w22=({0 1 0 0})*I*({0 1 0 0}) ;
w23=({0 1 0 0})*I*({0 O 1 0}) ;

/*
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w24=({0 1 0 0})*I* ({0 O O 1}) ;
w3l=({0 0 1 0})*I*({1 0 0 0}) *;
w32=({0 0 1 0})*I* ({0 1 0 0}) *;
w33=({0 0 1 0})*I*({0O O 1 0}) *;
w34=({0 0 1 0})*I*({0O O O 1}) ;
w4l=({0 0 O 1})*I*({1 O 0 0O}) *;
w42=({0 0 0 1})*I*({0O 1 0 0}) *;
w43=({0 0 0 1})*I*({0O O 1 0}) *;
w44=({0 0 O 1})*I* ({0 O O 1}) ;

*Sum Terms;
cll=wll* (Q1l1l-(P1*PHI*P1)
cl2=wl2* (Ql2- (P1*PHI*P2)
cl3=wl3* (Q13- (P1*PHI*P3)
cld=wl4d* (Ql4-(P1*PHI*P4)
c21=w21* (Q21- (P2*PHI*P1)
C22=w22* (Q22- (P2*PHI*P2)
c23=w23* (Q23- (P2*PHI*P3)
c24=w24* (Q24- (P2*PHI*P4)
)
)
)
)
)
)
)

’

’

’

’

’

’

)
)
)
)
)
)
)
)
) .
)
)
)
)
)
)
)

’

c31=w31* (Q31-(P3*PHI*P1
c32=w32* (Q32- (P3*PHI*P2
c33=w33* (Q33- (P3*PHI*P3
c34=w34* (Q34- (P3*PHI*P4
c4l=w41l* (Q41- (P4*PHI*P1
c42=w42* (Q42- (P4*PHI*P2
c43=w43* (Q43- (P4*PHI*P3
cl4d=wd4* (Q44- (P4*PHI*P4)) ;
sum=cll+cl2+cl3+cld+c21+c22+c23+c24+c31+c32+c33+c34+c4l+cd2+ci43+c44;
PHIA=PHI+2*PHI* (sum) *PHI;
Astar=2*PHI* (sum) *PHI;
*Theta denoted as O in this code;
0=C*ginv (C *PHI*C) *C";
*Traces;
*Al;
tall=wll*trace ) ( )
tal2=wl2*trace ( ) ( )
tal3=wl3*trace ( ) ( )
tald=wld*trace ( ) ( )
ta2l=w2l*trace( ) ( )
ta22=w22*trace (O*PHI*P2*PHI) *trace (O*PHI*P2*PHI)
ta23=w23*trace (O*PHI*P2*PHI) *trace (O*PHI*P3*PHI) ;
ta24=w24*trace (O*PHI*P2*PHI) *trace (O*PHI*P4*PHI) ;
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )

’

’

’

’

’

’

O*PHI*P1*PHI
O*PHI*P1*PHI
O*PHI*P1*PHI
O*PHI*P1*PHI
O*PHI*P2*PHI

O*PHI*P1*PHI
O*PHI*P2*PHI
O*PHI*P3*PHI
O*PHI*P4*PHI
O*PHI*P1*PHI

*trace
*trace
*trace
*trace
*trace

’
’

’

’

’

’

’

ta3l=w3l*trace (O*PHI*P3*PHI) *trace (O*PHI*P1*PHI
ta32=w32*trace (O*PHI*P3*PHI) *trace (O*PHI*P2*PHI
ta33=w33*trace (O*PHI*P3*PHI) *trace (O*PHI*P3*PHI
tal34=w34*trace (O*PHI*P3*PHI) *trace (O*PHI*P4*PHI
tadl=wd4l*trace (O*PHI*P4*PHI) *trace (O*PHI*P1*PHI
tad2=wd42*trace (O*PHI*P4*PHI) *trace (O*PHI*P2*PHI
tad43=w43*trace (O*PHI*P4*PHI) *trace (O*PHI*P3*PHI
tadd=wdd*trace (O*PHI*P4*PHI) *trace (O*PHI*P4*PHI) ;
Al=tall+tal2+tal3+tald+ta2l+taz22+ta23+ta24+ta3l+ta32+ta33+tal34+tadl+tad2+tad3+t
adi;

*A2;
tbll=wll*trace
tbl2=wl2*trace
tbl3=wl3*trace
tbl4=wld*trace
tb2l=w2l*trace
tb22=w22*trace
tb23=w23*trace
tb24=w24*trace
/*

’

’

’

’

’

’

O*PHI*P1*PHI*O*PHI*P1*PHI) ;
O*PHI*P1*PHI*O*PHI*P2*PHI) ;
O*PHI*P1*PHI*O*PHI*P3*PHI) ;
O*PHI*P1*PHI*O*PHI*P4*PHI) ;
O*PHI*P2*PHI*O*PHI*P1*PHI) ;
O*PHI*P2*PHI*O*PHI*P2*PHI) ;
O*PHI*P2*PHI*O*PHI*P3*PHI) ;
O*PHI*P2*PHI*O*PHI*P4*PHI) ;



159

*/

tb31l=w3l*trace (O*PHI*P3*PHI*O*PHI*P1*PHI) ;
tb32=w32*trace (O*PHI*P3*PHI*O*PHI*P2*PHI) ;
tb33=w33*trace (O*PHI*P3*PHI*O*PHI*P3*PHI) ;
tb34=w34*trace (O*PHI*P3*PHI*O*PHI*P4*PHI) ;
tbd4dl=w4l*trace (O*PHI*P4*PHI*O*PHI*P1*PHI) ;
tbd2=wi42*trace (O*PHI*P4*PHI*O*PHI*P2*PHI) ;
tb43=w43*trace (O*PHI*P4*PHI*O*PHI*P3*PHI) ;
tbd4=wldd*trace (O*PHI*P4*PHI*O*PHI*P4*PHI) ;
A2=tbll+tbl2+tb13+tbl4+tb21+tb22+tb23+tb24+tb31+tb32+tb33+tb34+tb41+tb42+tb43+t
bd4;

*Mij component of E(F NonCentral) terms;
M11=%Mij (i=1,j=1);

Ml2=%Mij(i=1,3=2);

M13=%Mij (i=1,3=3);

M1l4=%Mij(i=1,3=4);

M21=%Mij (i=2,j=1);

M22=%Mij (i=2,3=2);

M23=%Mij (i=2,3=3);

M24=%Mij (i=2,3=4);

M31=%Mij (i=3,3=1);

M32=%Mij (i=3,3=2);

M33=%Mij (i=3,3=3);

M34=%Mij (i=3,3=4);

M41=%Mij (i=4,j=1);

M42=%Mij(i=4,3=2);

M43=%Mij (i=4,3=3);

M44=%Mij(i=4,3=4);

*A3 component of E(F) and Var (F);
tcll=wll*B *M11*B;

tcl2=wl2*B *M12*B;

tcl3=wl3*B *M13*B;

tcld=wld*B *M14*B;

tc21=w21*B *M21*B;

tc22=w22*B *M22*B;

tc23=w23*B  *M23*B;

tc24=w24*B *M24*B;

tc31=w31*B *M31*B;

tc32=w32*B  *M32*B;

tc33=w33*B  *M33*B;

tc34=w34*B  *M34*B;

tcdl=w41*B *M41*B;

tcd2=w42*B *M42*B;

tcd3=wi43*B *M43*B;

tcdd=w44*B *M44*B;

A3=0.5* (tcll+tcl2+tcl3+tcld+tc2l+tc22+tc23+tc24+tc31+tc32+tc33+tc34+tcdl+tcd2+t
c43+tcdd);

L=trace (ginv (C) *C) ;

*DF components;

E=inv (1-(A2/L));

B=(1/(2*L)) * (Al+(6*A2)) ;

gg=( (L+1) *Al- (L+4) *A2) / ((L+2) *A2) ;

ddl=gg/ (3*L+2* (1-gqg)) ;
dd2=(L-gq) / (3*L+2* (1-gq) ) ;
dd3=(L-gg+2) / (3*L+2* (1-gqg) ) ;

V=(2/L) * ((1+(dd1*B) )/ ((1-(dd2*B)) * (1-(dd2*B) ) * (1-(dd3*B))));
rr=V/ (2*E*E) ;
B=Beta;

*Degrees of Freedom M and Scale Factor Lambda;
m=4+ ((L+2) / ((L*rr)-1));

Lambda=m/ (E* (m-2)) ;

/*
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*Expected Value;

E_null:(l/L)*(L+A2);

E alt=E null + (1/L)* (B *C*ginv (C *PHI*C)*C *B+A3) -

(1/L) * (B *C*ginv (C**PHI*C) *C  *Astar*C*ginv (C *PHI*C) *C *B) ;
ncp=lambda* (B *C*ginv (C *PHIA*C) *C  *B) ;
ratl=(lambda*E null)/ (m/ (m-2));
ncpform=B " *C*ginv (C *PHI*C) *C" *B;

EO=ginv(1-(A2/L)); *KR adjustment to E null;
EA=(1/L) *ginv (ncpform-

A3+B *C*ginv (C *PHI*C) *C  *Astar*C*ginv (C *PHI*C) *C  *B) * ( (ncpform-
B *C*ginv (C *PHI*C) *C  *Astar*C*ginv (C *PHI*C)*C *B) * (ncpform-
B *C*ginv (C *PHI*C) *C *Astar*C*ginv (C *PHI*C) *C *B));
ncpnew=L*Lambda* (EA/EQ) ;

ncpl=ncpnew;

ncp2=ncp;

ncp3=ncpform;

ncpé4=ncpform;

ncpb=ncpform;

ncpuse=&ncpuse;

scalera=B *C*ginv (C *PHI*C) *C *Astar*C*ginv (C *PHI*C) *C *B;
L=trace (ginv (C) *C) ;

*DF components;

E=inv (1-(A2/L));

B=(1/(2*L))* (Al+(6*A2)) ;

gg=((L+1) *Al- (L+4) *A2) / ((L+2) *A2) ;

ddl=gg/ (3*L+2* (1-gg)) ;

dd2=(L-gqg) / (3*L+2* (1-gq) ) ;

dd3=(L-gg+2) / (3*L+2* (1-gq)) ;

V=(2/L)* ((1+(dd1*B) )/ ((1-(dd2*B))* (1-(dd2*B)) * (1-(dd3*B))))
rr=V/ (2*E*E) ;

*Degrees of Freedom M and Scale Factor Lambda;

m=4+ ((L+2) / ((L*rr)-1));

Lambda=m/ (E* (m-2)) ;

*Power;

alpha=&alpha;

alval=l-alpha;

timevec= ({&timevec}) ;

ml=m;

m2=m;

m3=m;

md=(&nl+&n2+&n3) * (( (nrow (timevec)-1) *&missparm+l) /nrow (timevec))-L-1;
mS5=(&nl+&n2+&n3) * ( ( (nrow (timevec) -

1) *smissparm+l) /nrow (timevec) ) * (nrow (timevec) ) -6;
muse=&ddfuse;
critval=finv(alval, L, muse); *So p(Wald<w) = p((l/lambda)*F < f);

power=1-probf (critval, L, muse, ncpuse);

ncp_dev=ncpnew+0.000001;

power dev=((l-probf(critval, L, m, ncp dev))-(l-probf(critval, L, m,
ncpnew) ))/0.000001;

R2=1-inv (1+(1/L) *Lambda*ncp* (L/m) ) ;

create work.power a from power;

append from power;

quit;

data work.power b;

set work.power b work.power a;
run;
$mend power;

/*
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*/
$macro average;
$do designs=1 %to &reps;
spower (rep=&designs) ;
%end;
$mend average;

%average; run;

proc sql;
create table work.power c as
select COLl1 as Power
from work.power b
where COLl1 ne 9999;

quit;

proc sql;
create table work.AveragePower as
select count (power) as Designs, mean (Power) as Power, std(power)
as DevPower, min (power) as MinPower, max (power) as maxPower,
1*&nl as nlfinal, 1*&n2 as n2final, 1*&n3 as n3final
from work.power c;
quit;
data work.MacroVals;
set work.AveragePower;
nl=round (&nl-&glratio);
n2=round (&n2-&g2ratio);
n3=round (&n3-&g3ratio);
call symput ('Power', Power);
call symput('nl', nl);
call symput('n2', n2);
call symput('n3', n3);
run;
%end;
$mend m2;

$m2 (nl=&nl, n2=&n2, n3=&n3); run;

proc sql;
create table work.SampleSize2 as
select round(nlfinal+&glratio) as nl, round(n2final+&g2ratio) as
n2, round(n3final+&g3ratio) as n3, nlfinal as nlsmall, n2final as n2small,
n3final as n3small, Power
from work.AveragePower;

quit;

data work.MacroVals;
set work.SampleSize2;
call symput ('Power', Power);
call symput('nl', nl);
call symput('n2', n2);
call symput('n3', n3);
run;

$macro m3 (nl=&gql,n2=&g2,n3=&g3) ;
data work.Treatment;
seed=&misseedl+l;
reps=&reps;
do rep=1 to reps;
do n=1 to &nl;
/*
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*/
ID=compress (put (n,best8.) | |"A");
do Time=min (&timevec) to max (&timevec) ;
z=ranuni (seed); /*Uses uniform(0,1) random variable
assign missing values if z>missparm, modified later to force baseline as
nonmissing*/

"

z" to

if z>&missparm then u=0;
else if z<=&missparm then u=1l;

output;
end;
end;
end;
drop seed z;
run;
proc sqgl;
create table work.Treatobs as
select rep, ID, Time, case Time when . then 1 else 1 end as
intercept,
case Time when . then 1 else 1 end as Treatment,
case Time when . then 0 else 0 end as Comparator, u
from work.Treatment
where Time in (&timevec);
quit;

data work.Placebo;
seed=&misseed2+1;
reps=&reps;
do rep=1 to reps;
do n=1 to &n2;
ID=compress (put (n,best8.) | |"B");
do time=min (&timevec) to max (&timevec) ;

z=ranuni (seed); /*Uses uniform(0,1) random variable "z" to
assign missing values if z>missparm, modified later to force baseline as
nonmissing*/
if z>&missparm then u=0;
else if z<=&missparm then u=1l;
output;
end;
end;
end;
drop seed z;
run;
proc sqgl;
create table work.Plbobs as
select rep, ID, Time, case Time when . then 1 else 1 end as
intercept,
case Time when . then 0 else 0 end as Treatment,
case Time when . then 0 else 0 end as Comparator, u
from work.Placebo
where Time in (&timevec);
quit;

data work.Comparator;
seed=&misseed3+1;
reps=&reps;
do rep=1 to reps;
do n=1 to &n3;
ID=compress (put (n,best8.) | |"C");
do time=min (&timevec) to max (&timevec) ;

/*
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*/
z=ranuni (seed); /*Uses uniform(0,1) random variable "z" to
assign missing values if z>missparm, modified later to force baseline as
nonmissing*/
if z>&missparm then u=0;
else if z<=&missparm then u=1l;
output;
end;
end;
end;
drop seed z;
run;
proc sqgl;
create table work.Cmptorobs as
select rep, ID, Time, case Time when . then 1 else 1 end as
intercept,
case Time when . then 0 else 0 end as Treatment,
case Time when . then 1 else 1 end as Comparator, u
from work.Comparator
where Time in (&timevec);
quit;

data work.MixedData a; *Combine placebo and treatment designs into one dataset;
set work.Treatobs work.Plbobs work.Cmptorobs;
run;

proc sgl; *Will create variable "M" to serve as missing data indicator and make
sure no baseline values are missing;
create table work.MixedData b as

select rep, ID, intercept, Treatment, Comparator, Time,

Treatment*Time as TreatTime, Comparator*Time as CompTime,
case when u=0 and time ne min (&timevec) then . else

1 end as M

from work.MixedData a;

quit;
proc sqgl;
create table work.MixedData as

select rep, ID, intercept, Treatment, Comparator, Time, TreatTime,
CompTime

from work.MixedData b

where M ne .;
quit;

proc sort data=work.MixedData;
by rep id time;

run;

quit;

data work.power b;
COL1=9999;

run;

$macro power (rep=&sim) ;

proc sqgl;
create table work.mixeddata &rep as
select *
from work.MixedData
where rep=&rep;
quit;

/*
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proc sort data=work.mixeddata é&rep;
by rep id time;
run;
quit;
data work.seqids &rep;
set work.MixedData &rep;
by id;
retain order 0;
if first.id then order=order+l;
run;
ods select all;
proc iml;
Contrasts=({0 0 001 0, 00 O0O0O0T1})";
C=Contrasts;
L=trace (ginv (C) *C) ;
g=L+1l; *+1 if to account for intercept;
ivar=&ranistd;
svar=&ransstd;
corr=&correlation;
errvar=&errdev*&errdev;
cov=(ivar* ({1 0, 0 O})+svar* ({0 O, O 1}))*(corr* ({0 1, 1 O})+I(2))* (ivar*({1 O,
0 0})+svar* ({0 0, 0 1}));
bint=&xbar2;
btreat=&xbarl-&xbar2; *treatment effect;
bcompare=&xbar3-&xbar?2;
btime=&btime2; *time effect in reference group 2;
btreattime=&¢btimel-&btime2; *group*time interaction;
bcomptime=&¢btime3-&btime?2;
Beta= (bint| |btreat| |bcompare| |btime| |btreattime| |bcomptime) *;
B=Beta;
n=&nl+&n2+&n3;
use work.seqgids &rep;
do i=1 to n;
read all var {intercept Treatment Comparator Time TreatTime CompTime}
where (order=1) into X;
read all var {intercept Time} where (order=i) into Z;
S=z*cov*z +I((nrow(X)))(@errvar;
if i=1 then V=(X"*inv (S) *X);
else V=V+ (X *inv (S) *X) ;
end;
PHI=inv (V) ;
use work.seqgids &rep;;
do i=1 to n;
read all var {intercept Treatment Comparator Time TreatTime CompTime}
where (order=1i) into X;
read all var {intercept Time} where(order=i) into Z;
S=z*cov*z ' +I((nrow(X)))(@errvar;
dl=z*({1 0, 0 0})*z";
d2=z* ({0 0, 0 1})*z";
d3=I (nrow (X)) ;
d4=z* ({0 1, 1 0})*z";
if i=1 then Pl=-X'*inv (S)*dl*inv (S)*X; else P1=Pl-
X *inv (S) *dl*inv (S) *X;
if i=1 then P2=-X'*inv (S)*d2*inv (S) *X; else P2=P2-
X *inv (S) *d2*inv (S) *X;
if i=1 then P3=-X'*inv (S) *d3*inv (S) *X; else P3=P3-
X *inv (S) *d3*inv (S) *X;
if i=1 then P4=-X'*inv (S)*d4*inv (S) *X; else P4=P4-
X *inv (S) *d4*inv (S) *X;
/*
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if i=1 then Q11=X"*inv (S) *dl*inv (S)*dl*inv (S) *X;

011=Q11+X *inv (S)*dl*inv (S) *dl*inv (S) *X;

if i=1 then Q12=X"*inv (S) *dl*inv (S)*d2*inv (S) *X;

Q012=Q12+X " *inv (S) *dl*inv (S) *d2*inv (S) *X;

if i=1 then Q13=X"*inv (S) *dl*inv (S) *d3*inv (S) *X;

Q013=Q13+X " *inv (S) *dl*inv (S) *d3*inv (S) *X;

if i=1 then Q14=X"*inv (S) *dl*inv (S) *d4*inv (S) *X;

014=0Q14+X *inv (S)*dl*inv (S) *d4*inv (S) *X;

if i=1 then Q21=X"*inv (S) *d2*inv (S) *dl*inv (S) *X;

021=Q21+X " *inv (S) *d2*inv (S) *dl*inv (S) *X;

if i=1 then Q22=X"*inv (S) *d2*inv (S) *d2*inv (S) *X;

022=Q22+X *inv (S) *d2*inv (S) *d2*inv (S) *X;

if i=1 then Q23=X"*inv (S)*d2*inv (S) *d3*inv (S) *X;

023=Q23+X *inv (S) *d2*inv (S) *d3*inv (S) *X;

if i=1 then Q24=X"*inv (S)*d2*inv (S) *d4*inv (S) *X;

024=0Q24+X" *inv (S) *d2*inv (S) *d4*inv (S) *X;

if i=1 then Q31=X"*inv (S)*d3*inv (S)*dl*inv (S) *X;

031=Q31+X *inv (S) *d3*inv (S) *dl*inv (S) *X;

if i=1 then Q32=X"*inv (S) *d3*inv (S) *d2*inv (S) *X;

032=Q32+X *inv (S) *d3*inv (S) *d2*inv (S) *X;

if i=1 then Q33=X"*inv (S)*d3*inv (S) *d3*inv (S) *X;

033=Q33+X *inv (S) *d3*inv (S) *d3*inv (S) *X;

if i=1 then Q34=X"*inv (S) *d3*inv (S) *d4*inv (S) *X;

034=Q34+X *inv (S) *d3*inv (S) *d4*inv (S) *X;

if i=1 then Q41=X"*inv (S)*d4*inv (S)*dl*inv (S) *X;

041=0Q41+X *inv (S) *d4*inv (S) *dl*inv (S) *X;

if i=1 then Q42=X"*inv (S)*d4*inv (S)*d2*inv (S) *X;

042=0Q42+X *inv (S) *d4*inv (S) *d2*inv (S) *X;

if i=1 then Q43=X"*inv (S)*d4*inv (S) *d3*inv (S) *X;

043=0Q43+X *inv (S) *d4*inv (S) *d3*inv (S) *X;

if i=1 then Q44=X"*inv (S)*d4*inv (S)*d4*inv (S) *X;

Q44=Q44+X " *inv (S) *d4*inv (S) *d4*inv (S) *X;
*Information Matrices;

if i=1 then Illa=trace (inv(S)*dl*inv(S)*dl);

Illa=trace(Illa)+trace (inv (S)*dl*inv (S) *dl) ;

if i=1 then Il2a=trace (inv(S)*dl*inv(S)*d2);

Il2a=trace (Il2a)+trace (inv (S) *dl*inv (S) *d2) ;

if i=1 then Il3a=trace (inv (S)*dl*inv (S) *d3);

I13a=trace(Il3a)+trace (inv (S) *dl*inv (S) *d3) ;

if i=1 then Ilda=trace (inv (S)*dl*inv (S) *d4) ;

Il4a=trace(Il4a)+trace (inv(S) *dl*inv (S) *d4) ;

if i=1 then I2la=trace (inv (S)*d2*inv (S) *dl) ;

I2la=trace(I2la)+trace (inv(S) *d2*inv (S) *dl) ;

if i=1 then I22a=trace (inv (S)*d2*inv (S) *d2) ;

I22a=trace (I22a)+trace (inv(S) *d2*inv (S) *d2) ;

if i=1 then I23a=trace (inv (S)*d2*inv (S) *d3) ;

I23a=trace(I23a)+trace (inv(S) *d2*inv (S) *d3) ;

if i=1 then I24a=trace (inv (S)*d2*inv (S) *d4) ;

I24a=trace(I24a)+trace (inv(S) *d2*inv (S) *d4) ;

if i=1 then I3la=trace (inv (S)*d3*inv (S) *dl) ;

I3la=trace(I3la)+trace (inv (S) *d3*inv (S) *dl) ;

if i=1 then I32a=trace (inv (S) *d3*inv (S) *d2) ;

I32a=trace (I32a)+trace (inv (S) *d3*inv (S) *d2) ;

if i=1 then I33a=trace (inv (S) *d3*inv (S) *d3) ;

I33a=trace (I33a)+trace (inv (S) *d3*inv (S) *d3) ;

if i=1 then I34a=trace (inv (S) *d3*inv (S) *d4) ;

I34a=trace (I34a)+trace (inv (S) *d3*inv (S) *d4) ;

if i=1 then I4la=trace (inv (S)*d4*inv (S) *dl) ;

I4la=trace(I4la)+trace (inv(S)*d4*inv (S) *dl) ;
/*
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*/

if i=1 then I42a=trace (inv(S)*d4d*inv (S)*d2); else
I42a=trace (I42a)+trace (inv(S) *d4*inv (S) *d2) ;

if i=1 then I43a=trace (inv(S)*d4*inv(S)*d3); else
I43a=trace(I43a)+trace(inv (S)*d4*inv (3) *d3) ;

if i=1 then I44a=trace (inv(S)*d4d*inv(S)*d4); else
I44a=trace (I44a)+trace (inv(S) *d4*inv (S) *d4) ;
end;
I11=((0.5*trace(Illa)-0.5*trace (2*PHI*Q11-PHI*P1*PHI*P1)))*({1 0 0 O, O O O O,
0000, OO0O0O};
I12=((0.5*trace(Il2a)-0.5*trace (2*PHI*Q12-PHI*P1*PHI*P2)))*({0 1 0 O, 0 0 0 O,
0000, OO0O0O};
I13=((0.5*trace(I1l3a)-0.5*trace (2*PHI*Q13-PHI*P1*PHI*P3)))*({0 0O 1 0, 0 O 0 O,
0000, OO0O0O});
I14=((0.5*trace(Il4a)-0.5*trace (2*PHI*Q14-PHI*P1*PHI*P4)))*({0 0 0 1, 0 0 0 O,
000O, OO0O0O});
I21=((0.5*trace(I21a)-0.5*trace (2*PHI*Q21-PHI*P2*PHI*P1)))*({0 0 0 O, 1 0 0 O,
0000, OO0O0O});
I22=((0.5*trace (I22a)-0.5*trace (2*PHI*Q22-PHI*P2*PHI*P2)))*({0 0 0 O, 0 1 0 O,
0000, OO0O0O});
I23=((0.5*trace (I23a)-0.5*trace (2*PHI*Q23-PHI*P2*PHI*P3)))*({0 0 0 O, 0 O 1 O,
0000, OO0O0O});
I24=((0.5*trace (I24a)-0.5*trace (2*PHI*Q24-PHI*P2*PHI*P4)))*({0 0 0 O, 0 0 O 1,
0000, OO0O0O});
I31=((0.5*trace(I31la)-0.5*trace (2*PHI*Q31-PHI*P3*PHI*P1)))*({0 O O O, O O O O,
1000, 00O0O0});
I32=((0.5*trace(I32a)-0.5*trace (2*PHI*Q32-PHI*P3*PHI*P2)))*({0 O 0 O, 0 0 0 O,
0100, 00O0O0});
I33=((0.5*trace(I33a)-0.5*trace (2*PHI*Q33-PHI*P3*PHI*P3)))*({0 0 0 O, 0 0 0 O,
0010, 00O0O0});
I34=((0.5*trace (I34a)-0.5*trace (2*PHI*Q34-PHI*P3*PHI*P4)))*({0 0 0 O, O O O O,
0001, 000 O0});
I41=((0.5*trace(I4la)-0.5*trace (2*PHI*Q41-PHI*P4*PHI*P1)))*({0 O O O, 0O O O O,
0000, 100 0});
I42=((0.5*trace (I42a)-0.5*trace (2*PHI*Q42-PHI*P4*PHI*P2)))*({0 0 0 O, 0 O O O,
0000, 01 00});
I43=((0.5*trace (I43a)-0.5*trace (2*PHI*Q43-PHI*P4*PHI*P3)))*({0 0 0 O, 0O O O O,
0000, OO010});
I44=((0.5*trace (I44a)-0.5*trace (2*PHI*Q44-PHI*P4*PHI*P4)))* ({0 O O O, O O O O,
0000, OO0O0T1});
I=ginv (I11+I12+T13+T14+T121+I122+I123+124+I31+I32+I133+I134+141+T142+T143+144);
*Inverse of Expected Information Matrix;

*W Terms;

wll=({1 0 0 O})*I*({1 0 O 0}) *;
wl2=({1 0 0 0})*I*({0 1 0 0}) *;
wl3=({1 0 0 0})*I*({0 O 1 0}) ;
wld=({1 0 0 O})*I* ({0 O O 1}) ;
w21=({0 1 0 0})*I*({1 0 O 0}) *;
w22=({0 1 0 0})*I*({0 1 0 0}) ;
w23=({0 1 0 0})*I*({0 O 1 0})
w24=({0 1 0 0})*I*({0 O O 1}) ;
w3l=({0 0 1 0})*I*({1 0 0 0}) *;
w32=({0 0 1 0})*I*({0 1 0 0}) ;
w33=({0 0 1 0})*I*({0 O 1 0}) ;
w34=({0 0 1 0})*I*({0 O O 1}) ;
w4l=({0 0 0 1})*I*({1 0 O 0}) *;
w42=({0 0 0 1})*I*({0 1 0 0}) *;
w43=({0 0 0 1})*I*({0 O 1 0}) *;
w44=({0 0 O 1})*I*({0 O O 1}) ;

*Sum Terms;
cll=wll*(Q1l1-(P1*PHI*P1));
cl2=wl2* (Q1l2- (P1*PHI*P2));
/*
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*/
c13=wl3* (Q13- (PL*PHI*P3)
cl4=wl4d* (Q1l4- (PL*PHI*P4)
c21=w21* (Q21- (P2*PHI*P1)
C22=w22* (Q22~- (P2*PHI*P2)
€c23=w23* (Q23- (P2*PHI*P3)
c24=w24* (Q24- (P2*PHI*P4)
c31=w31* (Q31- (P3*PHI*P1)
( )
( )
( )
( )
( )
( )

’
’

’

’

’

’

)
)
)
)
)
)
)
c32=w32* (Q32- (P3*PHI*P2));
c33=w33* (Q33- (P3*PHI*P3))
c34=w34* (Q34- (P3*PHI*P4))
c41=w41l* (Q41- (P4*PHI*P1))
c42=w42* (Q42- (P4*PHI*P2))
c43=w43* (Q43- (P4*PHI*P3))
cl4d=wd4* (Q44- (P4*PHI*P4)) ;
sum=cll+cl2+cl3+cld+c21+c22+c23+c24+c31+c32+c33+c34+c4l+cd2+ci43+c44;
PHIA=PHI+2*PHI* (sum) *PHI;
Astar=2*PHI* (sum) *PHI;
*Theta denoted as O in this code;
0=C*ginv (C *PHI*C) *C";
*Traces;
*Al;
tall=wll*trace ) ( )
tal2=wl2*trace ( ) ( )
tal3=wl3*trace ( ) ( )
tal4=wld*trace ( ) ( )
ta2l=w2l*trace ( ) ( )
ta22=w22*trace (O*PHI*P2*PHI) *trace (O*PHI*P2*PHI)
ta23=w23*trace (O*PHI*P2*PHI) *trace (O*PHI*P3*PHI) ;
ta24=w24*trace (O*PHI*P2*PHI) *trace (O*PHI*P4*PHI) ;
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )

’

’

’

’

’

O*PHI*P1*PHI ;
O*PHI*P1*PHI
O*PHI*P1*PHI
O*PHI*P1*PHI
O*PHI*P2*PHI

O*PHI*P1*PHI
O*PHI*P2*PHI
O*PHI*P3*PHI
O*PHI*P4*PHI
O*PHI*P1*PHI

*trace
*trace
*trace
*trace
*trace

’

’

’

’

’

’

ta31l=w3l*trace (O*PHI*P3*PHI) *trace (O*PHI*P1*PHI
ta32=w32*trace (O*PHI*P3*PHI) *trace (O*PHI*P2*PHI
ta33=w33*trace (O*PHI*P3*PHI) *trace (O*PHI*P3*PHI
ta34=w34*trace (O*PHI*P3*PHI) *trace (O*PHI*P4*PHI
tadl=wd4l*trace (O*PHI*P4*PHI) *trace (O*PHI*P1*PHI
tad2=wd2*trace (O*PHI*P4*PHI) *trace (O*PHI*P2*PHI
tad3=wi43*trace (O*PHI*P4*PHI) *trace (O*PHI*P3*PHI) ;
tadd=wdd*trace (O*PHI*P4*PHI) *trace (O*PHI*P4*PHI) ;
Al=tall+tal2+tal3+tald+ta2l+taz22+ta23+ta24+ta3l+ta32+ta33+tal34+tadl+tad2+tad3+t
adi;
*A2;
tbll=wll*trace (O*PHI*P1*PHI*O*PHI*P1*PHI) ;
tbl2=wl2*trace (O*PHI*P1*PHI*O*PHI*P2*PHI) ;
tbl3=wl3*trace (O*PHI*P1*PHI*O*PHI*P3*PHI) ;
tbl4=wld*trace (O*PHI*P1*PHI*O*PHI*P4*PHI) ;
tb2l=w2l*trace (O*PHI*P2*PHI*O*PHI*P1*PHI) ;
tb22=w22*trace (O*PHI*P2*PHI*O*PHI*P2*PHI) ;
tb23=w23*trace (O*PHI*P2*PHI*O*PHI*P3*PHI) ;
tb24=w24*trace (O*PHI*P2*PHI*O*PHI*P4*PHI) ;

(

(

(

(

(

(

(

’

’

’

’

’

tb31l=w3l*trace (O*PHI*P3*PHI*O*PHI*P1*PHI) ;
tb32=w32*trace (O*PHI*P3*PHI*O*PHI*P2*PHI) ;
tb33=w33*trace (O*PHI*P3*PHI*O*PHI*P3*PHI) ;
tb34=w34*trace (O*PHI*P3*PHI*O*PHI*P4*PHT) ;
tb4dl=wi4l*trace (O*PHI*P4*PHI*O*PHI*P1*PHI) ;
tb42=wd42*trace (O*PHI*P4*PHI*O*PHI*P2*PHT) ;
tb43=wd3*trace (O*PHI*P4*PHI*O*PHI*P3*PHI) ;
tbd4d4=wd4*trace (O*PHI*P4*PHI*O*PHI*P4*PHT) ;
A2=tbll+tbl2+tbl3+tbl4+tb21+tb22+tb23+tb24+tb31+tb32+tb33+tb34+tb41l+tb42+tb43+t
b44;

*Mij component of E(F NonCentral) terms;
M1l1=%Mij(i=1,3=1);

/*



*/

M12=%Mij (i=1,3=2);
M13=%Mij (i=1,j=3);
M14=%Mij (i=1,3=4);
M21=%Mij(i=2,3=1);
M22=%Mij (i=2,3=2);
M23=%Mij (i=2,3=3);
M24=%Mij (i=2,3=4);
M31=%Mij (i=3,3=1);
M32=%Mij (i=3,3=2);
M33=%Mij (i=3,3=3);
M34=%Mij (i=3,3=4);
M41=%Mij (i=4,j=1);
M42=%Mij (i=4,3=2);

(i

M43=%Mij (i=4,3=3);
M44=%Mij (i=4,7=4);
*A3 component of E(F) and Var (F);
tcll=wll*B *M11*B;
tcl2=wl2*B *M12*B;
tcl3=wl3*B *M13*B;
tcld=wld*B *M14*B;
tc21=w21*B *M21*B;
tc22=w22*B *M22*B;
tc23=w23*B " *M23*B;
tc24=w24*B *M24*B;
tc31=w31*B *M31*B;
tc32=w32*B *M32*B;
tc33=w33*B  *M33*B;
tc34=w34*B *M34*B;
tcdl=w41l*B *M41*B;
tcd2=wd2*B *M42*B;
tcd3=w43*B *M43*B;
tcdd=wd4*B *M44*B;
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A3=0.5* (tcll+tcl2+tcl3+tcld+tc2l+tc22+tc23+tc24+tc31l+tc32+tc33+tc34+tcdl+tcd2+t

c43+tcdd);

L=trace (ginv (C) *C) ;

*DF components;

E=inv (1-(A2/L));

=(1/(2*L))* (Al+(6*A2));

gg=( (L+1) *Al- (L+4) *A2) / ((L+2) *A2) ;
ddl=gg/ (3*L+2* (1-gqg)) ;
dd2=(L-gq) / (3*L+2* (1-gq)) ;
dd3=(L-gg+2) / (3*L+2* (1-gqg) ) ;

=(2/L) * ((1+(dd1*B) )/ ((1-(dd2*B)) * (1-(dd2*B)) * (1- (dd3*B)))) ;
rr=V/ (2*E*E) ;
B=Beta;

*Degrees of Freedom M and Scale Factor Lambda;

m=4+ ((L+2) / ((L*rr)-1));

Lambda=m/ (E* (m-2)) ;

*Expected Value;

E_null:(l/L)*(L+A2);

E alt=E null + (1/L)* (B *C*ginv (C *PHI*C)*C *B+A3) -

(1/L) * (B *C*ginv (C**PHI*C) *C  *Astar*C*ginv (C *PHI*C) *C *B) ;
ncp=lambda* (B *C*ginv (C *PHIA*C) *C  *B) ;
ratl=(lambda*E null)/ (m/ (m-2));
ncpform=B " *C*ginv (C *PHI*C) *C" *B;

EO=ginv(1-(A2/L)); *KR adjustment to E null;
EA=(1/L) *ginv (ncpform-

A3+B *C*ginv (C *PHI*C) *C *Astar*C*ginv (C *PHI*C) *C  *B) * ( (ncpform-
B *C*ginv (C *PHI*C) *C *Astar*C*ginv (C *PHI*C) *C *B) * (ncpform-
B *C*ginv (C *PHI*C) *C  *Astar*C*ginv (C *PHI*C)*C *B)) ;

/*
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*/
ncpnew=L*Lambda* (EA/EOQ) ;
ncpl=ncpnew;
ncp2=ncp;
ncp3=ncpform;
ncpé4=ncpform;
ncpb=ncpform;
ncpuse=&ncpuse;
scalera=B *C*ginv (C *PHI*C)*C *Astar*C*ginv (C *PHI*C) *C" *B;
L=trace (ginv (C) *C) ;
*DF components;
E=inv (1-(A2/L));
B=(1/(2*L)) * (Al+ (6*A2)) ;
gg=((L+1) *Al-(L+4) *A2) / ((L+2) *A2) ;
ddl=gg/ (3*L+2* (1-gqg)) ;
dd2=(L-gg) / (3*L+2* (1-gg) ) ;
dd3=(L-gg+2) / (3*L+2* (1-gg) ) ;
V=(2/L)* ((1+(dd1*B) )/ ((1-(dd2*B)) * (1- (dd2*B) ) * (1- (dd3*B)))) ;
rr=V/ (2*E*E) ;
*Degrees of Freedom M and Scale Factor Lambda;
m=4+ ((L+2) / ((L*rr)-1));
Lambda=m/ (E* (m-2) ) ;
*Power;
alpha=&alpha;
alval=l-alpha;
timevec=({&timevec}) ;
ml=m;
m2=m;
m3=m;
méd=(&nl+&n2+&n3) * (( (nrow (timevec)-1) *smissparm+1l) /nrow (timevec))-L-1;
m5=(&nl+&n2+6&n3) * ( ( (nrow (timevec) -
1) *smissparm+l) /nrow (timevec)) * (nrow (timevec) ) -6;
muse=&ddfuse;
critval=finv(alval, L, muse); *So p(Wald<w) = p((1/lambda)*F < f);
power=1-probf (critval, L, muse, ncpuse);
ncp dev=ncpnew+0.000001;
power dev=((l-probf (critval, L, m, ncp dev))-(l-probf(critval, L, m,
ncpnew) ))/0.000001;
R2=1-inv (1+(1/L) *Lambda*ncp* (L/m) ) ;
create work.power a from power;
append from power;
quit;
data work.power b;
set work.power b work.power a;
run;
$mend power;

%macro average;
$do designs=1 %to &reps;
spower (rep=&designs) ;
%end;
$mend average;

*average; run;

proc sql;
create table work.power c as
select COL1l as Power
from work.power b
where COLl1 ne 9999;
quit;
/*
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*/
proc sql;
create table work.AveragePower as
select count (power) as Designs, mean (Power) as Power, std(power)
as DevPower, min(power) as MinPower, max (power) as maxPower,
1*&nl as nlfinal, 1*&n2 as n2final, 1*&n3 as n3final
from work.power c;
quit;
$mend m3;

$m3(nl=&nl, n2=&n2, n3=&n3); run;

proc sql;
create table work.SampleSize as
select nlfinal as nl, n2final as n2, n3final as n3, Power as
Nominal Power "Nominal Power", sum(0, &reps) as reps
from work.AveragePower;

quit;

proc print data=work.SampleSize noobs;
run;
quit;
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