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ABSTRACT
GEOMETRIC FITTING IN ERROR-IN-VARIABLE MODEL

QIZHUO HUANG

APPLIED MATHEMATICS

This dissertation is devoted to the study of a popular regression model: FError-In-
Variable Model, which has been commonly recognized as one of the key components
of computer vision research. In EIV model, a set of data points whose z,y coordi-
nates are subject to random errors is fitted by some geometric shapes such as lines,
circles and ellipses. The geometric fitting which minimizes the sum of orthogonal
distances from points to geometric shapes is universally recognized as the most desir-
able solution of the fitting problem. However, there is no explicit form of the solution
for nonlinear models (circles, ellipses etc). The problem of fitting circles has been
investigated intensively over past a few decades and all major issue appeared to be
resolved. Our analysis will focus on a more sophisticated model - fitting ellipses to a
set of points.

We will address the issues of existence and uniqueness of the best fitting solution,
study the parameter space of all quadratic curves and properties of the objective
function and show some peculiar feature of the estimates of geometric parameters for
the best fitting ellipse: they have no finite moments.

Our results promote understanding of why computer algorithms keep diverging,
return nonsense or crash altogether and help development of more robust, efficient

fitting schemes.
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CHAPTER 1

INTRODUCTION

This dissertation investigates certain theoretic aspects of a popular regression
problem: fitting geometric contours (ellipses, hyperbolas, parabolas, etc,) to a set of
observed points which are measured imprecisely in both coordinates. This topic is
known as Error-in-Variables (EIV) model. It is fundamentally different and much
more complicated than the classical regression model which assumes that only one
variable is subject to random error (usually called response variable) while the other
variable (independent variable) is fixed.

The EIV regression model has been investigated by statisticians since the 1930s
[17, 18] and its importance has been recognized in many fields such as econometrics,
engineering science and image processing. The simplest model of fitting straight lines
to a set of observed points dates back to the 1870s [3, 4, 22]. All major problems
in linear EIV model were resolved by the late 1990s and much attention has been
given to nonlinear regression models (circle, ellipse etc) [5, 7, 29]. Fitting nonlinear
models to data with errors can be divided into two parts. In the first one, the main
goal is to approximate data points by a nonlinear function such as a polynomial or
an exponential function. The z and y are measured based on different units and
thus their errors may have different magnitude (see [10, 11] for detail). Second type
of nonlinear regression problem assumes both x and y variables are measured in the
same units and the choice of the coordinates system is completely arbitrary. Thus the
magnitude of errors in both variables are the same. This type of problem commonly
arises in the image processing where one often fits the geometric shape to data points
on 2D image. This dissertation will focus on geometric fitting used in the latter one.

The main frame of this regression problem can be formulted as follows:
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Suppose one observes n experitmental points (z1,41),- .., (Zn, Yn), which are as-

sumed random perturbations of some true points (z;, ;).

It is also assumed that all true points (z;,9;) i = 1,...,n all belongs to an unknown
geometric shape, i.e. P(z;,4:|©) =0 (i=1,...,n) where © is the unknown parameter

vector. The goal is to find an estimate of © so that the geometric shape represented by
y = P(z,y,|©) approximates the observed points the best. As a standard assumption
in the EIV literature, random errors ¢§;’s and ¢;’s are considered as independently

distributed normal random variables with zero mean:
(1.2) §; ~ N(0,07) & ~ N(0,07)

We can also make the following assumptions about the true points (z;, ¥;)’s.

First, we can treat the true points (2;,y;) (i = 1,...,n) as fixed parameters whose
values are normally of little interest in the fitting problem. This type of assumption
is known as the functional model. Or they can be regarded as realization of some
underlying random variables such as N(u,0?). Then p and o? are considered as
parameters to be estimated along with the parameters of interest. Such a treatment
is known as structure model [20, 21]. The functional model has been intensively
studied and used in real application, especially in image processing. Therefore, this
model is adopted throughout this dissertation. We will turn to introduce the most

reliable fitting method for the EIV model.

1.1. Geometric fit

In EIV model, there are two approaches we can use to find a circle or ellipse
which best fits our data: algebraic fitting and geometric fitting. The geometric fit
which minimizes the sum of squares of orthogonal distances from points to the curve
is commonly regarded as being more accurate than algebraic fits. It has many nice

features:
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e It is invariant under translations, rotations, and scaling, i.e., the fitted geo-
metric fitting does not depend on the choice of the coordinate system.

e It coincides with the maximum likelihood estimate of the parameters of the
fitted geometric shape under standard statistical assumptions.

e Geometric fit sets a standard for testing the data processing software for

coordinate metrology [1]

Given some points Py, ..., P, € R?, the objective function is the sum of squares

of the distances to a model object (in our case, conic) S:

n

(1.3) F(S) = [dist(P;, 9)],

i=1
The objective function depends on the points Py, ..., P,, but in practical settings
those are fixed, so the only variable is S, which is regarded as the sole argument of
J.

In the case of fitting line Az + By + C' = 0 to the data points, one can easily show
that

n

Z(A% + By; + C)?

1

1
1.4 A B = —
(1.4 T(AB,C) =
By setting A% + B? = 1, one can find the minimzer for (1.6) explicitly(see section
3.1).

Suppose one try to fit a circle to the points. Then the distance between the circle

and each point are

(1.5) di = \/(zi—a)?+ (y; — b)2 — R

where (a,b) denotes the center and R the radius of the circle. However, the mini-

mization of the objective function

n

(1.6) F(A,B,C) =Y [V(z:—a) + (y: — b)* - B

1

has no closed form of solution. Its solution can only be approximated by iterative

algorithms such as Gauss-Newton or Levenberg-Marquard scheme which usually takes



dozens or hundreds of iterations to converge, and there is a chance that they may
diverge, return nonsense or crash altogether [15].

The situation in ellipse fitting becomes worse. The orthogonal distance between
the ellipse and a given point do not even have simple analytic formula. The distance
can be computed by equivalently solving a polynomial equation of degree 4, which
again requires numerical schemes. The lack of explicit form of solution makes the
analytic investigation of the nonlinear model much more difficult. In this dissertation,
we will address several fundamental issues that will help promote understanding of

the geometric fitting in nonlinear case especially ellipse fitting.

1.2. Organization of the Thesis

Our analysis mainly focus on the following issues:

e Does the best fit always exists? Meaning: does the objective function F
always have a minimum?

e Is the solution always unique? (Meaning: is the minimum of the objective
function always unique?)

e The topological properties of the parameter space of quadratic curves and
how the objective function behaves in the parameter space

e The moments of estimates of geometric parameters.

The dissertation is organized as follows. The second chapter discuss the issue of
existence of the best fitting solution in a general sense. Our approach applies not
just to the model collection of ellipses but arbitrary closed sets. The third chapter
first reviews the issue of uniqueness of best fitting line and circle. And then provide
an example of multiple best fitting ellipse with a computer assisted proof. In chapter
4, we study the algebraic parameter space of quadratic curves confined to the unit
sphere in a topological manner. The unit sphere is divided into several domains based
on types of curve. We will analyse the topological properties of each domain both

seperately and together. Chapter 5 discusses important properties of the objective



function such as continuity and differentiability. In the last chapter, we develop a
general strategy for checking infinite moments for geometric parameters and prove

that the geometric parameters of the best fitting ellipse do not have finite moments.

1.3. Special Remark

The first few chapters of my dissertation may appear quite similar to those of Ali
and especially Hui Ma (who defended her thesis in May). This is because they all
worked on the same general topic of fitting circles and ellipses, and in the first few
chapters the topic is introduced, with all definitions and general constructions which
are about the same for all of whole group.

At the same time their results are all different and there is no single joint result.
Hui Ma has mentioned that some theorems and facts are worked out by me and I
also quote her results in some of my sections. We all tried to be very discrete in this
respect.

The last chapter (Chapter 6) in my dissertation is very special, though. There
is nothing like it in Ali’s or Hui’s theses. It is about infinite moments of the el-
lipse parameter estimators (center and axes) which might be considered as the most

mathematically interesting.



CHAPTER 2

EXISTENCE OF THE BEST FITTING SET

In this chapter we will investigate the problem of existence of the best fitting curve
(also see [30]). To make a more general discussion, we will deal with all closed sets in
R? not just some popular models (line, circle, ellipses) used in practical applications.
We will develop a general approach to the study of existence of the best fit and we
want to know if the objective function representing the sum of squares of orthogonal
distances could always achieve its minimum. Also another closely related question
about uniqueness will be discussed separately in the next chapter.

The problems of existence and uniqueness of the best fit are often ignored in the
real application as the chance that the best fit does not exist is not quite noticeable. If
they come up, one either assumes that the best fit exists and is unique, or just points
out examples to the contrary without deep investigation. However the investigation
might help understand why the computer algorithm fails to find the best solution
(diverge or crahes).

We will begin by introducing some basic notations in section 2.1. Then sections
2.2 to 2.6 will provide a theoretical analysis for the issue of best fit with some main
theorems. The discussion will involve concepts of continuity and compactness, which
we will engage also later in the section 2.8 to treat the models of ellipses and all

quadratic curves. Section 2.7 handles the problem of existence by a different approach.

2.1. Distances (review)

Since our fitting problem involves minimization of sum of squares of points to the
model object, let us begin by reviewing some necessary distance definition.

Distance between points:



’ given point P

I
!

!
projection @

Figure 2.1: Distance from point to closed set

For any two given points P; = (x1,y1) and Py = (22, y2), the standard “geometric”

(or “Euclidean”) distance is computed by

(2.1) dist(Py, Py) = /(21 — 22)2 + (y1 — y2)2.

Distance from point to set
Given a point P and a set S C R?, the geometric distance from P to S is naturally

defined by
(2.2) dist(P, S) = érég dist(P, @),

When the set S is closed, the minimum take the place of the infimum (see proof
in Appendix), which provides a more practically convenient definition. If such a

minimum is attained, there exists a closest point ) € S to the point P such that
(2.3) dist(P, S) = dist(P, Q) = gursl dist(P, @),
€

All model objects that are usually fitted to given points - lines, circles, ellipses and
other conics - are closed sets.

In most practical cases, the distance from a point P to a set S is obtained by pro-
jecting P onto S; then @) is the called the footpoint of the projection. See illustration
in the figure 2.1.

As one needs to use orthogonal projection, the distance from P to .S is often called

orthogonal distance.
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Figure 2.2: Distance from set to set

(Shortest) distance from set to set

Given two sets S1, Sy C R2, the distance between S; and S is defined by

(24) diSt(Sl, SQ) = mf diSt(Pl, PQ),

P1€S51,P2eSs

which is the shortest distance from S; to S;. See illustration in Figure 2.2.

The infimum in (2.4) may not be replaced by a minimum even if both sets S; and
Sy are closed. For example, let S; = {(z,y): y = 0} be a straight line (the x axis)
and Sy = {(z,y): zy = 1} be a hyperbola whose asymptotes are the z and y axes.
The distance between these sets is zero, i.e., dist(S, S2) = 0, but there are no points
P, € Sy and P, € Sy such that dist(P;, P,) = 0.

However, if one set (say, S1) is closed and the other (S3) is compact, the infimum
in (2.4) can always be replaced by a minimum (see proof in Appendix). In that case
there are closest points P, € S; and P, € Sy such that dist(Sy, Se) = dist(Py, P).
Note that circles and ellipses are closed and bounded, i.e., compact. On the other
hand, lines and hyperbolas are closed but not bounded.

Hausdorff distance from set to set

The shortest distance between two sets may be small, but the sets may be overall
very different from each other. To describe how far two sets are from each other

(or the dissimilarity of two shapes), we can use Hausdorff distance. Given two sets



d1 is the longest distance
travel form S to Sz

Hausdorff Distance:

dz is the longest distance
travel form Sz to S1

Figure 2.3: Hausdorff distance between two sets

S1, Sy C R?, the Hausdorff distance between S; and S, is defined by

(2.5) distH(Sl,Sg):max{ sup dist(P,S2), sup diSt(Pg,Sl)},

P1eSy PreSs

which is the longest distance you have to travel if you need to move from one set to
the other or vice versa;

If two sets are closed and the Hausdorff distance between them is zero, i.e.,
disty (S, S2) = 0, then they coincide: S; = Sy. If the Hausdorff distance is small,
the two sets nearly coincide with each other. When one set is closed and the oth-
er compact (or both are compact), the suprema in (2.5) can be more conveniently
replaced by maxima:

(2.6) distu (S, S2) :max{max dist(Py, S3), max diSt(Pg,Sl)},

P1€Sy PyeSs

This completes our review of standard definitions of distances. Now we are ready to

introduce an important concept in the next section .

2.2. Convergence of sequences of sets

In this section we will introduce the notion of convergence for sequences of sets
which will involve some type of “distance”. Geometrically, a sequence of sets .5;
(1 =1,...) converges to limit set S if they become indistinguishable from S. We will

make this intuition mathematically rigorous. As we see in the last section, Hausdorff
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Cnh— L, but dist«(Cn,L)=co for each n

Figure 2.4: Convergence of a sequence of circles

distance set a standard for measuring the “closedness”of two closed sets. However it
is only useful for compact sets.

Motivating example

Let us consider a sequence of Circles C,, = {z? + (y — R)?> = R?} passing through
the origin (0,0) and their radius R increases as n grows. Naturally, we would consider
this sequence as convergent: it converge to the line L: y = 0 as n — oc.

However, the Hausdorff distance between C,, and L is infinite, i.e., disty(C,,, L) =
oo for every n. If you travel away from the point (0,x) on L to C,, the distance
can be arbitrarily large. So the normal Hausdorff distance fails to characterize the
“closedness” between two sets even if they are indeed close.

Window-restricted Hausdorff distance Geometrically, we cannot see the
whole line L and circle C), as n gets large but only the parts restricted to a certain
finite area move close to that of L, like in the above illustration. Suppose we see

objects in some rectangle

(2.7) R={-A<z<A, —-B<y<B}

which for the moment will play the role of our “window” through which we look at the
plane. Then we see segments of our circle and lines within R, i.e., we see intersections
C,N R and LN R. Now clearly the segment C,, N R gets closer to L N R as n grows,
and in the limit n — oo they become identical. This is why we see the lines C,

converging to L. We see this convergence no matter how large (or small) the window
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R is. Note that the Hausdorff distance between C,, " R and L N R indeed converges
to zero: distg(C,, "R, LN R) — 0 as n — oo.
To take care of any type of closed sets (both compact or noncompact), we change

the definition of the classical Hausdorff distance between sets S; and S, as follows

(2.8) disty (57, S9; R) = maX{P:EI%R dist(P, Ss), QES}S'H%R dist(Q,Sl)}
1 2

if both S7 and Sy, intersect the window R. Geometrically, it is the longest distance
you have to travel from one set two another, provided you begin within R.

If only one set intersects R, say Si, we can use the following expression:

(2.9) distg(S1, So; R) = sup  dist(P, Ss).

PeS1NR

or if nether set intersects R,
(210) diStH(Sl, SQ; R) =0

because we “see” two empty sets, which are not distinguishable.

W-convergence of sequences of sets (Main definition)

Now we use the Window-restricted Hausdorff distance to establish the convergence
of sets. Our definition uses restricted window hence we will call the resulting notion
“Window-convergence”, or “W-convergence”, for short.

Let S, C R? be some sets and S C R? another set.

DEFINITION 2.1. The sequence S,, converges to S if for any finite window R we

have

(2.11) distg(S,, S;R) -0 as n — oo.

As it turns out that the sequence of lines L,, in the example indeed converges to
the limit line L. like circles or ellipses, The W-convergence can be used equivalently
as the convergence with respect to the Hausdorff distance.

The notion of convergence leads to constructions of topology and metric on the

space of model objects. This is done in the next section.
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2.3. Topology space of closed sets

In the last section we introduced the notion of convergence for a sequence of sets.
Here we discuss various aspects of this new concept.

Uniqueness of a limit set Before we make any further discussion. Let us first
consider such an example: let L, = {y = x/n} be a sequence of lines, converging to
the x axis L = {y = 0} and L" a subset of L consisting of all points whose coordinates

are rational numbers. Then for any finite window R we have
(2.12) disty(Ly, L;R) =0 as n — oo.

Thus, in the sense of W-convergence, the sequence L, has two distinct limits: L

and L'. To avoid unnecessary complication, we will assume that all our sets S C R?

are closed. So we ignore any possible limits that is not closed. In this example L (a
line) is closed, but the other limit set L’ is not. In the problem of fitting curves, all
model objects in - lines, circles, ellipses and other conics are closed sets.

Topology on the collection of objects

To induce the topological structure on the space of model object, one need to
describe the collection of open sets. Let X denote the space whose elements are
subsets S C R? (and remember we agree to consider only closed sets S, so this will be
assumed throughout). Having defined convergence of a sequence of sets S,, to a limit
set S, we can define closed sets Y C X as follows: a set Y C X is closed if for any
sequence of sets S,, € Y converging to a limit set S the limit set also belongs to Y,
i.e., S €Y. Now we have the collection of closed sets Y C X. Then open sets U C X
are those whose complements X\ U are closed, i.e., U C X is open if and only if X\ U
is closed. One can easily check that the so defined open sets satisfy all axioms of a
topological space.

W-distance between sets

It would be easier for us if we could quantify the W-convergence, i.e., if we could

measure the distance between sets S, and S in such a way that the W-convergence
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S, — S is equivalent to that the distance between S, and S converges to zero. As we
have seen, the Hausdorff distance from S, to S would not do the job. Fortunately we
can define a distance that will work. Let R, denote a square window of size 2k x 2k,

ie.,
(2.13) Rp={-k<z<k —k<y<k}.

Now we define a W-distance (or a “Window-distance”) between two sets Sy, Sy C R?
as follows:
(2.14) distw (S1,82) = > 2 *disty (S, Sa; Ry).

k=1
In this formula, we use a growing sequence of nested windows and the Hausdorff
distances between S; and S, within those windows balanced by the factors 27%. In
the formula (2.14), the first non-zero term corresponds to the smallest window Ry
that intersects at least one of the two sets, Sy or Sy. The sum in (2.14) is always finite.
Indeed, let us suppose, for simplicity, that both S7 and S intersect each window Ry.
Then (since the distance between any two points in Ry is at most 2v/2k) the above
sum is bounded by 2v/2 S k27F <6

Metrizable topology

Our W-distance (2.14) has the following property: given a sequence of sets .S,, and
a set S we have distg(S,,S) — 0 as n — oo if and only if disty(S,, S; Rx) — 0 for
each Ry (see proof in Appendix). Thus the sequence of sets S,, converges to a limit
set S if and only if distw(S,,S) — 0. This means that our topological space X of
subsets of R? can be completely described by W-distance (2.14). The fact that our
space X is metrizable will be useful later.

We remark that our W-distance is constructed rather arbitrarily. First, it uses
square windows, and we could have used rectangular or circular ones. Second, the
windows are centered on the origin (0, 0), while any other point would be just as good
as a common center for our windows. Third, the factors 27* could be replaced with

a~" if we choose any other number a > 1, etc... etc... In fact the numerical value
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N (North Pole)

Plane

Figure 2.5: Riemann sphere

of our W-distance distg(S1, S2) is pretty meaningless, the only important fact is that

when S,, converges to S, then distg(S,,S) — 0, and vice versa.

Riemann sphere
Our concepts can be described differently if we map the plane R? onto the Riemann

sphere in the zyz space. Denote by
(215) S:{(x7y’z):x2+y2_’_(z_%)2:i}

the sphere in the zyz space (whose zy coordinate plane is our original plane R?) of
radius r = % centered on the point (0,0, %) This is known as Riemann sphere (it
is often used in complex analysis). It “rests” on the zy plane and its north pole
N = (0,0,1) is the highest point. Now every point P = (z,y,0) € R? in the xy plane
can be joined by a line with the north pole N of the sphere. This line PN intersects
the sphere in a unique point Q = SN PN below the north pole. This defines a map
M : P+ @ from the zy plane R? onto the sphere S. It can be visualized as the plane
R? “wrapped around” the sphere S. It covers the entire sphere except the north pole
N.

Every set S C R? on the plane is thus mapped onto a set S" = M(S) C S on the

sphere. If the set S is unbounded, then S has the north pole N as a limit point,
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and we need to add it to S to make S closed. Now given a sequence of closed sets
S, C R? and a closed set S C R? we get the corresponding closed sets S;L = M(S,)
and S = M(S) on the Riemann sphere S. The convenience of this transformation is
that we now can describe the W-convergence more easily than before: the sequence
S, converges (i.e., W-converges) to S if and only if the Hausdorff distance between
their images on the sphere, S|, and S’, goes down to zero, i.e., distg(S,,S’) — 0, as
n — oo. Thus if one uses the Riemann sphere as above, there is no need for our
“window-restricted Hausdorff distances” or “W-distances”, one can just refer to the

regular Hausdorff distance on the Riemann sphere.

2.4. Continuity of the objective function

Our analysis of the problem of minimization of geometric distances from the given
points to a model object is based on the continuity of the objective function, which
allows us to use the classical extreme value theorem: A continuous function on a
nonempty compact space always attains its supremum and infimum.

Objective function

The function to be minimized is the sum of squares of the distances from the given

points to a model object:

n

(2.16) F(5) =Y [dist(P, 5)]”,

i=1
where Pi,..., P, denote the given points and S a model object (from the given
collection). The given points are fixed and they are not listed as arguments of F.
The given collection of model objects will be denoted by M.

Model objects For the purpose of generality, we assume that model collection
M contains some closed sets in R?. The reason for this requirement was explained in
section 2.3. The collection M is then a subset of the topological space X of all closed
sets in R?. The topology and metric in X were also introduced in section 2.3; now M
automatically becomes a topological space and a metric space, too.

Redundancy principle
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For any object S C S € M and a fixed point P we have

(2.17) dist(P, S) < dist(P, S"),
thus
(2.18) F(S) = Z [dist(P,, 5)]” # F(S")

So for the purpose of minimizing F, ignoring all proper sets may reduce the collection
M somewhat. This reduction is not necessary, since there is no harm in considering
any subset S’ C S of an object S € M as a (smaller) object, too. If S’ provides a best
fit (i.e., minimizes the objective function ¥), then so does S, because F(S5) < F(5").
Hence including S’ into the collection M will not really be an extension of M, its
inclusion will not change the best fit.

Main Theorem (Continuity of the objective function)

For any given points Py, ..., P, and any collection M of model objects (reminder:
model objects are closed subsets of R?) the function F defined by (5.1) is continuous
on M. This means that if a sequence of objects S, € M converges (i.e., W-converges)

to another object S € M, then F(S,,) — F(S).

PROOF. Since F(S) is the sum of squares of distances dist(F;,S) to individual
points P;, see (5.1), it is enough to verify that the distance dist(P, S) is a continuous
function of S for every given point P.

Suppose we are given a point P € R? and a sequence of closed sets S,, W-
converging to a set S. We denote by ) € S the point in S closest to P, i.e., such

that
(2.19) dist(P, Q) = dist(P, S),

see section 2.1. Denote by D the disk centered on P of radius 1 + dist(P, Q); it
contains ). Let R be a window containing the disk D (windows were introduced in

section (2.3)).
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Since R contains @, it intersects with S, i.e., RN .S # (). This guarantees that
disty (S, S; R) — 0, according to section 2.3. Thus, there are points @, € S,, such
that @, — Q. Since dist(P, S,,) < dist(P, Q,,), we conclude that the upper limit of

the sequence dist(P, S,,) does not exceed dist(P, S), i.e.,
(2.20) lim sup dist(P, S,,,) < dist(P,S).

On the other hand, we will show that the lower limit of the sequence dist(P,S,,)

cannot be smaller than dist(P, S), i.e.,
(2.21) lim inf dist(P, S,,,) > dist(P, S),

The estimates (2.20) and (2.21) together imply that dist(P,S,,) — dist(P,S), as
desired, hence the distance function dist(P, S) will be continuous on M. It remains
to prove (2.21).

To prove (2.21), assume by way of contradiction that lim inf dist(P, S,,) < dist(P, S).

Then there is a subsequence S,,, in our sequence of sets S, such that

(2.22) lim dist(P, Sy, ) = lim inf dist(P, S,,) < dist(P, 5).

k—o0

Denote by @,, € S,, the point in S, closest to P, i.e., such that dist(P,Q,,) =
dist(P, S,,). Then we have

(2.23) klim dist(P, Qm,,) = klim dist(P, Sy, ) < dist(P, S) = dist(P, Q).
—00 —00
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Since the points (),,, are closer to P than the point () is, we have Q),,, € D C R.
Recall that disty(S,,, S; R) — 0, hence

(2.24) dist(Qm,,, S) — 0 as k — oo.

Denote by H,,, € S the point in S closest to Q,, i.e., such that dist(Qm,,, Hm,) =
dist(Qm,,, S). Now we have by triangle inequality

(2.25)

dist(P, S) < dist(P, Hp,,) < dist(P, Q) +dist(Qm,., Hym, ) = dist(P, Qu,, )+dist(Qum,, S)-

Now the limit of the first term on the right hand side of (2.25) is < dist(P,S) by
(2.23), and the limit of the second term is zero by (2.24). This implies dist(P, S) <
dist(P, S), which is impossible. The contradiction proves (2.21). And the proof of

(2.21) completes the proof of the theorem. U

We are now ready to proceed to the next section.

2.5. Closed collections of objects

Objective function
Recall that the function to be minimized is the sum of squares of the distances

from the given points to a model object:

n

(2.26) F(S) = [dist(P;, 9)],

i=1
where Py, ..., P, denote the given points and S a model object from the given col-
lection M.

Best fitting object

Our goal is to choose Spest € M on which the function F takes its minimum value,

i.e., such that
(2.27)  F(Spest) < TF(S) forall SeM, or Shest = arg gneil\r/[% F(S).

The model object Spest is called the best fit (or closest object) to the given points.

Our fitting problem has a solution if Sy exists. Here we are preoccupied with the
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existence of Spes. Does it always exist? If not, what issues can this cause? And how
can we resolve them?

Infimum versus minimum

The function F defined by (5.1) cannot be negative, thus it always has a greatest

lower bound :
(2.28) Fo = ég\f/ﬂ F(S).

So there always exists a sequence of objects S, so that F(S,,) is arbitrarily close to
Fo. However the existence of the best fitting object Spest such that F(Spest) = Fo is
not guaranteed.

Practical issues In practical terms an algorithm that executes a certain iterative
procedure produces a sequence of objects S, (here m denotes the iteration number)
such that F(S,,) < F(S_1), i.e., the quality of approximations improves with every
step. If the procedure is successful, the value F(.S,,) converges to the minimal possible
value, Fy, and the sequence of objects S, converges (i.e., W-converges) to some limit
object Sy. Then the continuity of the objective function (which we proved in section
(2.4)) guarantees that F(Sy) = Fo, i.e., Sy indeed provides the global minimum of the
objective function, so it is the best fitting object: Sy = Spest-

A problem arises if the limit object Sy does not belong to the given collection M,
hence is not admissible. Then we end up with a sequence of objects .5,,,, each of which
fits (approximates) the given points better than the previous one, but not as good as
the next one. None of them would be the best fit, and in fact the best fit would not
exist, so the fitting problem would have no solution.

Recall the example mentioned in the section 2.2. The sequence of circles S,,
defined by 2% + (y — R)? = R? will fit the points progressively better (tighter) as m
grows, so that F(S,,) — 0 as m — oco. On the other hand, no circle can pass through
three collinear points, hence no circle S satisfies F(S) = 0. Thus the circle fitting

problem has no solution in this case.
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/
\ Circles ~

Limit Line P P, Ps y=0

According to our section 2.2, the above sequence of circles S,, converges to the x
axis, which is a line, so it is natural to declare that the line is the best fit. Though
admittedly, in many practical applications one really needs to produce an estimate
of the circle’s center and radius. In that case a line would be of little help - it has no
center or radius. But if we want to present the best fitting object here, it is clearly
and undeniably the line y = 0.

Closed collections of objects

In order to guarantee the existence of the best fitting object in all cases, we need
to include in our collection M all objects that can be obtained as limits of sequences
of objects from M. Such “limit objects” are limit points of M, with respect to the
defined topology. For example, The collection M, of all lines in R? is closed, as a
sequence of lines can only converge to a line. The collection M of all circles in R? is
not closed, as a sequence of circles may converge to a circle or to a line. The closure

of the collection of circles M includes all circles and all lines, i.e.,
(2.29) M¢ = Mc U M.

(Strictly speaking, a sequence of circles may also converge to a single point, see
section 2.8, so singletons need to be included, too; this will be formally done later.)
The collection of ellipses and that of hyperbolas will be investigated later in section
2.8.

Closedness is necessary

We see that the collection M of model objects must be closed if we want the best
fitting object to exist in all cases. If M is not closed, we have to extend it by adding
all its limit points and thus make it closed.

To justify the necessity of closedness more formally, suppose the collection M

consists of curves of a certain type (lines, circles, conics, etc.) and it is not closed,
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i.e., there is a sequence of objects S,, C M that converges to a closed set Sy C R?
but Sy is not included in M. Let us place all the points Pi,..., P, on the set Sp.
If n is large enough and the points Pi,..., P, are distinct, then there is at most
one object of the given type that interpolates all the selected points P, ..., P, (for
example, there is a unique line interpolating two distinct points, at most one circle
interpolating three distinct points, etc.). Since the object Sy is not included in M,
there is no object S € M that interpolates our points, i.e., F(S5) # 0 for any S € M.
On the other hand, since S,, — S, we have F(S,,) — 0 as m — co. We see that the
function JF fails to take its minimum value (zero), hence the best fitting object (for
which F(S) = 0) does not exist in M. So a single object Sy that is not included in M
may cause the failure of the function F to take its minimum.

Closedness is sufficient

To ensure the existence of best fit in the collection M of model objects M, the
closedness is sufficient - the best fitting object always exists whenever M is closed.

Due to the importance of this fact, we will prove it in the next section.

2.6. Existence of the best fit

The purpose of this section is to prove that if the collection M of model objects
is closed, then the best fitting object exists (for any set of given points P, ... F,). In
other words, the objective function F always attains its global minimum.

The key ingredients of our proof will be the continuity of the objective function
and the compactness of a restricted domain of that function. The following general
fact will be used:

A continuous real-valued function on a compact set always takes its
maximum value and its minimum value on that set.

Non-compactness of M
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In metric spaces like our M, a subset My C M is compact if every sequence of its
elements S, € M has a subsequence S,,, that converges to another element S € M,
ie., Sy, = Sask — oo.

We know that our objective function J is continuous; see section 2.4. Its domain
M is now assumed to be closed. If it was compact, the above general fact would
guarantee that F had a global minimum, as desired.

But is Ml compact? We can check this by referring to the above theorem again. If
it was compact, the function F would take both a minimum, and a maximum. And
this is impossible since the model objects can move arbitrarily far from the given
points, thus F(S) — +oc.

Necessity of a restricted collection

The reason why M fails to be compact is that it is “too large”. It contains model
sets S € M that are too far from the given points. It is exactly those objects which
prevent M from being compact: any sequence of model objects located farther and
farther away from the given points would “escape to infinity”, rather than converge
to any object S. So we need to find a smaller (restricted) subcollection My C M
which will be compact and then we will apply the above general fact.

Construction of a restricted collection

For a set of given points Py, ..., P,, find an r > max;_, _, dist(F;, (0,0)). Besides,
let us assume that r is large enough so that the disk of radius r D, = {22 +y? < r?}
centered on the origin (0,0) intersect at least one object Sy € M. The distances
from the given points to Sy cannot exceed the diameter of D,, which is 2r, hence
F(So) < (2r)°n.

Now we define our subcollection My C M: it consists of all model objects S € M
that intersect the larger disk Ds,. of radius 3r. Objects that lie entirely outside Dy,
are not included in M. Note that the subcollection My contains at least one object:
it contains .Sy mentioned above, because S intersects the smaller disk D,. Hence M,

is not empty.
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Restriction to M,

Recall that all our given points Pi,..., P, lie in D,. They are separated from
the region outside the larger disk Ds, by the ring D3, \ D,, which is 2r wide. Thus
the distances from the given points to any object S which was not included in M
are greater than 2r, hence for such objects we have F(S) > (2r)?n. Hence objects
not included in M cannot fit our points better than Sy does. Therefore they can be
ignored in the process of minimization of F. More precisely, if we find the best fitting
object Spess Within the subcollection M, then for any other object S € M\ My we

will have
(2.30) F(S) > (2r)?n > F(Sy) > F(Shest),

which shows that Spes; Will be also the best fitting object in the entire collection M.

Compactness of M

It remains to check that the subcollection M, is compact. Recall that the non-
compactness of the original collection M was caused by sequences of objects .S, € M
located progressively farther away from the given points (sequences of objects that
“escape to infinity”). In the subcollection M, such sequences are impossible: all
objects S € M are required to intersect the disk Ds,., so they are all at a distance
< 6r from the given points (in fact, the distance is < 4r because the given points are
all in the smaller disk D,.).

Now since the subcollection M is compact and the objective function F is contin-
uous, it takes a minimum value by the above theorem, hence the best fitting object
exists.

Formal proof of compactness of M, The above argument is rather informal.
We need to verify that every sequence of objects S,, € My has a subsequence con-
verging to another object S* € M.

We will use the following general fact: In a compact metric space any se-
quence of compact subsets has a convergent subsequence with respect to

the Hausdorff distance .
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Main Theorem (Existence of the best fit) Suppose the given collection M
of model objects is closed (see below). Then for any given points P, ..., P, there

exists the best fitting object Spest € M. This means that
(2.31)  F(Spest) < F(S) forall SeM, or Shest = arg gnil\% F(S),
€

i.e., the objective function F attains its global minimum on M. Recall: A collection
M of model objects is closed if for any sequence of objects S,, € M that W-converges

to an object S, the limit object S also belongs to M.

PRrROOF. Now let j = [3r] + 1 be the smallest integer greater than 3r. Recall that
all the objects in M are required to intersect Ds,, thus they all intersect D; as well.
The sets S,, N D; are compact. By the above general fact, there is a subsequence S lgj )
in the sequence S, and a compact subset S; C D; such that distH(S,Ej) ND;,S;) — 0

as k — oo. Next, from the subsequence S,(Cj ) we extract a subsequence, call it S,gj )

that converges in the larger disk D44, i.e., such that distH(S,ng) N Djy1,57,) =0
as k — oo for some compact subset 57, ; C Dji1. Since distH(S,(CjH) N Dy, S7) — 0,
we see that ST, N D; = 57, i.e., the limit sets ST and S7,; “agree” within D;.
Then we continue this procedure inductively for the progressively larger disks
Dii9,Djys,. ... In the end we use standard Cantor’s diagonal argument [19] to con-
struct a single subsequence S,,, such that for every i > j we have disty(S,,, N
D;,S) — 0 as k — oo, and the limiting subsets S} C D, agree in the sense
Sy N Dy = S for every ¢ > j. Then it follows that the sequence of objects S,,,
converges (i.e., W-converges) to the closed set S* = U;>;S;. The limit set S* must
belong to our collection M because that collection was assumed to be closed. Lastly,

since 5™ intersects the disk Ds,, it also belongs to the subcollection M. Our formal

proof is now complete. O

A different approach to the existence problem is given in the next Section.
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2.7. Megaspace

Introduction

Our conclusions can be illustrated by an interesting construction in a multidimen-
sional space (“megaspace”). It was first used by Malinvaud [24] and then by Chernov
( Section 1.5 and Section 3.4 in [12]).

Objective function (reminder)

Recall that given n data points Py = (x1,11), ..., Pn = (zn,y,) and a model

object S (a closed subset of R?), the objective function F(5) is defined by

n

F(S) = Y _[dist(P;, 5)]°

=1

and for the distance dist(F;, S) we can write

[dist(P, 8)])* = min {(z; — 2)” + (5 — v)*}-

(x},;)€S

Thus we can express the objective function F(5) as follows:

n

@) o) =i Yl - Gades il

i=1
Megapoints and megasets Now let us represent the n data points P, = (z1,y1),
.., Py = (2, yn) by one point (“megapoint”) P in the 2n-dimensional space R*" with
coordinates x1,¥y1, ..., Tn, Yn-

For the given object S, let us also define a multidimensional set (“megaset”)

My C R as follows:

/ I

P = (2], Yy y) €M = (x,4:) €S Vi

/

Note that >0 [(z; — 2;)? + (y: — y;)?] in (2.32) is the square of the distance from P

7

to P’ € My, in the Euclidean metric in the “megaspace” R?". Therefore

(2.33) F(S) = min [dist(P, P)]* = [dist(P, Ms)]"
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Next given a collection Ml of model objects we define a large “megaset” (M) C R?"

as follows: M(M) = UgemMMs. Alternatively, it can be defined as

’ ’

(915 yy) €EMM) <= IS eM: (z,,y,) €S Vi

We will describe the “megasets” (M) for several commonly used model collec-
tions M (of lines, circles, and ellipses) in section 2.10.

Projecting megapoint onto megaset The best fitting object Spesy minimizes
the function F(S). Thus, due to (2.33), Shest minimizes the distance from the “mega-
point” P representing the data set Pp,..., P, to the “megaset” (M) representing
the collection M.

Thus, the problem of finding the best fitting object Spest reduces to the problem
of finding the “megapoint” P € M(M) that is the closest to the given “megapoint”
P (representing the given n points). In geometric terms, we need to project the
“megapoint” P onto the "megaset” M(M), and the footpoint P’ of the projection
would give us the best fitting object Spest.

Closedness Conclusion: the best fitting object Spest € M exists if and only if
there exists a “megapoint” P € 9¥(M) that is the closest to the given ”megapoint”
P.

It is a simple fact in geometry (already mentioned in Section (2.1)) that given a
set D C R? in a Euclidean space, the closest point X’ € D to a given point X € R?
exists for any X if and only if the set D is closed (in topological sense).

Thus the existence of the best fitting object Spesy requires the “megaset” (M)
to be topologically closed. Again we see that the property of closedness is necessary
and sufficient for the fitting problem to have a solution.

The closedness of the model collection M guarantees the closedness of the megaset

M(M):
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THEOREM 2.1. If the model collection M is closed (in the sense of the W-convergence,
as defined in Section 2.5), then the megaset IM(M) is closed in the natural topology
of R?",

The significance of this theorem is clear as it provides an alternative proof of the
existence of the best fitting object, provided the model collection M is closed. The

proof of the above theorem is given next.

PROOF. Suppose a sequence of megapoints

all belonging to the megaset 9t(M), converges, as k — 0o, to a megapoint

PO = (2 ™, ) )

s Y1 gee ey

in the usual topology of R?". This implies that for every i« = 1,...,n the point
(:Egk),ygk)) converges, as k — 0o, to the point (x§°°),y§°°)). We need to show that
Pl € IM(M).

Now for every k there exists a model object S*) € M that contains the n points

( (k) (k)) ( (k) (k‘)).

AN TN Tn’, Yn The sequence {S®} contains a convergent subsequence

Skr i.e., such that S* — S as r — oo for some closed set S C R?. The reason for the
existence of a convergent subsequence is the same as in the proof of the compactness
of M in the end of Section 2.6.

As we assumed that the collection M is closed, it follows that M contains the limit
object S, i.e., S € M. It is intuitively clear (and can be checked by a routine calculus-
type argument) that S contains all the limit points (m§°°>, y%oo)), e (x%oo), y,(fo)).
Therefore the limit megapoint P belongs to the megaset 9(M). This proves

that the megaset is closed. 0]

Two versions of closedness We defined the notion of “closed collections of
model objects” in the section 2.5. We proved that the closedness of the collection of

model objects is necessary and sufficient for the existence of the best fitting object.
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Here we introduced another notion of closedness: given a collection of model
objects Ml we constructed its megaset (M) C R?", and then used the closedness of
the megaset (with respect to the natural topology in R?") to justify the existence of
the best fitting object.

A natural question is: Are these two types of closedness equivalent? We have
shown that the closedness of M implies that of 9(M). Curiously, the converse is not
true. It may happen that 9t(M) is closed, but M is not, see examples below. So
these two versions of closedness are not equivalent.

We will argue, however, that those examples are in a way exceptional, and under
certain reasonable conditions the two versions of closedness are indeed equivalent.

Examples of exceptional cases First we point out some exceptions. For ex-
ample, let M be the collection of circles. It is not closed as we learned in section 2.8.
Suppose n = 2. Since every two points belong to some circle, we have M(M) = R*,
which is a closed set. Thus it is possible that M is not closed, but 9¥(M) is closed.

As a more sophisticated example, let M be the collection of the following object-
s: all circles, all lines (with the exception of the x-axis), all singletons, all three-
point sets in the z-axis, and all two-point sets in the z-axis. We note that all sets
{(21,0), (x2,0), (23,0)}, where x, x5, x5 are arbitrary numbers (distinct or equal),
are included in M. We also note that this collection is not closed, because a sequence
of lines may converge to the z-axis, which does not belong to M (as it was specifically
excluded).

Now let n = 3. It is easy to check that “any” three points belong to one of the
objects in our collection M. Therefore, we have 9(M) = R®, which is a closed set.
Thus again, M is not closed, but 9t(M) is closed.

The above examples are rather artificial, as it is unnatural to fit circles to n = 2
or n = 3 points. This is rather an interpolation problem, not a fitting problem. This

observation will help us to find a general approach to the issue.
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Equivalence of two versions of closedness Suppose that our collection of
model objects M has the following property: there exists ng > 1 such that any two
distinct objects can intersect in at most ng points. This means that if S;,5; € M
are two distinct objects, i.e., S; # So, then their intersection S; N Sy is a finite set
consisting of at most ngy points.

For lines ng = 1, for circles ng = 2, for ellipses and other conics ng = 4 [?]. If
such ng exists, then for any ng + 1 distinct points there can be at most one object
containing all of those ng + 1 points.

The number ng+1 can be described as follows: any object S € M can be identified
(i.e., uniquely determined) by any ng+1 distinct points in it. Any line can be identified
by two distinct points on it, any circle - by three distinct points on it, etc.

Now the equivalence of the above two versions of closedness holds only if n > ny+1.
For example, if our model collection consists of lines, then the equivalence holds for
n > 2. If our collection consists of circles, then n > 3, for ellipses and other conics
the requirement is n > 5.

We also need to assume a natural condition: if a sequence of objects S,, € M
converges (in our sense, i.e., W-converges) to a closed set S*, i.e., S,, — S*, and S*
is a subset of an object S € M i.e., S* C S, then §* € M. This assumption agrees
with the Redundancy Principle, see section 2.4, as any subset of a legitimate object

S € M can be regarded as an object, too, for fitting purposes.

THEOREM 2.2. (Equivalence of two versions of closedness) Let M be a collection
of model objects. Suppose any two distinct objects S1, Sy € M can intersect each other
in at most ng points. Then M is closed (in the sense of section 2.5) if and only if for
any n > ng + 1 the corresponding megaset M(M) C R?" is closed with respect to the

natural topology in R?".

ProoF. Part (i): If M is closed, then (M) is closed.
By way of contradiction, let us assume that 9T(M) is not closed (in a natural

sense). This indicates that 9t(M) does not contain one of its limit point Py. Then
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there exists a sequence of megapoints

Pr = (Th1, Yk1y - - - s Thny Ykn) € MM) (244, yri) € Sk € M V.

converging to Py = (x1,y1,...,%n, ¥s). In addition, [dist(Pg, (0,0,...,0, 0))]2 <D

(D € RY) for all k. Let Dy = {2* + y* < D}. So Dy, intersects with all Sy and by
a similar argument as section 2.6, the subset of M containing every S is compact.
Let’s just assume {Sk} converges to a finite limit Sy. Because of closedness of M,
So € M. Since Py does not belong to M(M), dist(So, (z;,v:;)) > 0 for some i. For
a finite window R = {—\/5 <z<+vD, —vVD<y< \/5} which contains every

(i, Yri ). Therefore
dist((@i, Ygi), (T4, yi)) > dist(So, (24, v:)) — €

which contradicts the fact that P, converges to Py. The contradiction proves (i).

Part (ii): if 9(M) is closed, then M is closed.

Assume that one of the limit points Sy (a nonempty closed set) of M does not
belong to M. In precise terms there exists a sequence {Sx} (k = 1,2,...) in M
converging to a limit Sy & M in the space of all closed sets in R?). First, if Sy contains
more than n distinct points, pick n distinct points (z;,y;) € So (i = 1,...,n). Let
R={-A<x <A, —B <y< B} be arectangle containing all data points (z;, y;)
(i =1,...,n). For any ¢ > 0, disty(Sk, So; R) < ¢ for large enough k. Let (zx;, Yri)

be the closest point in Sy to (z;,y;). Then
dist((zi, yi), Sk) = dist((2s, yi), (Tri, yxi)) < distu (S, So; R) < e
It follows that the sequence of megapoints

Pr = (Tr1, Yk, -« s Thony Ykn) — P = (T1, 91, -+, Tn,Yn) @S k — 00.

Since M(M) is closed and P, € MM), P € M(M). Then there exists a model
object S, € M containing (z;,%) (i = 1,...,n). Remember that we assumed a

natural condition: if a sequence of objects S,, € M converges to a closed set S*, i.e.,
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Sm — S* (in the sense of section 2.5), and S* is a subset of an object S € M, i.e.,
S* C S, then S* € M. So Sy can not be the subset of S, and there exists a point
(z.,,v,,) in Sy but not belonging to S; . Let us consider another set of n distinct
points (z;,9;) (i = 1,...,n — 1) and (z,y,). It is easy to see that there exists an

Sz € M containing (z;,%;) (i=1,...,n—1) and (z,,%,). So

But recall that n — 1 > ng. Thus (2.34) contradicts our assumption that any two
distinct objects in Ml can intersect each other in at most ngy points.

Next, suppose Sy contains no more than n points (z;,v;) (¢ = 1,...,1 < n). Let
us define a megapoint P by those [ points and another n—( identical points at (z;, y;).

So
P = (-Tlayla'"7xl7yla"'7xlayl)

where (z;,y;) is repeated n — [ + 1 times. By similar argument as above, one can find

a sequence of megapoints

:Pk - (ajkl)ykla s ,kaylm) —P= (‘rbyla s XL YLy ;l'l,yl) € m(M)

Then there exists a model object S; € M containing (2, y;) (i = 1,...,1). This shows
that Sy C S(/) and Sy € M, which contradicts that Sy does not belong to M. Therefore,

M must contain all its limit points and it is closed. [l

2.8. Model objects in 2D

In this section we will discuss the issue of existence for several popular models
widely used in practical applications: ellipses, hyperbolas, parabolas. The same type
of issues concerning circle fitting has been resolved and some exceptional cases can be
constructed to disclose a fact that there are some data sets for which the best fitting
circle that minimizes the sum of squares of orthogonal distances does not exists.

Recall an example of n (n > 3) collinear data points. One can approximate those
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Figure 2.6: a sequence of circles converges to a line
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Figure 2.7: a sequence of ellipses converges to a singleton, line, ray or line segment

points with a large circular arc and make the sum of squares arbitrarily small but no
the best fit will never be achieved (see Figure 2.6).

So no particular circle will provide the global minimum for F. This suggests that
nonexistence of the best fitting may arise when one tries to fit ellipse, parabola and
hyperbola as well. We will show all possible limiting object approached by our fitting
models and provide the sufficient condition for existence of the best fit.

Ellipses Fitting ellipses to data points is a common task in computer vision. Giv-
en data points Py, ..., P,, the best fitting ellipse F}¢ minimizes the sum of squares
of the distances from Pi,..., P, to the ellipse. The model collection Mg consists of
all ellipses £ C R? have several different types of limiting objects other than ellipse
and the collection Mg of ellipses is not closed.

First, the limit object may be an ellipse Fy C R?. Since circles are also ellipses,
lines and singletons as limit points in the model collection of all circles should be also
included as the limit point in the closure of model collection of ellipses. Next, when a
sequence of ellipse with minor axis shrinking to 0, the limit object will be a line, line

segment or ray. They can be regarded as the degenerate ellipses with minor axis 0.
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A pair of parallel lines
Parabola

Figure 2.8: a sequence of ellipses converges to a pair of parallel lines or parabola

Besides, the ellipse can also converge to a pair of parallel lines if the major axis
extend to infinity and minor axis stay constant or parabolas if both semi-axis extend
to infinity.

Since both singletons and line segments, as well as rays are part of lines, they
can be ignored based on the redundancy principle; see section 2.4. But lines, pairs of
parallel lines, and parabolas cannot be brushed off so easily.

Ellipses (extended)

By adding all the limit points (lines, pairs of parallel lines, parabola) into the

collection M, we extended the original set into its closure denoted by Mg:
(2.35) Mg = Mg UM, UM, UM,

where M| denotes the collection of pairs of parallel lines, and My, the collection of
parabolas.

By our main theorem (2.6), for any data points Py, ..., P, there exists a best fitting
object Spest € M where the objective function (5.1) achieves its minimum. But keep

in mind, though, that the best fitting object may be a line, or a pair of parallel lines,

or a parabola, rather than an ellipse. We summarize this result as follows:

THEOREM 2.3. Let B be a given compact set (Euclidean space) B containing all

the data points. Then the ‘enlarged’ space Q) of ellipses, parabolas, lines(including rays
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and line segments, singletons), and pairs of parallel lines intersecting B is compact

with respect to the topology defined on the Q (see section 2.3).

See section A.2 in appendix for the proof of the theorem.

Extension for ellipses: history

The ellipse fitting problem has been around since the 1970s. The need to deal
with limiting cases was first notice by Bookstein [8], who wrote: “ The fitting of a
parabola is a limiting case, exactly transitional between ellipse and hyperbola. As
the center of ellipse moves off toward infinity while its major axis and the curvature
of one end are held constant... ” A first theoretical analysis on the non-existence of
the best ellipse was done by Nievergelt in [26] who traced it to the non-compactness
of the underlying model space and concluded that parabolas needed to be included
in the model space to guarantee the existence of the best fit.

Quadratic curves Now we deal with a model collection which consists of all
quadratic curves, by which we mean all ellipses, parabolas and hyperbolas. Appar-
ently, in order to ensure the best fitting curve, one needs to include all types of model
objects in M, into the extended collection. In fact, we only need to investigate the
limit objects of hyperbolas. The hyperbola may converge to a pair of intersecting
lines or two opposite half-lines (rays)(see illustration in 2.10). Since half-line and two
opposite half-lines are a part (subset) of a full line, they can be ignored based on the
redundancy principle; see section 2.4. Besides, the hyperbola can also transform into
two parallel lines, single lines, rays or parabola, which are also limit objects included
in Mg

Quadratic curves (extended) We denote that extended collection by Mg

(2.36) Mq = Mg UMy, UM UMy,

where M| was introduced in (2.35) and M, denotes the collection of pairs of inter-

secting lines.
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Intersecting lines Two opposite rays

Figure 2.9: a sequence of hyperbola converges to a pair of intersecting lines or opposite

rays

Now by our main theorem 2.6,the (extended) conic fitting problem always has
a solution: for any data points Pi,..., P, one can always find a best fitting ob-
ject Spest € I\\7JIQ that minimizes the sum of squares of the distances to Pi,..., P,.
One has to keep in mind, though, that the best fitting object may be a line, or a

pair of parallel lines, or a pair of intersecting lines, rather than a conic.

THEOREM 2.4. Let B be a given compact set containing all the data points. The
‘enlarged’ set ) of ellipses, parabolas, hyperbolas, lines (including rays and line seg-
ments, singletons and opposite rays), pairs of parallel lines, pairs of intersecting lines

crossing B 1s compact.

See Appendix for the proof of the theorem.

Remark

In the last two equations, (2.35) and (2.36), we could have ignored lines based on
the redundancy principle (see section 2.4) because every line is a subset of a pair of
parallel or intersecting lines. However, we choose not to do that. A single line is a
much simpler object than a pair of lines, so it is convenient to have a single line as

the best fitting object, whenever possible.
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2.9. Sufficiency and deficiency model

The secondary objects (lines, parallel lines, etc) are added to the model collection
merely for the purpose of ensuring existence of the best fit. Suppose one fits circles
to observed points. In order to close up the model collection of circles, one has to
add lines to it. So circles are primary objects, and lines - secondary objects. The
best fitting object to a given set of data points then will be a circle, or occasionally
a line (which is an less desirable result in a practical applications). Fortunately, the
probability of the best fit being a line has zero probability if the data points have
continuous distribution (see [12] (see Theorem 8 on page 68 there)). However, for
some more complicated model collections (ex, ellipses), there is an nonzero probability

of getting secondary object as the best fit.

DEFINITION 2.2. A collection M of model objects is said to be sufficient (for fitting
purposes) if the best fitting object exists with probability one, assuming that the data
points are independent normally distributed random variables (or more generally, that
the coordinates of the data points have a joint probability density function). Otherwise,

it 1s deficient.

For any set of distinct 5 points in a general linear position (which means that
no three points are collinear), there exists a unique quadratic curve (conic) passing
through all of them (i.e., interpolates them);[?]. That conic may be an ellipse, a
parabola, a hyperbola. If 5 points are not in general linear position (i.e., at least
three of them are collinear), then they can be interpolated by a degenerate conic (a
pair of lines).

Probabilistic approach for n = 5 points Let us check the most trivial case of
fitting five distinct points (The analysis of samples of n > 5 points requiring more
sophisticated numerical tests done by Hui Ma)). If all five points are interpolated
by an ellipse, then it is obviously the best fit. But if the five points are interpolat-

ed by secondary objects (lines, parallel lines and parabola) in the closure of model
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collection of all ellipses, we have a unwanted event: a secondary object provides the
best fit. This, however, occurs with probability zero, so it is not a real concern. But
what if interpolating conic is a hyperbola or a pair of intersecting lines? We found
that there is no local minimum in the set of ellipses. More precisely, for any ellipse
E, there always exists a ' such that F(E') < F(E) (see section A.1 in appendix).
It has been proven that the best fit should exist in the closure of set of all ellipses.
So the best fit has to be a secondary object. The numerical experiment shows that

random points were interpolated by an ellipse with probability 22% and by a hyperbola

with probability 78% (By Hui Ma) Thus the best fitting object Spes is now a sec-

ondary one (a parabola, or a line, or a pair of parallel liner), i.e., an unwanted event
occurs. And this really happens with a positive probability.

Conclusion The collection of ellipses is not sufficient for fitting purposes. This
means that there is a real chance that for a given set of data points no ellipse could
be selected as the best fit to the points, i.e., the ellipse fitting problem would have no
solution. More precisely, for any ellipse E there will be another ellipse £’ providing a
better fit, in the sense F(E') < F(F). If one constructs a sequence of ellipses that fit
the given points progressively better and on which the objective function F converges
to its infimum, then those ellipses will grow in size and converge to something different
than an ellipse. Most likely, they will converge to a parabola.

Speaking informally, whenever the best fitting ellipse fails to exist, the ellipse
fitting procedure attempts to move beyond the collection of ellipses, and ends up on
the border of that collection... Then it returns a secondary object (a parabola or a
pair of lines). In a sense, the scope of the collection of ellipses is too narrow for fitting
purposes. One may say that this collection is seriously deficient, or badly incomplete

for fitting purposes. It calls for a substantial extension.
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2.10. Megaspace on specific model collections

In Section 2.7 we defined a multidimensional set (“megaset”) 9t(M), which cor-
responds to a given collection M of model objects. We also showed that the task of
finding the best fitting object Spest € M to a given set of points Py, ..., P, is equiva-
lent to projecting the “megapoint” P corresponding to Py, ..., P, onto the “megaset”
M(M). Here we describe the “megasets” for several model collections.

Megaset for Lines Let M, consist of all lines in R?. The corresponding “megaset”
M(My) C R* is described by Malinvaud (see Chapter 10 in [24]) and Chernov
(see Section 1.5 and Section 3.4 in [12]). A point (we also call it “megapoint”)
(1,91, -, Tn, Yn) belongs to M(M},) if and only if all the n planar points (z1,y1),

.+, (zn,yn) belong to one line (i.e., they are collinear). This condition can be ex-

pressed by C;, 3 algebraic relations:

Ti—Xj Yi—Yj

(2.37) det =0
Ti — Tk Yi— Yk

forall 1 <i < j <k <n. Each of these relations means that the three points (z;,y;),
(x,9;), and (xg,yx) are collinear. All of these relations together mean that all the n
points (z1,41), .- ., (Zn,yn) are collinear.

Note that My, is specified by n — 2 independent relations, hence it is an (n + 2)-
dimensional manifold (algebraic variety) in R?". The relations (2.37) are quadratic,
so M, is a quadratic surface. It is closed in topological sense, hence the problem of
finding the best fitting line always has a solution.

Megaset for Circles

Let Mg consist of all circles in R?. The corresponding “megaset” 9(M¢) C R*?
is described by Chernov (see Section 1.5 and Section 3.4 in [12]). A “megapoint”
(1,91, -, %n, Yn) belongs to M(Mc) if and only if all the n planar points (z1,y1),

.+, (s, yn) belong to one circle (in such a case we will say that these points are

cocircular). In that case all these points satisfy one quadratic equation of a special
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type:

(2.38) A(z> +y*) + Bx +Cy+ D = 0.

This condition can be expressed by C), 4 algebraic relations:

2 2 2 2
Ti—Tj Y~ VY Ty XY — Y

(2.39) det | w;—ap yi—y o —ap+yi—ui | =0
T = T Yi — Ym TP~ Toy YD~ Y,

for 1 <1< j <k < m <n. Each of these relations means that the four points
(i, vi)s (25,95), (Tr,yx), and (2., ym) satisfy one quadratic equation of type (2.38),
i.e., they are either cocircular or collinear. All of these relations together mean that
all the n points (z1,y1), ..., (n,y,) satisfy one quadratic equation of type (2.38),
i.e., they all are either cocircular or collinear. Therefore the relations (2.39) describe
the union (M) U 9 (My,).

Relation between the megaset for Circles and the megaset for Lines

The determinant in (2.39) is a polynomial of degree four, and 9¥(M¢) U Dt(My,)
is an (n + 3)-dimensional algebraic variety (manifold) in R?" defined by quadratic
polynomial equations. Note that the dimension of 9¥(M¢) U 9M(My,) is one higher
than that of (ML), i.e.

(2.40) dim(M(Mc) U M(My)) = dim(My) + 1.

A closer examination shows that 9t(My,) plays the role of the boundary of 9t(Mc),
i.e., M(Mc) terminates on M (My,). The megaset M (M) is not closed, but if we add
its boundary 2(My,) to it, it will become closed.

Megasets for Ellipses and other quadratic curves

Let Mg consist of all ellipses in R?. The corresponding “megaset” 9(Mg) C R*®
can be described in a similar manner as above. A point (x1,91,..., %, y,) belongs
in M(Mg) if and only if all the n planar points (z1,v1), ..., (2, yn) belong to one

ellipse (in such a case we will say that these points are coelliptical). In that case all
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these points satisfy one quadratic equation of a general type:
(2.41) Az? + 2Bay + Cy* + 2Dx + 2By + F = 0.

This equation actually means that the points belong to one conic (either regular or

degenerate). This condition can be expressed by C,, ¢ algebraic relations:

2 2 2
Ti—Xj  Yi—Y; Xy — Xy Yy —Y; Tl — LY
2

Ti =Tk Yi — Yk 3%2 - T ?Jz‘2 - y,% TiYi — TeYk
(2.42) det | @ —&m yi—Ym @7 =T VP —Yh Tili — TmYm | =0

2 2
Ti =X Yi—Y T =Ty Y Y TiYi — LY

2 2,2 2
Li—=Tr Yi—=Yr Ty —Tp Yi —Yr TilYi = Trlr

forl1 <i<j<k<m<l<r<n. Each of these relations means that the six
points (z;,v:), (z5,y;), @k, Yk); (Tm,Ym), (x1, ), and (z,,y,) satisfy one quadratic
equation of type (2.41), i.e., they belong to one conic (either regular or degenerate).
All of these relations together mean that all the n points (x1,41), ..., (Zn, y,) satisfy
one quadratic equation of type (2.41), i.e., they all belong to one conic (regular or
degenerate). Therefore the relations (2.42) describe a much larger megaset 2t(Mq)

corresponding to the collection of all quadratic curves, regular and degenerate, i.e.,
(2.43) Mconies = Mg UMy U My UMy, UM U M,

where Ml denotes the collection of all hyperbolas, and other notation was introduced
in section 2.8, in which we showed that Mg was topologically closed.

Relation between the megasets corresponding to different types of qua-
dratic curve

The determinant in (2.42) is a polynomial of the eighth degree, and M(Mq) is a
closed (n + 5)-dimensional algebraic manifold in R?". It is mostly made of two big
megasets: M (Mg) and 9(Mpy), they both are (n + 5)-dimensional. Other megasets
listed in the decomposition (2.43) have smaller dimensions and play the role of the

boundaries of the bigger megasets M(Mg) and 2(Mpy).
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Figure 2.10: Projecting a set of points onto the megaspace of ellipses or general

quadratic curves

The structure of the megaset 9 (Mconics) is schematically illustrated here, where
it is shown as the zy plane {z = 0} in the 3D space (which plays the role of the
megaspace R?"). The positive half-plane H, = {y > 0,z = 0} represents the elliptic
megaset MM(Mg), and the negative half-plane H_ = {y < 0,z = 0} represents the
hyperbolic megaset 9M(My). The z-axis {y = z = 0} separating these two half-
planes represents all the lower-dimensional megasets 9(My UMy, UM, UM, ) in the
decomposition (2.43). The real structure of 9% (Mconics) is much more complicated,
but our simplified picture still shows its most basic features.

Sufficiency and deficiency illustrated

Now recall that finding the best fitting solution corresponds to an orthogonal
projection of the given megapoint P in the megaspace R*" (in our illustration, it would
be a point (z,y, z) € R?) onto the megaset 9M(Mconies) (in our illustration - onto the
xy plane). Then the point (z,y, z) is simply projected onto (z,y,0). What are the
chances that the footpoint of the projection corresponds to the “boundary” objects
My UMy, UM UMy (ie., to the secondary objects, in terms of Section 2.9) Clearly,
only the points of the zz plane {y = 0} are projected onto the line {y = z = 0}. If the
point (z,y,2) € R? is selected randomly with an absolutely continuous distribution
(which has a probability density), then a point on the xz plane would be chosen

with probability zero. This fact illustrates the sufficiency of the model collection of
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non-degenerate conics (even the sufficiency of ellipses and hyperbolas alone, without
parabolas): the best fitting object will be a secondary object with probability zero.

But what if our model collection consists of ellipses only, without hyperbolas?
Then in our illustration, the corresponding megaset would be the positive half-plane
H, = {y > 0,z = 0}. Finding the best fitting ellipse would correspond to an
orthogonal projection of the given point (z,y,2) € R? onto the positive half-plane
H, ={y > 0,z = 0}. Now if the given point (z,y, z) has a positive y-coordinate,
then it is projected onto (x,y,0), as before, and we get the desired best fitting ellipse.
But if it has a negative y-coordinate, then it is projected onto (z, 0, 0), which is on the
boundary of the half-plane, so we get a boundary footpoint, i.e., a secondary object
will be the best fit. We see that all the points (z,y, z) with y < 0 (making a whole
half-space!) are projected onto the boundary line, hence for all those points the best
fitting ellipse would not exist! This fact clearly illustrates the deficiency of the model
collection of ellipses.

Sufficiency of circles versus deficiency of ellipses: a controversy or not?
One may wonder: How is it possible that the collection of circles is sufficient (as
we proved in section 2.8), while the larger collection of ellipses is not? Indeed every
circle is an ellipse, hence the collection of ellipses contains all the circles. So why
the sufficiency of circles does not guarantee the sufficiency of the bigger, inclusive
collection of ellipses? Well, this seemingly counterintuitive fact can be illustrated,
too.

Suppose the megaset 9t(M() for the collection of circles is represented by the set
U={y=2a%x+# 0,2 =0} in our illustration. Note that U consists of two curves
(branches of a parabola on the zy plane), both lie in the half-plane H, = {y > 0,z =
0} that corresponds to the collection of ellipses. So the required inclusion U C H,
does take place. The two curves making U terminate at the point (0, 0,0), which does
not belong to U, so it plays the role of the boundary of U. Now suppose a randomly

selected point (z,y, z) € R3 is to be projected onto the set U. What are the chances
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that its projection will end up on the boundary of U, i.e., at the origin (0,0,0)7 It
is not hard to see (and prove by elementary geometry) that only points on the yz
plane may be projected onto the origin (0,0, 0) (and not even all of them; points with
large positive y-coordinates would be projected onto some interior points of U). So
the chance that the footpoint of the projection ends up at the boundary of U is zero.
This illustrates the sufficiency of the smaller model collection of circles, despite the
deficiency of the larger model collection of ellipses (which we have seen above).

Our analysis of the existence of the best fitting object is now complete. We

proceed to the uniqueness issue in section 3.1.



CHAPTER 3

UNIQUENESS OF THE BEST FIT

In the previous chapter we have resolved the issue of existence of the best fitting
object, in a general setting and for specific classes of models. Here we start addressing
the uniqueness issue. Is the best fitting object unique? That is, does the objective
function take a unique global minimum? While for typical data sets which are ran-
domly generated, the best fit is unique, there are exceptions. We will deal with three
different popular models: line, circle and ellipse. We begin with the simplest fitting

model.

3.1. Uniqueness of the best fitting line

In the previous sections we have resolved the issue of existence of the best fitting
object, in a general setting and for specific classes of models. Here we start addressing
the uniqueness issue. Is the best fitting object unique? That is, does the objective
function take a unique global minimum?

Lines

We begin with lines, which are the simplest model objects on our agenda. The
uniqueness of the best fitting line has been studied long ago, and a recent summary
can be found in Sections 2.2 and 2.3 of [12]. We present that summary below.

Sample means and centroid

Given data points (z1,41), ..., (Tn,yn) We denote by Z and 7 the sample means

(3.1) E:%;xl and g:%;yz

The point (z,y) is called the center of mass, or the “centroid” of the given data set.

Scatter matrix

44
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We also denote by

n
Sgx = Z(xl - ‘f)z
=1
n

Syy = Z(yz - 7)°

=1

n
Sy = Y (i =) (4 — )
i=1
the components of the so called “scatter matrix”

Szx  Saxy

(3.2) S = ,

Szy  Syy

which characterizes the spread of the data set about its centroid (z,y).
This matrix is symmetric, so its eigenvectors are perpendicular to each other. It
is also positive-semidefinte, so its eigenvalues are non-negative numbers.
Scattering ellipse
The scatter matrix S is related to the “scattering ellipse”, which is defined by

equation

Its center is the centroid (z, ). Its axes are spanned by the eigenvectors of the scatter
matrix S. The major axis is spanned by the eigenvector corresponding to the larger
eigenvalue. The minor axis is spanned by the eigenvector corresponding to the smaller
eigenvalue. The lengths of its axes are the square roots of the eigenvalues of S.

Next we find the best fitting line following chapter 2 in [12]. We will describe

lines in the xy plane by equation

(3.3) Az +By+C =0
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Figure 3.1: Randomly generated data points and the scattering ellipse

where A, B, C are the parameters of the line. The distance from a point P = (z,y)

to a line L given by (3.3) is

) |Az; + By, + C|
(3.4) dist(P, L) =

Now the best fitting line can be found by minimizing the objective function

n

1 2
(3.5) F(AB.C) = 5 EI:(A@ + By; 4+ C)

The parameters (A, B,C) need only be specified up to a scalar multiple. Thus we

can impose a constraint, for example
(3.6) A?+B*=1

With this constraint, the formula for the objective function simplifies to

n

(3.7) F(A,B,C) =) (Az; + By, + C)’

1
Since the parameter C'is unconstrained, we can eliminate it by minimizing (3.7) with

respect to C' while holding A and B fixed. Solving the equation 0F/0C = 0 gives us

(3.8) C=-AT7 - By
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In particular, we see that the best fitting line always passes through the centroid
(Z,7) of the data set. Eliminating C' from (3.7) gives

n

(3.9) F(A,B) = [Alx; —7)* + B(y: — 7)*)”

1

= Sy A* +2S,,AB + S, B®
or in matrix form
(3.10) F(H)=H"SH

where H = (A, B) denotes the parameter vector. Minimizing (3.10) subject to the
constraint ||H|| = 1 is a simple problem of the matrix algebra: its solution is the
eigenvector of the scatter matrix S corresponding to the smaller eigenvalue. Observe
that the parameter vector H is orthogonal to the line (3.3), thus the line itself is
parallel to the other eigenvector. In addition, it passes through the centroid, hence
it is the major axis of the scattering ellipse. The above observations are summarized
as follows:

Main facts

THEOREM 3.1. The best fitting line Ax + By + C = 0 always passes through the
centroid, i.e., At + By + C = 0. It coincides with the major axis of the scattering

ellipse.

For typical data sets, the above procedure leads to a unique best fitting line. But
there are certain exceptions. If the two eigenvalues of S coincide, then every vector
H # 0 is its eigenvector and the function F(A, B) is actually constant on the unit
circle || H ||= 1 In that case all the lines passing through the centroid of the data
minimize F; hence the problem has multiple (infinitely many) solutions. This happens

if and only if S is a scalar matrix, i.e.

(3.11) Spz = Syy and Sz, =0
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We emphasize that the orthogonal regression line is not unique if and only if both

equations in (3.11) hold. The above observations are summarized as follows:

THEOREM 3.2. The best fitting line is not unique if and only if the eigenvalues of
the scatter matrix S coincide, so that the scattering ellipse becomes a circle. In that

case every line passing through the centroid (z,y) is a best fitting line.

Dichotomy Thus we have a dichotomy:

e cither there is a ‘single’ best fitting line,

e or there are ‘infinitely many’ best fitting lines.

In the latter case, the whole bundle of lines passing through the centroid (z, %) are
best fitting lines.

Examples A simple example of a data set for which there are multiple best fitting
lines is n points placed at the vertices of a regular polygon with n vertices (n-gon).
Rotating the data set around its center by the angle 27 /n takes the data set back to
itself. So if there is one best fitting line, then by rotating it through the angle 27 /n
we get another line that fits equally well. Thus the best fitting line is not unique.

It is less obvious (but true, according to Theorem 3.2 above) that every line passing
through the center of our regular polygon is a best fitting line; they all minimize the
objective function.

Data points placed at vertices of a regular polygon seem like a very exceptional
situation. However multiple best fitting lines are much more common. The following

is true:

THEOREM 3.3. Given any data points (x1,41), - .., (Tn,Yn) we can always move
one of them so that the new data set will admit multiple best fitting lines. Precisely,
there are always x,, and y,, such that the set (x1,y1), ..., (Tn1,Yn-1), (2,,y,) admits

multiple best fitting lines.
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In other words, the n — 1 points can be placed arbitrarily, without any regular
pattern whatsoever, and then we can add just one extra point so that the set of all n
points will admit multiple best fitting lines, i.e., will satisfy (3.11).

Still, the existence of multiple best fitting lines is a very unlikely event in prob-
abilistic terms. If data points are sampled randomly from an absolutely continuous
probability distribution, then this event occurs with probability zero. Indeed, equa-
tions (3.11) specify a subsurface (submanifold) in the 2n dimensional space with coor-
dinates z1,¥1, ..., Tn, Yn, That submanifold has zero volume, hence for any absolutely
continuous probability distribution its probability is zero.

However, if the data points are obtained from a digital image (say, they are pixels
on a computer screen), then the chance of having (3.11) may no longer be negligible
and may have to be reckoned with. For instance, a simple configuration of 4 pixels
making a 2 X 2 square satisfies (3.11), and thus the orthogonal fitting line is not
uniquely defined.

Next we turn to circles in Section Uniqueness of the best fitting circle.

3.2. Uniqueness of the best fitting circle

Introduction

After we have seen in Section (3.1) that the simplest fitting problem - involving
lines - had multiple solutions, it may not be too surprising to find out that more
complicated problems also have multiple solutions. Here we demonstrate this for
circles.

Unfortunately, we cannot describe all data sets for which the best fitting circle
is not unique in the same comprehensive manner as we did it for lines in the last
Section. We can only give some examples of such data sets.

Main idea: rotational symmetry All the known examples are based on the
“rotational symmetry” of the data set. We already used this idea in the last Section.

Suppose the data set can be rotated around some point O through the angle 27/k
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for some k£ > 2, and after the rotation it comes back to itself. Then, if there is a
best fitting circle, rotating it around O through the angle 27 /k would give us another
circle that would fit the data set equally well. This is how we get more than one best
fitting circle.

This is a nice idea but it breaks down instantly if the center of the best fitting
circle happens to coincide with the center of rotation O. Then we would rotate the
circle around its own center, hence we would get the same circle again. Thus one has
to construct a rotationally symmetric data set more carefully to avoid best fitting
circles centered on the natural center of symmetry of the set.

Example by Nievergelt

The earliest and simplest example was given by Nievergelt on pages 260-261 in

[27]. He chose n = 4 data points as follows:
(07 O)? <O72)7 (\/37_1)7 <_\/§7_1)

Three last points are at the vertices of an equilateral triangle centered on (0,0). So
the whole set can be rotated around the origin (0,0) through the angle 27/3 and it
will come back to itself.

Nivergelt claimed that the best fitting circle has center (0, —3/4) and radius R =
7/4. This circle passes through the last two data points and cuts right in the middle
between the first two. So the first two points are at distance d = 1 from that circle
and the last two are right on it (their distance from the circle is zero). Thus the

objective function is
(3.12) F=1+14+0"+0*=2.

It is easy to believe that Nivergelt’s circle is the best, indeed, as any attempt to
perturb its center or radius would only make the fit worse (the objective function
would grow). However a complete mathematical proof of this claim would be perhaps
prohibitively difficult.

Proof of multiplicity in Nievergelt’s example
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Figure 3.2: Nievergelt’s example: Four data points (red) Three fitting circles (blue)

The goal is to show that “there are” multiple best fitting circles (without finding
them explicitly). And the multiplicity here can be proven fully in three easy steps.

Step 1. According to our section (2.8), for every data set the best fitting object
exists, which may be a circle or a line. If the best object is a circle, then its center is
either at (0,0) or elsewhere. So we have three possible cases: The best fitting object
is a line. The best fitting object is a circle centered on (0,0). The best fitting object
is a circle with a center different from (0,0). In the last case our rotational symmetry
will work, as explained above, and prove the multiplicity of the best fitting circle. So

we need to rule out the first two cases.

Step 2. Consider any circle of radius R centered on (0,0). It is easy to see that

the respective objective function is
F=R*>+3(2—-R)?*=4R*—-12R +12.
Its minimum is attained at R = 3/2 and its minimum value is

(3.13) Fo = (3/2)* +3(1/2)* = 3.
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This is larger than ¥ = 2 in (3.15). Thus circles centered on the origin cannot
compete with Nievergelt’s circle and should be ruled out.

Step 3. Consider all lines. As we have seen in Section (3.1), for rotationally
symmetric data sets all the best fitting lines pass through the center. All of those
lines fit equally well. Taking the z axis, for example, it is easy to see that the

corresponding objective function is
(3.14) Fy=2>4+12+1>+0°=6.

This is greater than F; = 2 in (3.15) and even greater than F5 = 3 in (3.16). Thus
lines are even less competitive than circles centered on the origin, so they are ruled
out as well. The proof is finished.

Conclusion. The best fitting circle has a center different from (0,0). Thus by
rotating this circle through the angles 27/3 and 47 /3 we get two more circles that fit
the data equally well. So the circle fitting problem has three distinct solutions. The
alledged best fitting circles are shown in our illustration.

Other examples

After Nievergelt’s example, two other papers presented, independently, similar
examples of non-unique circle fits.

Chernov and Lesort [15] used a perfect square, instead of Nievergelt’s regular
triangle. They placed four points at the vertices of the square, and another 4 points
at its center, so the data set consisted of n = 8 points total. Then they used the
above strategy to prove that at least four different circles achieve the best fit.

Zelniker and Clarkson [31] used a regular triangle again, placed three points at its
vertices and three more points at its center (so that the data set consisted of n = 6
points). Then they showed that at least three different circles achieve the best fit.

These examples lead to an interesting fact that may seem rather counterintuitive.
Let C be a circle of radius R with center O. Let us place a large number of data
points on C and a single data point at the center O. Suppose the points on C are

placed uniformly (say at the vertices of a regular polygon). Then it seems like C is
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an excellent candidate for the best fitting circle it interpolates all the data points
and misses only at O, so ¥ = R?. It is hard to imagine that any other circle or line
can do any better.

However, a striking fact proved by Nievergelt ([28], Lemma 7) says that the center
of the best fitting circle cannot coincide with any data point. Therefore in our example
C cannot be the best fitting circle. Hence some other circle with center Q" # O fits
the data set better. And again, rotating the best circle about O gives other best
fitting circles, so those are not unique.

How unusual are multiple circle fits?

Rotationally symmetric data sets described above are clearly exceptional; small
perturbations of data points easily destroy the symmetry. But there are probably
many other data sets, without any symmetries, that admit multiple circle fits, too. We
believe that they are all unusual and can be easily destroyed by small perturbations.
Below is our argument.

Suppose a set of data points P, ..., P, admits two best circle fits, and denote
those circles by Cy and Cs. First consider a simple case: C; and Cy are concentric,
i.e., have a common center, O. Let D; denote the distance from the point P; to the
center O. By direct inspection, for any circle of radius R centered on O the objective

function is

n

F= Z(R—Di)2 = nR? —2RiD,~+zn:D§.
=1 =1

i=1
This is a quadratic polynomial in R, so it cannot have two distinct minima. So the
two best fitting circles cannot be concentric.

Now suppose the circles C; and C5 are not concentric, i.e., they have distinct
centers, O; and O,. Let L denote the line passing through O; and O,. Note that the
data points cannot be all on the line L (because if the data points were collinear, the
best fit would be achieved by the interpolating line and not by two circles). So there

exists a point P; that does not lie on the line L. Hence we can move it slightly toward

the circle C; but away from the circle C;. Then the objective function F changes
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slightly, and it will decrease at one minimum (on C}) and increase at the other (on
(). This will break the tie and ensure the uniqueness of the global minimum.

We proceed to the section Uniqueness of the best fitting ellipse.

3.3. Uniqueness of the best fitting ellipse

Introduction

In Section (3.2) we showed several examples of data sets for which the best fitting
circle was not unique. It should not be surprising now that data sets exist for which
the best fitting ellipse is not unique either.

Rotational symmetry

The main idea of all known examples of multiple fits is the rotational symmetry of
the data set, as described in section (3.2). Suppose the data set can be rotated around
some point O through the angle 27 /k for some k > 2 and after the rotation it comes
back to itself. Then if there is a best fitting object, rotating it around O through the
angle 27 /k would give us another object that would fit the data set equally well.

In fact the above example obeys this principle: rotating a perfect square around
its center through 7/2 brings it back to itself. Likewise, rotating a perfect square
lattice of N x N points around its center through 97 /2 brings it back to itself. Thus,
rotating one ellipse around its center by 7/2 produces another best fitting ellipse.

Nievergelt-type example

In section (3.2) we described perhaps the simplest possible example of a multiple
circle fit, published by Nievergelt on pages 260 — 261 in [27]. It consisted of n = 4
data points: three were placed at vertices of an equilateral triangle, and the fourth
one - at its center.

Recall that a circle has three independent parameters, but ellipse - five. So it is
natural to generalize Nievergelt’s example by placing five data points at vertices of a

regular pentagon, and the sixth one - at its center. Thus we have n = 6 data points:

(0,0), (0,2), (£2cos(r/10),2sin(r/10)), (+2cos(37/10), —2sin(37/10)).
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Figure 3.3: Nievergelt-type example: Six data points (red) Five fitting ellipses colors

We strongly believe that the best fitting ellipse passes through the last four data
points and the point (0,1). These five points determine the ellipse uniquely. It is
obviously symmetric about the y axis, so its major axis is horizontal. This ellipse
cuts right in the middle between the first two data point. So those two points are
at distance d = 1 from that ellipse and the last four are right on it (the distance is

zero). Thus the objective function is
(3.15) Fi=1+1+0°+0*+0*+0*=2.

Below we provide a partial proof of our claim that the above ellipse is the best.
We also describe a full computer-assisted proof that involves extensive numerical
computations.

Lastly, by rotating this ellipse through the angles 27k /5 for k = 1,2, 3,4 we get
four more ellipses that fit the data equally well. So the ellipse fitting problem has five

distinct solutions; see illustration.
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Partial proof for our example

We will compare our ellipse to the best fitting circle centered on the origin and
the best fitting lines.

Consider any circle of radius R centered on (0,0). It is easy to see that the

respective objective function is
F=R+52—-R)*=6R*>—20R + 20.

Its minimum is attained at R = 5/3 and its minimum value is

(3.16) Fy = (5/3) +5(1/3)*> =10/3 = 3.333...

This is larger than F; = 2 in (3.15). Thus circles centered on the origin cannot
compete with our ellipse.

Consider all lines. As we have seen in Section (3.1), for rotationally symmetric
data sets all the best fitting lines pass through the center. All of those lines fit equally
well. Taking the x axis, for example, it is easy to see that the corresponding objective

function is
(3.17) Fy = 22+ 2(2sin(7/10))” + 2(2sin(37/10))* = 10.

This is greater than F; = 2 in (3.15) and even greater than F, = 3.333 in (3.16).
Thus lines are even less competitive than circles centered on the origin.

Also, in the ellipse fitting problem, pairs of parallel lines are legitimate model
objects, see section (2.8). We examined the fits achieved by pairs of parallel lines.

The best fit we found was by two horizontal lines y = y; and y = ys, where
y1 = (24 4sin(7/10)) /4 and Y2 = —2sin(37/10).

Note that y; is the average y-coordinate of the first four points in our sample. Thus
the first line is the best fitting line for the first four points, and the second line passes

through the last two points. The objective function for this pair of lines is

(3.18) Fy = (2 — 1)+ 2(2sin(r/10) — 1) + (0 — 1) ~ 2.146.
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This is pretty good, better than the best fitting circle in (3.16). But still it is a little
worse than the best fitting ellipse in (3.15).

Thus our ellipse fits better than any circle centered on the origin, any line, or any
pair of parallel lines. In order to conclude that it is really the best fitting ellipse,
we would have to compare it to all other ellipses and parabolas. This task seems
prohibitively difficult if one uses only theoretical arguments as above. Instead, we
developed a computer-assisted proof as described below.

Computer-assisted proof

The ellipse can be specified by five independent parameters, which can be selected
in many different ways(e.x. two axes, coordinates of the center and angle of tilt).
Suppose we select those parameters and denote them by (6y,...,605). They vary in
some domain (parameter space), which we denote by ©, so that (6y,...,605) € © C R®.

Now suppose 0 = (él, e ,55) € O is a certain point in the parameter space. It
corresponds to a certain ellipse, for which we can compute the value of the objective

function, F(0). This value is expected to be greater than the value corresponding to
our best ellipse (3.15), i.e., F (é) > 2. We proceed assuming that it is indeed, greater
than 2.

Suppose also that we estimate (from above) the partial derivative of the objective
function F with respect to each parameter ¢;. Such an estimate must be obtained

theoretically and it must be guaranteed to be valid within a certain interval of the

values of 6;. That is, we must derive an upper estimate

for some a; > 0. The details of our estimation of partial derivatives of F are given in

section A.3.

THEOREM 3.4. Suppose we have estimates (3.19) and let 0 < b; < a; be some

numbers. Then for all parameter values (01, ...,05) € © such that 0; € (91 —b;,6; +b;)
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for everyi=1,...,5, we have the following lower bound on the objective function:

5

F(6r,....05) = F(6) — > Mb;.

i=1
This theorem easily follows from the Mean Value Theorem in calculus.

Now we need to choose the b;’s small enough so that the above lower bound is

greater than 2, i.e.,
) 5
F(0) — > Mb; > 2.
i=1

Then we can conclude that the objective function F does not attain its minimum in

the domain described by
(320) éL — bz S 81 S él -+ bz for every 1= 1, . ,5.

This gives us a little domain (a block) in the parameter space, which is “safe” — there
are no ellipses there which could beat our best ellipse (3.15).

Of course, the numbers by, . .., b5 may be very small, and so the safety block (3.20)
may be very tiny. But it is just one small step in our computer-assisted proof. Then
we select another point 8 = (;,...,05) € © near the current safety block (e.g., on
its boundary), construct another safety block, etc.

This process should be continued step by step, until we cover the entire parameter
space © by small safety blocks. This strategy resembles the work of a minesweeper in
a sea cleaning a large area by finding and disabling dangerous mines, one small area
at a time.

Of course there are at least five points in the parameter space ©® where the ob-
jective function F does take the value 2 (which we expect to be its global minimum).
Thus our procedure slows down in the vicinity of those five points, we will never be
able to reach them. So in fact our minesweeping strategy covers the entire parame-

ter space except small vicinities of five points corresponding to the ellipses described

above. This is still OK, as the following logical conclusion can be made.
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We know for sure that the objective function takes its global minimum in the
vicinity of one of those five points in © corresponding to the five ellipses described
above. In other words, we know for sure that the best fitting ellipse exists and is
quite close to one of the five ellipses described above. Then the rotational symmetry
guarantees that there are four more best fitting ellipses obtained by rotation through

angles 2km /5 for k = 1,2,3,4. This completes our computer-assisted proof.



CHAPTER 4

PARAMETER SPACE FOR QUADRATIC CURVES
(CONICS) ON §°

In the regression model, parameters for the best fitting conic are estimated based

on the minimization of the objective function

n

(4.1) F(S) = [dist(P;, 9)]%,

i=1

where S belongs to our model collection. In this chapter the parameter space is
restricted the unit sphere S® and investigate the theoretical properties of this reduced

space. Let us begin with some basic notations.

4.1. General quadratic equations and algebraic parameters

In the regression model of fitting any conic to points in R?, there are many types
of geometric objects such as ellipse, parabola and hyperbola. To ensure the existence
of the best fit, one has to include some degenerate conics (see section (2.8)). The

equation for conics has the following form:
(4.2) Az’ + Bry+Cy?* +Dx+ Ey+ F =0

where A, B,C, D, E, F are real numbers (“parameters” of the conic). If A = ... =
F = 0, then the equation represents the entire plane R%. This unwanted “conic”
should be excluded, so we will always assume that at least one parameter is different
from zero, or equivalently A2 + B%+4 ...+ F? > 0.

Since A, B,C, D, E, F are the coefficients of a quadratic polynomial (i.e., an alge-

braic expression), they are often called “algebraic parameters” of the conic.

60
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Many people use a slightly different form:
(4.3) Az® 4+ 2Bxy + Cy* +2Dx + 2By + F = 0

which we will see later has several advantages (see section (4.4)). In our studies we
adopt the form (4.3) and we call the algebraic parameters of the conic the coefficients
A,B,C, D, E, F that appear in (4.3).

Parameter vector on the unit sphere S° Apparently, the equation for the

same conic is unique. For any t # 0
(4.4) tAz® + 2tBry + tCy* + 2tDx + 2tEy + tF = 0

represents the same conic as (2.41). The new equation (4.4) has parameters tA, t B, tC,
tD,tE, tF. its parameter vector is tP.
To avoid linearly dependent parameter vector, we can use a simple reduction to

the parameter space:
(4.5) A+ B+ C*+ D+ E*+ F*=1.

In other words, the parameter vector is always assumed to lie on the unit sphere S® and
any quadratic curve can be represented by a point on S°. One could further reduce the
S° to a half-sphere (a hemisphere) to avoid duplicity caused by two opposite parameter
vector —P and P, e.g., by requiring F' > 0. But such a further reduction has little
advantage but causes unpleasant technical complications in real applications. So we
will work with the sphere S®° and simply keep in mind that any two diametrically

opposite points always represent the same quadratic curve.

4.2. CLASSIFICATION OF CONICS

In the last section we introduce a simple reduction for the algebraic parameter
space: A2+ B2 +C?+ D? + E? + F? = 1. Thus any quadratic curve can be represented

by a point on the unit sphere S°. The equation for conics has the following form:

(4.6) Ax® + 2Bxy + Cy® + 2Dz + 2Ey + F =0
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H|A|J|AT| K| F Conic
>0]#0]|<0 Hyperbola
>0[=#£0| 0 Parabola
>0[#£0|>0] <0 Ellipse
>0[#0|>0] >0 Imaginary ellipse
>0 0 | <0 O Intersecting lines
>0 0 [>0] O Single point
>0 0 0 0 | <0 Distinct parallel lines
>0] 0 0 0 |>0 Imaginary parallel lines
>0] 0 0 0 0 Coincident lines

0 0 0 0 | <0 Single line

0 0 0 0 0 |#0 Poles

Table 4.1: Classification of Conics

To determine the type of conic defined by (4.6), let us consider following matrices

and determinants:

A B D
A B
A=|B O E J = I=A+C H =A%+ B? + C?
B C
D E F
A D| |C E
K = +
D F| |E F

The types of conics are classified in terms of the above quantities in the following
table 4.1 [9]:

Main types of quadratic curves and Imaginary objects The quadratic
curves and degenerate ones are represented by equation (4.3) if it has a real solution.
The “imaginary object” indicates that the equation (4.3) does not have a real solution

in R? but corresponds to some specific quadratic curve on the complex plane (e.x
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Real non-degenerate Real degenerate Empty in R?

Ellipse 22 +¢y?> -1 =0 Intersecting line xy=0 Imaginary ellipse 22 + 3> +1 =0
Hyperbola 22 —y? —1 =0 Parallel lines 2> — 1 =0 Imaginary parallel lines 22 + 1 = 0

Parabola 22 + 3 = 0 Single line x = 0 or 22 =0 Poles 1 =0 and —1 =0

Single point 22 + y? = 0

Table 4.2: Examples of Conics

2?/3 +y*/4 = —1). Thus every parameter vector (A, B,C, D, E, F) (known as one
type of algebraic parameters) either represents a conic in R? or an imaginary conic
which can be considered as am empty solution for our model. Below we list the main
types of conics (real and imaginary), with examples of equations representing them:

Remark: There are two types of quadratic equations representing single lines:

e Equations with a non-zero quadratic part, such as 2 = 0, represent pairs of
coincident lines
e Equations with a non-zero quadratic part, such as x = 0, represent single

lines

Two poles Any point point on the unit sphere represents a conic (real or imag-
inary), except two points (0,0,0,0,0,1) and (0,0,0,0,0,—1). They corresponds to

the equation:
(4.7) 1=0 —1=0

which have no solution, either real or complex. We call them North Pole and South
Pole. They will play a special role in our analysis.
Geometric dimension and algebraic dimension The “geometric dimension”
is the number of parameters needed to specify a geometric figure of the given type.
For example, a single point requires two parameters - its x and y coordinates,
so the geometric dimension for the “single point” type is two. A line requires two

parameters (say, slope and intercept), so its geometric dimension is also two.
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Dimension= 5 Dimension= 4 Dimension= 3 or 2
Ellipse (E) Parabola (P) Parallel lines (PL)
Hyperbola (H) Single point (SP)  Imaginary parallel lines (IPL)
Imaginary ellipse (IE) Intersecting line (IL) Coincident lines (CL)
Single line (SL)

Table 4.3: Dimensionality of Conics

A pair of parallel lines needs three parameters - one (common) slope and two
intercepts. A pair of intersecting lines needs two parameters for each line, a total of
four.

A parabola is completely specified by its directrix and focus. The directrix is a
line, so it requires two parameters; the focus is a point, so it takes two more. Thus,
the total is four.

An ellipse can be specified by five geometric parameters - the coordinates of its
center, the lengths of its axes, and the slope of its major axis. The same applies to
hyperbolas.

Empty objects need no geometric parameters.

The “algebraic dimension” of each type of conics characterizes the corresponding
set of parameter vectors in the unit sphere S°.

The sphere S® itself is five-dimensional; But its parts may have different dimen-
sionality. Intuitively, the number of dimensions is the minimal number of internal
coordinates. Isolated points (like Poles) need no internal coordinates, so their di-
mension is zero. Lines and curves have dimension one. Planes and surfaces have
dimension two, etc. Larger, more complex parts of S® have higher dimensions.

The algebraic dimension of each type of conics can be counted by the number
of 7equality constraints” required for that type. The constraints are listed in the

first five columns of the above table. “Inequality constraints”, like “> 07, “< 07, or
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“# 07, do not affect the algebraic dimension and should not be counted. But each
“pure zero” in the first five columns of the table should be counted.

Each equality constraint (shown as a “pure zero” in the table) reduces the algebraic
dimension by one, except the constraint H = 0, which reduces the algebraic dimension
by 3. Indeed, H = 0 implies that A = 0, B = 0, and C = 0, i.e., it enforces three
different equality constraints!

The rule is: the algebraic dimension of each type of conics is equal to five minus
the number of equality constraints.

This rule works for all types of conics except Poles. In that last case, the com-
bination of H = 0 and K = 0 implies not only that A = B = C' = 0, but also
D? + E? =0, hence D = 0 and E = 0. Thus the constraint K = 0, if combined with
H = 0, enforces two different equality constraints! Now we see that H = 0 eliminates
three dimensions, after which K = 0 eliminates two more, and we obtain 5—3—2 =0
algebraic dimensions left.

Typically, the geometric dimension agrees with the algebraic dimension. But there
is one exception: the “single point” type has geometric dimension 2 and algebraic
dimension 4. While geometrically a point requires two coordinates, analytically its
equation involves four degrees of freedom, as we show next. We will show that a

single point with coordinates (p, q) is defined by equation
a*(x —p)* +V*(y — @)’ +2c(z —p)(y —q) =0

where a and b are arbitrary non-zero numbers and ¢ < a?b?. Indeed, the above

equation can be rewritten as
c 2 , )
[a(m—p)+5(y—®} + [b —;](y—Q) =0.
Due to our requirement on ¢ we have b* — Z—z > 0, so both coefficients are positive.

Thus each term in the above equation must be equal to zero. From the second term

we get y = ¢ and then from the first we get x = p, hence the equation defines a single

point, (p, q).
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In the above equation all the five parameters a, b, ¢, p, ¢ are free independent vari-
ables, except they must be constrained by the requirement that the resulting param-
eter vector (A4, B,C, D, E, F)T belongs to the unit sphere S°. This leaves us with four

degrees of freedom.

4.3. Topological space on the unit sphere

Since space of all conics can be represented by points on the unit sphere S, each
type of conic or imaginary conic hold a corresponding domain on S°. We will provide
a detailed analysis about their topological natures.

Domains on the unit sphere Recall that the conics represented by the equation
(4.6) can be classified into 8 different types. In addition, there are two poles: Py =
(0,0,0,0,0,1) and P_; = (0,0,0,0,0,—1) on the sphere (“North Pole” and “South
Pole”) which have dimension zero. Accordingly, the unit sphere was divided into 10
domains according to types of conics (including imaginary ones and two poles). So

we have
(48) SS = ]D)E UDH U]D)IE U]D)p UDSP @) DIL U]D)PL U DIPL UDCL U DSL U {Pl} U {P_l},

where the domains are coded by the names of the conic types, as shown in the table
(4.3).
Let us define following functions S5 — R using defined determinants and matrices

in section 4.2 :
aAP)=A f,P)=J faP)=A-1 fxk(P)=K fuP)=H

where P = A, B,C, D, E, F. Apparently they are continuous everywhere on R® and
the domain of points for each type of quadratic conics can be represented as follows:
(4.9)

D = fx'((—00,0) ([ J(0,+00)) () £ ((0, +00)) () fa1 ((—00,0)) () £ ((0, +00))

(4.10) Dp = fx' (=00, 0) [ _J(0,+00)) [ /7 (0) () £ (0. +00))



67
(4.11) Dy = f5" ((=00,0) [ J(0, +00)) () £ (=00, 0)) () £ (0, +00))

Ellipse and Hyperbola

By definition of continuous function in a topological sense, fx*((—o0,0) J(0, +0)),
£57H(0, +00)), fat((—=00,0)) and f5*((—o0,0) J(0,+00)) are open sets whose inter-
sections constitute Dg. Similar reason prove that the openness of Dy. Therefore both
Dg and Dy are open sets on S®. This also implies the there is nonzero probability of
a random parameter points falling into Dg and Dy. We will provide more detail in
the section (4.4).

Parabola

In expression (4.10), we see that Dp is represented by the intersection of a closed
set fjl(()) and two open sets. But it is not clear whether Dp is open or closed. In fact,

it is neither open nor closed. First, there exists a sequence of points in Dp converge

to a limit point in Dgr,. Consider a sequence below:

1
(4.12) P,=——(1,0,0,0,n,n) n=123..
2n2 +1

As n — oo, P, approaches to a limit point (0,0, 0,0,v/2/2,v/2/2) which corresponds
to a horizontal line v/2 /2y + V2 /2 = 0. Then Dp is not a closed set. Next, for any
open neighborhood of point P € Dp that satisfies H > 0, A # 0 and J = 0, there
always exits a point P’ so that H > 0, A # 0 but J # 0 (either ellipse or hyperbola).
Clearly, P’ doesn’t belong to Dp, which does not meet the requirement for open sets.

Degenerate conics

In a problem of fitting any quadratic curve , the closed space of models that ensures
existence of the minimum of sum of squares of distances consists of hyperbola, ellipse,
parabola and all their limiting objects. A quadratic curve may converge to an object
of many types. Besides the three major types, the limiting object might be a point, a
pair of parallel lines, a ray (one ray or two opposite rays), a line segment, a single line
and a pair of intersecting lines. We treat ray and line segment as a part of a full line

and include them into the domain of lines Dy, on the unit sphere. The domains of single
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points, distinct parallel lines, intersecting lines and coincident lines are characterized

by H > 0 and A = 0 (see section (4.2)). They are neither open nor closed. Indeed,

for example, the sequence of unit parameter vectors

1
(4.13) P, = T (1,0,1,—n,—n,2n*) €Dgp  n=1,2,3,...

corresponding to single points converges to a limit (0,0,0,0,0,1) for which H = 0.
Remember that this is a north pole on the unit sphere, which represents empty set.
Thus Dgp is not closed.

Next, any neighborhood of a point (v/2/2,0,v/2/2,0,0,0) € Dgp contains a pa-
rameter vector (1—¢2/2,0,1—¢%/2,0,0,¢) € Dig (¢ > 0 is arbitrarily small). So Dgp
is neither open nor closed. One could also see that the other domains (parallel lines,
intersecting lines, coincident lines) are neither open nor closed as well by considering
similar examples.

The domains of two coincident lines D¢y, and single lines Dgp can be combined
as a domains D, as these two types of objects are geometrically equivalent. For
example, (v/6/6,—2v/6/6,16/6,0,0,0) and (0,0,0,/2/2,v/2/2,0) both correspond
to the “same line” =z = y.

This simple observation proves that Dy, is not closed. Let us consider the sequence

of parameter vectors

2

1
— —1/1—= ﬁ)(e Dr) — (0,0,0,0,0,1)

1
4.14 P,=(0,0,0,—, —
(414) (0,0,0, -~
where (0,0,0,0,0, 1) represents the north pole. Next, for any neighborhood of (v/3/3,
—2v/3/3,4/3/3,0,0,0), there exists a point (v/3 — £/3, —2v/3 — /3,3 —£/3,0,0,

V6e /3) corresponding to two intersecting lines. So Dy, are neither open nor closed.

Imaginary objects and Poles
There are three special domains where the parameter vectors do not describe
any real conic because their corresponding quadratic equations have no real solution.

They will play special roles in our analysis. Let Dy be the domain of parameter
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H A J A1 K F Type of conic
>0 #0 >0 >0 Imaginary Ellipse
>0 0 0 >0 imaginary parallel lines
0 0 #0 Poles

Table 4.4: Imaginary objects and Poles

vectors for imaginary ellipses. It follows from classification table 4.4 that
(4.15)
D = f5" ((—00,0) (0, +00)) () £ ((0,+00)) () £a1 ((0,+00)) () £ ((0, +00))

Thus Dy is an open set on S°.

The domain Dypy, that represents vectors for imaginary parallel lines is neither open
nor closed, which could be easily followed using the similar way of checking openness
and closedness used for degenerate conics.

The parameter vector (0,0,0,0,0,1) and (0,0,0,0,0, —1) are recognized as a emp-
ty solution which does not belong to any imaginary type. They occupy a domain of
two points on S°, which is a closed set.

Imaginary objects can not be considered as a valid solution for our model and
thus we include them into the empty set Dy. Take a sequence of points corresponding
to imaginary ellipses:

2n n 1 2 1

707 70707 — _707_707070
VonZ 4+ 17 /5n2 + 1 Vhn? + 1) <\/5 V5 )
2

where (75, 0, \/Lg, 0,0,0) corresponding to the point (0,0). A sequence in Dy converges

Pn:(

to a limit outside of Dy. So Dy is not closed.

Also notice that every neighborhood of point (0,0,0,0,0,1) corresponding to
“empty set” contains a parameter vector (0,0,0,¢,0,+/1 — €) corresponding to a sin-
gle line. Therefore D is not open either.

Compactness The unit sphere is a bounded and closed set in R®. Thus it is

compact where any continuous function should have global minimum and maximum.
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Type of conic  Percentage
Ellipse 20.7
Hyperbola 76.8
Imaginary ellipse 2.5
Others 0

Table 4.5: Estimated volume of each open domain using adopted algebraic parameter

However, since a conic can be arbitrarily far away the any given set of points, ob-
jective function that represents the sum of squares of distances has no maximum.
So either the objective function is not continuous or the space is not compact? We
will prove that the objective function is continuous later in the next section Con-
tinuity of the objective function (defined on S°). So it is reasonable to blame on
the non-compactness of the space. In fact, the absence of maximum is caused by
the non-compactness of the subspace which consists of points corresponding to valid
solution for our model and makes the complement of the space of empty solutions on
the unit sphere. It is quite obvious that one can not evaluate the objective function
from a given point to an imaginary object. So the objective function is only defined
on the subspace containing ellipses,hyperbola,parabola and degenerate conics. In the
previous discussion, we see that the space of empty sets is neither closed nor open.
Its complement can not be a closed set. Therefore the subspace containing valid

solutions is not compact.

4.4. Volumes of domains of conics

Here we address an interesting issue: “volume” of each domain on S°.
By running a Monte-Carlo simulation for which we picked 10,000 random points
from S°, we find the percentage of each type of conics including the imaginary ob-

jects(see table 4.5)
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Type of conic  Percentage
Ellipse 26.5
Hyperbola 65
Imaginary ellipse 8.5
Others 0

Table 4.6: Estimated volume of each domain using standard algebraic parameter

The table shows that hyperbola, ellipse and imaginary ellipse dominate the unit
sphere. Any other conics are in minority classes. In the last section, we proved
that hyperbola, ellipse and imaginary ellipse have open domains on the unit sphere.
So they have nonempty interior and therefore positive measure while the others are
neither open nor closed and they have empty interior, implying zero measure.

Adjusted algebraic parameter scheme In the section 4.1, we introduced two
different algebraic parameters for conics: The first one (known as algebraic parameter)

is widely recognized by community.
Az + Bay +Cy* + Dx + Ey+ F =0

The second one that we call adjusted algebraic parameter appears to be almost the
same as algebraic parameter except that the B, D and E are combined with the

coefficient 2.

Az? 4+ 2Bxy + Cy* + 2Dz + 2By + F = 0

Here we explain the advantage the second parameter scheme takes over the first one.
By imposing constraint A2+ -+ F? = 1, we run Monte-Carlo simulation to estimate
the percentage of each domain of conics under the algebraic parameter scheme (see
tabel 4.6)

Under such parameter scheme, we have a much higher percentage of imaginary
ellipse among randomly generated points. So by adding coefficient 2, we can expand

the domain of points that represents valid solutions for our model. When running a
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iterative numerical algorithm searching for the minimum of the objective, one should
avoid a situation that the iteration traps into the domain of empty set and return a
empty solution. The adjusted algebraic parameters resolve such a problem in a simple
way: one only needs to multiply B,D,E from the standard algebraic parameters by 2

respectively and reduce chance of achieving empty solutions.

4.5. Boundaries of open domains

Reminder: the partition of S° into domains
Recall that the unit sphere S (the parameter space) is divided into 10 domains

corresponding to the main conic types, plus two extra points, the poles:
S® = Dg U Dy UDig U Dp UDgp U Dy, U Dpp, U Dipr, U Dy, UDg, U {P1} U {P_,}.

The subscripts are the codes of the conic types: E - ellipses, H- hyperbolas, IE -
imaginary ellipses, etc.

The domains Dg, Dy, and Dy are five-dimensional, open, and they cover 100%
of the sphere S° in terms of volume (numerical experiment by H.M). The other
domains have lower dimensionality and zero volume. They, in a sense, make pieces
of the boundaries of the principal domains Dg, Dy, and Dig.

Four-dimensional domains (hypersurfaces)

Four-dimensional domains Dp (parabolas), Dgp (single points), and Dy, (intersect-
ing lines)in a five-dimensional space play a prominent role: they separate the space
into two parts (at least, locally). In geometry, they are called ”hypersurfaces”. Our
hypersurfaces Dp, Dgp, and Dy, separate our open domains Dg, Dy, and Dyg, or their
components, from each other; see below.

Single points Dgp

The hypersurface Dgp separates the open domain Dg of ellipses from the open
domain Dg of imaginary ellipses. To illustrate this fact, consider the parameter
vector P, = (—1,0,—1,0,0, ¢), where ¢ will play the role of a small variable (we will

not normalize P. to keep our formulas simple). This parameter vector corresponds
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to the quadratic function
Qa,y) = —2° =y’ +c.

For ¢ > 0, the equation Q(z,y) = 0 defines a small ellipse (more precisely, a small
circle of radius /c), i.e., P. € Dg for ¢ > 0. For ¢ = 0, it is a single point, (0,0), i.e.,
Py € Dgp. For ¢ < 0 it is an imaginary ellipse, i.e., P, € Dig for ¢ < 0. As ¢ changes
from small positive values to zero and then on to small negative values, the ellipse
shrinks and collapses to a single point, and then disappears altogether (transforms
into an imaginary ellipse). In the parameter space S°, this process corresponds to a
continuous motion from the domain Dg to the domain Dig, across the hypersurface
Dsp.

Intersecting lines Dy,

The hypersurface Dy, separates the two components Dj} and Dy of the open do-
main Dy of hyperbolas from each other. To illustrate this fact, consider the parameter
vector P, = (—1,0,1,0,0, ¢), where ¢ will again play the role of a small variable. This

parameter vector corresponds to the quadratic function
(4.16) Qz,y) = —2" +y* +c

The equation Q(z,y) = 0 defines a hyperbola with center (0,0), unless ¢ = 0, in
which case it is a pair of intersecting lines, y = +x. More precisely, for ¢ > 0 it is
a hyperbola with a “positive center”, because Q(0,0) > 0, i.e., P, € Dy} for ¢ > 0.
For ¢ < 0, it is a hyperbola with a “negative center”, because Q(0,0) < 0, i.e.,
P. € Dy for ¢ < 0. For ¢ = 0, it is a pair of intersecting lines, i.e., Py € Dy,. As
¢ changes from small positive values to zero and then on to small negative values,
the hyperbola with a positive center transforms into a pair of interesting lines and
then into a hyperbola with a negative center. In the parameter space, this process
corresponds to a continuous motion from the subdomain Dy} to the subdomain Dy,
across the hypersurface Dy, (see Figure 4.1).

Parabolas Dp
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Figure 4.1: Red color corresponds to positive values of Q(x,y) and blue color to its

I . I+ I

Figure 4.2: Red color corresponds to positive values of Q(x,y) and blue color to its

negative values.

negative values.

The hypersurface Dp separates the domain Dy of hyperbolas from the domain Dg
of ellipses. To illustrate this fact, consider the parameter vector P, = (—1,0,¢,0,1,0),
where ¢ will again play the role of a small variable. This parameter vector corresponds
to the quadratic function

1\2 1
.2 2 _ 2 L
Qz,y) = —x°+cy” +vy T +c(y+20) 1

For ¢ > 0, the equation Q(z,y) = 0 defines a hyperbola, i.e., P. € Dy for ¢ > 0.
For ¢ = 0, it is a parabola y = 22, i.e., Py € Dp. For ¢ < 0, it is an ellipse, i.e.,
P. € Dg for ¢ < 0. As ¢ changes from small positive values to zero and then on to
small negative values, the hyperbola transforms into a parabola, and then into an
ellipse. In the parameter space, this process corresponds to a continuous motion from
the domain Dy to the domain Dg, across the hypersurface Dp (see Figure 4.2).

Sign changes
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Figure 4.3: Principal domains and separating hypersurfaces. The labels correspond

to our notation in the text: H* means ]D)f , ete.

A closer look at the above examples reveals that the “positive” subdomain Dy
borders on the "negative” subdomain D, and vice versa. Similarly, the “positive”
subdomain Dy, borders on the “negative” subdomain Dy, and vice versa. Thus
the “sign” always changes when a parametr vector moves continuously from one
subdomain to another.

A simplistic diagram

The above analysis is summarized in the following schematic diagram illustrating
the structure of the parameter space, with all principal subdomains and the respective

separating hypersurfaces (see Figure 4.3).

4.6. Fine structure of parameter space

In the previous section, we only described the main boundaries of the open do-
mains, which are the hypersurfaces Dp (parabolas) and D;;, (intersecting lines), and
Dgp (single points). We did not include domains of smaller dimension, i.e., Dpy,
(parallel lines) and D;p;, (imaginary parallel lines) of dimension three, as well as D¢y,
(coincident lines) and Dgy, (single lines) of dimension two. Here we present a bigger
picture that includes all of these elements.

Smaller boundary pieces Generally, domains of higher dimension terminate on
domains of smaller dimension. In other words, domains of smaller dimension make

boundaries of domains of higher dimension. More precisely, we say that a domain D,
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5D open . | ;
i Hyperbolas Ellipses maginary
domains: yp P dllipses

Y

4D hypersurfages: ‘Parabolas ||

3D domaiks: Parallel lines Imaginary
parallel lines
A

2D domains: ﬁ::;c'de"t single lines

4

i 1 . |Two Poles
Two special points: |;2' 12

Figure 4.4: Boundary structure of domains

terminates on a domain Dy if there is a sequence of points P,, € ID; that converges to
a point P € Dy, i.e., P, - P as n — oc.

The diagram 4.4 above shows how our domains terminate on each other. An arrow
from Dy to Dy means that ID; terminates on Dy, i.e., there is a sequence of points of Dy
that converges to a point of Dy. The domains are named by the types of conics. The
diagram contains all parts of the parameter space: from the largest, five-dimensional
open domains to the smallest, two-dimensional regions. We note that all our domains
terminate on each pole, so there should be an arrow from every domain down to the
bottom line (Two Poles). For simplicity, we just put one large arrow pointing to the
poles.

Two types of convergence The diagram 4.4 shows how parameter vectors
P € S° may converge, from one domain to another. Since this convergence involves

algebraic parameters P = (A, B,C, D, E, F'), we will call it “algebraic convergence”.
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It will refer to the convergence of a sequence of parameter vectors P,, to a parameter
vector P on the sphere S°.

On the other hand, a sequence of conics S, may converge to a conic S, in the sense
of section (2.2). We will call this “geometric convergence”. In particular, a sequence
of conics of one type may geometrically converge to a conic of another type. In section
(2.8) we described several examples of such a convergence: circles converging to a line,
ellipses converging to a parabola, etc.

A natural question is: Do algebraic and geometric types of convergence
agree?

They answer is YES, algebraic convergence agrees with geometric convergence in

most cases, but there are some notable exceptions.

THEOREM 4.1. (Convergence of conics: general case) Suppose a sequence P; of
parameter vectors corresponding to real (not imaginary) conics, S,, converges to a
parameter vector P corresponding to a real (not imaginary) conic, S, which is not a
pair of coincident lines, i.e., P ¢ Dcy. Then S, — S geometrically, in the sense of

section (2.2).

THEOREM 4.2. (Divergence of conics: general case) Suppose a sequence P, of
parameter vectors corresponding to real (not imaginary) conics, S,, converges to a
parameter vector P corresponding to an imaginary conic or to a pole, i.e., P € Dpr,
or P =P.;. Then S, moves off toward infinity, i.e., for any point P = (z,y) € R?

we have dist(P, S,) — 0o as n — oo.

We note that the limit vector P cannot be in the domain of imaginary ellipses

D1k, because the latter is open.

THEOREM 4.3. (The exceptional case of coincident lines) Suppose a sequence P,
of parameter vectors corresponding to real (not imaginary) conics, S,, converges to a
parameter vector P € D¢y, corresponding to a pair of coincident lines; the latter make

a line in R? which we denote by L. Then S, gets closer and closer to L, as n grows.



78

More precisely, for any rectangle
R={-A<z<A —-B<y<B}

we have

max  dist(P,L) = 0 as n — 00.
PES,NR

In other words, if we look “through the window” R, we will see that all the points
of S,, get closer and closer to L.

The proof of Theorem (4.1)-(4.3) are given in section (4.6).

Examples of algebraic convergence to coincident lines

On the other hand, the conics S,, in Theorem (4.3) may not converge to the line
L in the sense of section (2.2). For example, S,, may be parabolas that converge to
a half-line that is only a part of L. Or S, may be hyperbolas that converge to two
opposite half-lines that are only parts of L (see illustrations in section section (2.8)).
Or S, may be ellipses that converge to a segment of L (see illustrations in section
section (2.8)). Or S, may be single points that converge to a point in L. Or S, may
be any of the above but instead of converging to any part of L they may wander along
L back and forth, or go off toward infinity.

For example, let S,, be defined by

22 an(y + Cp)? — B,
14+ C2

where o, — 0 and 3, — 0 as n — oco. Then algebraically this sequence converges to
2% = 0, which is a pair of coincident lines. But geometrically S,, may be an ellipse or
a hyperbola or a single point, depending on the values (and the signs) of C,,, ay,, B,

and it may converge to various parts of L or move back and forth along L or move

off toward infinity altogether.



CHAPTER 5

OBJECTIVE FUNCTION FOR QUADRATIC CURVES
(CONICS)

In this chapter we study the objective function on the parameter space of conics,
i.e., on the sphere S°. Recall that given some points P, ..., P, € R? the objective
function is the sum of squares of the distances to a model object (in our case, conic)
S:

n

(5.1) F(S) = [dist(P;, 5)],

i=1
The objective function depends on the points Pi,..., P,, but in practical settings

those are fixed, so the only variable is S, which is regarded as the sole argument of

J.

5.1. Continuity of the objective function on the sphere

Domain of the objective function The objective function (5.1) can be trans-
formed into an equivalent form with parameter vector as its argument:

(5.2) F(P) = Z [dist(P;, P)],

Now F becomes a function defined on S°, except domains corresponding to imaginary

conics or poles:
@g :DEUDH U]DP UDSP UDILUDPL UDCL UDSL.
We note that ®45 does not include regions Dig and Dipy, corresponding to imaginary

conics, and it does not include the poles P ;.

79
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THEOREM 5.1. Continuity of the objective function The objective function
F is continuous everywhere on its domain D5 except on the region D¢y, corresponding

to coincident lines.

This theorem is an immediate consequence of Theorem 4.1 of section 4.6 and
main theorem of section 2.4. Indeed, we only need to apply a general principle: the
composition of two continuous functions is a continuous function.

Lower semi-continuity of the objective function

On the region D¢y, corresponding to coincident lines the objective function F
is badly discontinuous, according to Theorem 4.3 (and the discussion around it) in
section 4.6. We showed there that if P,, — P and P € D¢y, corresponds to a coincident
line L, then the conics S,, corresponding to P, may move back and forth along the
line L or move off toward infinity. Accordingly, the values of the objective function
F(P,,) may oscillate within a wide range or diverge to infinity.

But the objects S,, must get closer and closer to L, as n grows, they just may not
stretch all the way along L. This implies that the objects S,,, in the limit n — oo,
cannot provide a better fit to the given points than the line L does. Thus any limit

value obtained from F(P,,) cannot be smaller than the value F(P), i.e.,

liminf F(P,) > F(P).

n—oo

Hence we obtain one more important fact:

THEOREM 5.2. Lower semi-continuity of the objective function The ob-
jective function F is lower semi-continuous on the region Dgy, corresponding to coin-

cident lines.

Remember a function f(x) is lower semi-continuous at xq if

lim inf f(x) > f(xo)

T—T0
Since it is already known from Theorem (5.1) that F (P) is continuous everywhere

except on the region Dcy,, it remains to show that F (P) is lower semi-continuous
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within D¢y, Furthermore, it is enough to verify that the distance function dist(F;, S)
is lower semi continuous at every point p within the domain of coincident lines. We

will prove for any given point P € R?

lim inf dist(P, §(P;)) > dist(P, §(Py))

P,—Po

where G(P) is the conic represented by P;.

Proor. Let P; = (4, B;, C;, D;, E;, F};) be a sequence of parameter points with a
limit Py corresponding to a pair of coincident lines. Since dist(P, §(P;)) = inf dist(P, P;)
where PZ = (xz7yz) € 9(P1)7

Q(xi, yilpi) = Aix? + 2Bixiyi + Ciyf + 2Dii + 2By, + F, = 0.

Let us consider the following cases:
(i) liminf; ,o dist(P, P;) = ¢ (¢ > 0).

There exists a subsequence of {F;}, denoted by {F;,} such that

lim dist(P, B;,) = c.

’Lj*)OO
Furthermore, since {F;,} is bounded, one can always find a convergent subsequence

with a limit Py = (0, y0). For simplicity, let us assume {F;;} is convergent so that

lim dist(P, ;) = dist(P, o) = ¢

1j—>00
Then
T Q(xi;, 3, |Pi;) = Q(x0, 40| Po) = 0.
Zj [o.¢]

The last equality indicates Py = (zo,%0) € G(Py). So

dist(P, G(po)) < dist(P, Py) < liminf dist(P, P;) = ¢

1—00
(ii) liminf;_,,, dist(P, P;) = oo

It is quite obvious that dist(P, §(Py)) < oco. Therefore,

dist(P, §(Py)) < liminf dist(P, §(P;)).

1—00
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The proof is completed and now we see that F (P) is lower semi continuity within

the domain of all real conics. O

THEOREM 5.3. Growth near the imaginary conics and poles The objective
function F grows to infinity near the region Dipy, and near the poles Piy. More

precisely, if P, — P and either P € Dipy, or P = P4y, then F(P,) — co.

This theorem follows immediately from Theorem of section (4.6).

The existence of a global minimum revisited It follows from Theorem (5.3)
that the 4 is not compact. But we can cut out and ignore a small open vicinity of the
region Dypr, and the poles P; where the function is too big. Then the remaining part
of the domain D4 will be compact. And now the lower semi-continuity of F (proven in
Theorem 5.1 4+ Theorem 5.1) guarantees the existence of its global minimum. Indeed,
any lower semi-continuous function on a compact domain attains its minimum;

The existence of a global minimum is nothing new, however, as we have proved
the existence of the best fitting object already in section (2).

We continue in next section.

5.2. Differentiability of the objective function on the sphere

Recall that the objective function is the sum of squares of the distances from the
given (fixed) points Py, ..., P, € R? to a (variable) conic S:

n

(5.3) F(S) = Z [dist(P;, S)]°.

Its domain D4 C S° is a part of the sphere S°. It can be decomposed into subdomains

corresponding to different conic types:
@g - ]D)EU]D)H UDP UDSP UDILUDPL UDCL UDSL.

In the previous section we showed that J is continuous on its entire domain 4 except

a tiny subregion D¢y, C D4 corresponding to coincident lines. On that latter region &
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is badly discontinuous, but at least we established that it was lower semi-continuous.
In this section we investigate the differentiability of F.

Differentiability of objective function: General considerations The deriva-
tives of given function JF is often in fitting algorithms (such as the steepest descent,
Newton-Raphson, Gauss-Newton, or Levenberg-Marquardt). Some use the first or-
der derivative of F, others use the second order derivative, or approximations to the
second order derivative.

Thus it is essential that our objective function JF is differentiable, at least once.
As F is the sum of squares of the distances, see (5.1), it will be enough to check that
[dist(P;, 9)]?, i.e., the square of the distance from the given point P; = (z;,y;) € R?
to the conic 9, is differentiable with respect to the conic’s parameters.

We consider a more general problem. Given a point P = (¢, o) and a conic S,
we will investigate the differentiability (with respect to the parameters of S) of the

function
[dist(P, S)]* = [dist(P, Q)]* = (z — z0)* + (y — %0)°,

where @) = (x,y) is the projection of P onto the conic S; see section 2.1. To this
end it will be enough to check that the coordinates x,y of the footpoint @) of the
projection are differentiable with respect to the conic’s parameters.

One may guess, intuitively, that whenever the point P = (zg,o) is kept fixed
and the conic S changes continuously, the projection ) of P onto S would change
continuously and smoothly. We will prove that generally this is true. However, there
are exceptional cases where the continuity breaks down.

Differentiability of objective function: Some exceptions

The reason for the breakdown is that the point () on the conic S closest to the
given point P may be not unique. For example, if S is a circle and P is its center,
then all the points of S are equally distant from P, hence the point () can be chosen
anywhere on the circle. Another example: S is an ellipse and P lies on the major

axis near the center. Then there are exactly two points on S closest to P (they
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are symmetric about the major axis of S). Similar situations occur when S is a
hyperbola or a parabola and P lies on its axis. See illustrations in the figure 5.2. In
these exceptional cases, if one changes such a conic S continuously, then the point ()
may instantaneously “jump” from one side (or branch) of S to another.

A more subtle exceptional case occurs when P lies at the center of curvature of
S at the point ). This means that P coincides with the center of the osculating
circle [?] of the conic S at the projection point (). Then the projection  may be
technically unique, but “barely unique”, as to the second order all the points on S
close enough to @) will be equally distant from P. This is a subtle situation, we will

explore it separately.

THEOREM 5.4. (Differentiability of projection coordinates) Let S be a con-
ic and P a given point. Suppose (i) the point ) on the conic S closest to the given
point P is unique and (ii) P is not the center of curvature of the conic S at the point
Q). Then the coordinates x and y of the point QQ are differentiable with respect to the

conic’s parameters.

Theorem 5.4 is proved by implicit differentiation. See the proof in section A.5.

Our proof ensures the existence of the first order derivatives of x and y with respect
to the conic’s parameters. One can easily extend it to higher order derivatives, so
that x and y can be shown to have derivatives of all orders.

We note, however, that for practical purposes first order derivatives suffice. The

most popular minimization algorithms, such as Gauss-Newton and Levenberg-Marquardt

[23, 25], use approximations to the second order derivatives of the objective func-

tion J, and those approximations only require the first derivatives of the distances
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dist(P;, S)’s. That is, only the first order derivatives of the coordinates of projection
points x and y with respect to the conic’s parameters are needed.

Next we turn to the exceptional case (ii) in the above theorem, i.e., suppose P is
at the center of the osculating circle of S at the point (). Then the coordinates x and
y are not differentiable with respect to the conic’s parameters. But surprisingly the
distance dist(P, S) is differentiable with respect to the conic’s parameters.

Example of a point at center of osculating circle As a simple example,

consider a family of parabolas defined by equation
Yy = ZE2 - O’

where C' is the only scalar parameter. For C' = 0 we have the classical parabola
y = x%. At the point Q = (0,0) of this parabola, the osculating circle has center
(0,1/2) and radius 1/2. So let us put the data point P = (0, 1/2) right at the center
of the osculating circle. Then for C' = 0 we get the (unique) projection ¢ = (0,0)
of the point P onto the parabola y = z? and the distance from P to the parabola is
d(0) =1/2.

Let us see what happens when C' becomes positive or negative. For C' < 0, the
parabola moves up, toward the point P. That point still has a unique projection
Q = (0,—C) onto the parabola y = 2 — C. Thus the coordinates of the projection
point z(C) = 0 and y(C') = —C' appear to be smooth functions.

However, for C' > 0, the parabola moves down, away from the point P. Now P has
two projections onto the parabola y = 22 — C'; their footpoints are Q1 = (£v/C,0).
Thus the coordinates of the projection points are 2(C') = =v/C and y(C) = 0.

We see that the y-coordinate y(C') of the projection point changes its slope at
C =0, fromy = —1for C <0toy =0 for C > 0. Thus the function y(C) is not
differentiable at C' = 0, even though it has one-sided derivatives. The x-coordinate
x(C') of the projection point does not even have a one-sided derivative corresponding

to C' > 0. Indeed, 2/(C) = £1/(2/C), which approaches infinity as C' — 0. Hence

the slope of the function z(C) at C' = 0 is vertical, its derivative turns infinite!
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We see that both coordinates, x(C') and y(C), of the projection point fail to be
differentiable at the parameter value C' = 0, which corresponds to the data point P
right at the center of the osculating circle.

However, the distance d(C') from the fixed point P = (0,1/2) to the parabola y =

2?2 miraculously remains smooth, even at C' = 0! Indeed, by elementary calculations
1
d(C)=1/2+C for C <0 and d(C) = Z_L+C for C' > 0.

Thus its derivative is

1
d(C)=1 for C <0 and d(C)=——  for C >0.

2/3+C

We see that at the junction point C' = 0 both derivatives coincide, they are equal to
1. Thus the function has a continuous first order derivative at the value C' = 0.

Remark: We must note, however, that the second order derivative d”(C') is not
continuous at C' = 0, thus it does not exist at this point.

Still, the existence and continuity of the first derivative looks like a stunning
miracle here. It calls for an explanation.

Fortunately, the existence and continuity of the first derivative is not just a sheer
luck that we observed in one particular example. It is a general fact that we prove in
section A.5 (see smoothness at centers of osculating circles).

Thus we get

THEOREM 5.5. (Differentiability of distances) Let S be a conic and P a given
point. Suppose (i) the point Q) on the conic S closest to the given point P is unique
and (ii) P coincides with the center of curvature of the conic S at the point Q). Then

the distance dist(P,S) is differentiable with respect to the conic’s parameters.

The proof is given in section (A.5).
Thus the objective function F is differentiable, unless the point P has more than
one projection onto the conic S.

Examples of non-differentiability
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Figure 5.1: Example of Non-differntiability

In rare cases where the condition (i) of Theorems 1 and 2 does not hold, the
objective function may not be differentiable. This happens, for instance, if S is an
ellipse and one of the data points P; happens to lie on its major axis somewhere in
the middle of S (then P; is equally distant from the two halves of the ellipse). Or if
S is a circle and one of the data points P; is its center.

To illustrate the above effect let us consider a simplified family of conics defined
by

2+ 19?4+ 2Dz +2Ey —3=0
where only two algebraic parameters, D and E, are variable and all the others are
fixed (A=C =1, B =0, and FF = —3). This is actually a family of circles with

center (—D, —FE) and radius R = v/ D? + E? + 3. The distance from P = (zg, o) to

this circle is given by

dist(P, S) = ‘\/(D Y20 + (E +30)? — VDZ 1+ E2 1 3.

Figure 5.2is the graph of this distance, as a function of D and F, plotted by MATLAB
. We have set zp = yop = 0 and let D and E vary from —1 to 1. We clearly see a

sharp peak on the graph at the point D = E = 0, exactly where the point P = (0, 0)
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coincides with the center of the circle. The graph is a cone-shaped surface near the
peak with no derivatives at the summit.

To summarize, the cases of non-differentiability of the objective function F are
rare. They occur when one of the data points happens to be in an unusual place
where the distance to the conic may be computed in more than one way. Such points
“confuse” the objective function and cause the failure of its differentiability.

No local minima at singular points

It is important to explore what happens whenever the objective function JF fails
to be differentiable. It turns out, fortunately, that in all such cases the shape of F
resembles a “peak” (pointing upward), as in the above illustration. It cannot have a
shape of a “pothole” (pointing downward).

Indeed, suppose a data point P; can be orthogonally projected onto the conic S in
more than one way (meaning its projections on different parts or on different branches

of S). Denote the footpoints of those projections by Q;, Q;’, etc. Then
dist(P;, S) = min{dist(P;, Q;), dist(P;, Q; ), etc.}

Thus the distance is obtained as the minimum several smooth functions. And here is
a general fact: the minimum of several smooth functions can only have “peak-type”
singularities, not “pothole-type” singularities; see a simple illustration in figure 5.2.

In other words, F has “peaks”, or local maxima, at singular points.

THEOREM 5.6. (Smoothness at local minima) The objective function F is
smooth at all its local minima. More precisely, the first order derivatives of F, as well

as those of the distances dist(FP;,S), exist and are continuous at all local minima.
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See a proof in section (A.5).

Since our main goal is minimization of F, i.e., finding its (local) minima, the
singularities of F will not really concern us, they will not be harmful. Standard min-
imization algorithms, such as Levenberg-Marquardt or Trust Region, are prohibited
from moving in the “wrong direction” where the function J increases. They will only
move if they find a smaller value of F. This restriction forces them to move away
from local maxima of F, in particular away from singular points of F.

If an algorithm converges to a limit, then J has a local minimum there, and by our
Theorem 3 the function F and the distances dist(P;,.S) have continuous first order
derivatives. Since the above mentioned algorithms only use the first order derivatives
of the distances dist(P;, S), they should be able to find the local minimum of F and
converge quickly.

Summary

To summarize, we list all the domains where the minimization algorithms are
likely to “maneuver” searching for the best fitting conic and where the best fit can be
found: Ellipses Dg, hyperbolas Dy, parabolas Dp, intersecting lines Dy, and parallel

lines Dpy,. We formalize this in the following statement:

THEOREM 5.7. (Essential domain) For any set of data points Py, ..., P, the

global minimum of the objective function F belongs to the union
(54) Q?,ESS - DE U ID)H U ]D)p U DIL U DPL-

If the objective function F has multiple global minima, then at least one of them
belongs to the above union. This union cannot be shortened, i.e., for any conic S in

this union of domains there exists a data set for which S provides the unique best fit.

See a proof in section (A.6).
We call ®g5pgs the “essential domain, or the essential part of the domain D4

of the function &F. The above theorem basically says that all the other parts of the
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parameter space S° can be ignored for the purpose of minimization of the objective

function. On those parts F is either not defined or tends to grow.



CHAPTER 6

GEOMETRIC FIT AND THE PROBLEM OF THE
MOMENTS

In EIV problems, the given points on the plane are subject to random errors
(usually normal r.v). Due to the complexity of curve fitting problems the exact
distribution and moments of parameters are hard to determine. It was already known
that the parameters in linear regression y = a + Sx do not have finite absolute

moments
(6.1) E(la[) = E(|8]) = o0

This fact was found by Anderson in 1976 [6]. Recently, Chernov discovered that the
parameters in circular regression (z — a)? + (x — b)? = R? have infinite moments,too

[14]
(6.2) E(la) = E(Jo]) = E(|R]) = o0

In this chapter, we will investigate elliptical regression — fitting ellipses to observed
points whose both coordinates are measured with errors. We prove under any stan-
dard assumptions on the statistical distribution of errors that are commonly adopted
in the literature, the estimate for the major axis, center coordinates have infinite
moments. The minor axis have finite first moment but infinite second moment. Our

discussion will follow the general strategy used in [2] and [14].

6.1. Geometric elliptical fit

In the problem of fitting curve to given points, geometric fit which minimizes the
sum of squares of distances from points to the curve is considered as the most reliable

fitting method. Let us recognize the following important fact about the geometric fit.

91
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THEOREM 6.1. In functional model, the maximum likelihood estimator of the pri-
mary parameters 0, ..., 0 is attained on the curve that minimizes the sum of squares

of orthogonal distances to data points.

see [13] Tt is commonly regarded as the best (most accurate and reliable) fitting
method. However the corresponding parameter estimates often have a bizarre feature:
they do not have finite moment. On the other hand, classical estimates minimizing
vertical distances, even in the linear case [6], are known to have finite moments. But in
practical application, the classical estimates are known to be much less accurate and
have heavy bias in the estimates of some parameters. In other words, paradoxically, a
better estimate has infinite moments. (Theoretically, its mean squared error is infinite
and bias can not be measured) while a worse estimate has finite moments (so its bias
and mean squared error are finite).

Existence revisited

Before we proceed to any formal investigation, let us recall the issue of existence
arises in elliptic regression: there is a nonzero probability that the best fitting ellipse
would not exist. Strictly speaking, if one fits a quadratic curve (a conic section) to
observed points, then the best fitting conic may be (i) an ellipse or (ii) a hyperbola or
(iii) a parabola or (iv) a straight line or (v) a pair of straight lines. Even though lines
and parabolas occur with probability zero (thus they can be ignored), hyperbolas
occur with a positive probability and have to be reckoned with. When the best
fitting conic is a hyperbola, then the problem of fitting ellipses has no solution (see
section A.1 in appendix). In that case for any ellipse one can find another ellipse that
fits the given points better than the previous one (in the sense of a smaller sum of
squares of distances). A sequence of such ellipses that approximate these given points
progressively well will converge to a parabola [28]. In a numerical experiment of fitting
five random points generated by a continuous distribution (normal or uniform), the
ellipse turns up in 30% of the cases while the hyperbola occurs in 70%. This suggests

that there is a significant chance that the best fitting ellipse does not exists at all.
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Therefore our analysis has to be restricted to data sets where the best fitting ellipse
does exist (i.e., where the best fitting conic is an ellipse, rather than anything else).
The expectations of the geometric parameters in this chapter should be understood
as conditional expectations (i.e.,the integral of the estimates of the parameters for

the data sets for which the best fitting ellipse does exists).

6.2. General Strategy

In ellipse fitting problem one estimates two axes a, b, coordinates of the center
(Cy, Cy) and the angle of tilt o (the angle between the major axis the horizontal axis).
The angle « is commonly assumed to be between 0 and 27. So its estimate & should
have finite moment. The following analysis applies to the remaining parameters.

The absolute first moment of parameter estimate 0
(6.3) E(|6]) = / Prob(|d] > z) dx
0

is infinite if the distribution has a power-law tail Prob(|d| > z) ~ 27 as  — oo with
v < 1. The reciprocal ¢ = 1/6 then satisfies Prob(|¢| < y) ~ y* with v < 1. Tt is
easy to see that ¢ vanishes as 6 grows to infinity. Thus we only need to check that ¢
has a positive density function which does not vanish at 0.

Suppose we can position n points (x1,41), - .-, (s, ys) so that the parameter es-
timate 6 will be infinite and hence ¢ = 0. Also note that 6 and ¢ are continuous
function of coordinates (1,41),. .., (s, yn). Next we fix all coordinates except only,

say xp varies.

LEMMA 6.1. Suppose that the derivative |0(/0x1| < D for some D > 0. Then the
conditional absolute moment ofé given that the coordinates yi, T2, Ya, - .., Tn,Yn (i-€.,

all but x1) are fived, is infinite, i.e., E(!é[ | Y1, 22, Y2y« +y T, Yn) = OO.

PROOF. Since the original joint distribution of all the coordinates x1;y1;...; Zn; Yn

has a strictly positive density, the conditional distribution of z; (given that all the
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other coordinates are fixed) also has a strictly positive density. And since |0(/0x;| <

D, the conditional density of

d(¢ Nz _ Ox _
64) FeCelns i) = 1 g 1) = 12 () > 0
dz oC
Hence, as we have seen, the conditional expectation of 0 is infinite. O

The argument holds true if every coordinates is slightly changed, i.e., xs € I; (i =
2,...,n)and y; € J; (j =1,...,n) for some [; and J;. Therefore the unconditional
expectation E(|6]) = co.

Next we will construct such an example for which the moments of parameters for

an ellipse are infinite.

6.3. Elliptic regression (for five points)

When the total number of data points is n = 5, the argument is relatively simple
(see [2]). We have seen in the section 2.8 that two semi axes a > b grows to infinity
as the ellipse converge to a parabola. Taking the clue from this fact, we can choose
five points (—2,1),(2,1),(—1,0),(1,0) and (0, —1/3). Then we fix four small squares
B; (i =1,...,4) of size 2h? x 2h? centered at each of first four points and one small
rectangle Bj of size 2h* x 2h (h is a small number such as 107?) at the last point.
Then there always exists an interpolating object Spes; passing through five points
(quadratic curve or line) (see Figure 6.1).

We choose one points (xg, o) in the rectangle B; and one points (z;,y;) from
each square B;(: = 1,2,3,4). Note that y, is allowed to vary within a interval of
size 2h while all other coordinates are restricted to much smaller interval of size
2h? < 2h. By simple geometry, the best fitting (interpolating) object is an ellipse
when yo = —1/3 4 h or a hyperbola when yy = —1/3 — h. Let us fixed all coordinates
except yo. As yo varies from —1/3+h to —1/3 — h, the interpolating ellipse converges
to a parabola and than becomes hyperbola. We will only consider the part of the
interval (—1/3 + h*,—1/3 4+ h) (—=h < h* < h). The major axis a of the ellipse

reach at infinity when yo = —1/3 + h* and the corresponding interpolating object is
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Figure 6.1: The best fitting conic for five points

a parabola. Let us define ¢ = 1/a. Keep in mind that ( is a function only depending

on 1yo. We will prove the following fact:

THEOREM 6.2. For any fized values 1, xo,Ys, ..., Ts5,ys, the function ((yo) has

bounded derivative, i.e. |0((yo)/0yo| < D for some D > 0.

The above fact implies our desired result E(|a|) = oo. And since C, ~ d — 1/3,
E(|C,|) = oo. Rotating the construction by 2, we can obtain E(|C,|) = co. Besides,
we will show that as the ellipse degenerates to parabola the minor axis b will grow to
infinity as well but at a lower rate b ~ a'/2.

Proof of Theroem 6.2 Here we provide a proof for the infinite moment of some
of parameters (major axis and coordinates of the center) for the best fitting ellipse
which may illustrate our main idea of infinite moment for arbitrary n > 5. First we
fix five points at (—2,1), (2,1), (=1,0), (1,0) and (zo,yo) where zo € (—2h?, 2h?)
and yop = z — 1/3 € (—1/3 — 2h,—1/3 + 2h)(h = 107%). Note that the best fitting
(interpolating) curve (including parabolas) will be an ellipse when z3 < 3y, and a
parabola when z2 = 3y, (see figure 6.1). It is easy to obtain the corresponding

equation

(6.5) 4ty —(3+t)y—1=0
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where ¢ will be determined by the the point (z, yo):

2
3z —xj

6.6 t =
(6.:6) z+ 22

Ok~

wlot

The equation (A.113) can be rewritten as

3+t
2t

9410t 4 ¢
N At

(6.7) ? +t(y — )?
The above equation corresponds to an ellipse if and only if ¢ > 0 (32 > x3). Two
axes for the ellipse are

V9 + 10t 4 ¢2 V9 + 10t + 2

68 a = 6 —_—
_ 2
So C o \/1+10tt+9t2 and
d dcC t 227 9
(6.9) ¢ _dct 227 9

dyo  dt yo T34 2
which justify our conjecture. Also note that (6.8) implies b ~ a'/% and this shows the
minor axes has infinite second moment as well.

The conclusion also holds if the first four points are perturbed by € within a square

of size h? around its initial positions.

6.4. Elliptic regression (general case)

To prove the infinite moment for a model containing arbitrary number of points
(n > 5), we will modify our constructions as follows: we place n — 4 points in B3 and
choose h to be extremely small (i.e. h = 107?/n?) so that the type of best fitting
curve is not changed. For every fixed points in By, ..., B, and the fixed x-coordinate
x, of the last point in By, we will examine how the best fitting ellipse changes a
parabola as the y-coordinate y,, of the last point changes from —1/3+h to y*. As the
last point further moves down, the best fitting curve that fits to the points changes to
a hyperbola for which our geometric parameters are undefined (hyperbola does not
have semi axes).

Next we propose to describe ellipse by the following parameters: p; = C,,py =

1/(a+Cy),ps =a—Cy,ps = % and ps = a. When the best fitting conic is a parabola,
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A, Cy reach infinity and therefore we define p, = 0. Let us set ¢ = p,. Also note that
ps = 1/3, py = 3/2(see section A.7 in appendix). It is quite clear that derivative of ¢
does not exist when the parameters correspond to a hyperbola because the parameters

are undefined. So we have a modified Regularity Lemma below:

LEMMA 6.2. [Regularity] For any fized values (x;,y;), 1 <i <n—1, and z,, as
above, the function ((y,) is differentiable and its derivative is bounded when ¢ > 0.
Furthermore, ((y,) has bounded one sided derivative when ¢ = 0. i.e. |(""(y,)| < D
for some constant D > 0. Here D may depend on n and h but not on the fired

coordinates (z;,y;).

It is enough to restrict the region of parameters corresponding to the best fitting

curve to
(6.10)
1 3
Q = {|p1| < 100h,0 < p, < 100h, [ps—3| < 100h, |[p4—5| < 100k and |ps| < 100% }

By implicit differentiation of F(p1, pa, p3, pa, p5), we see that all elements in the Hessian

Matrix are bounded (see section (A.7) for detail):

(6.11)
HBTn? TRt m? WoB? 3w T nh
~HTH" s T T B0 s " 1 130

H=1 H-58n —5-57 —3+tn? mtut —ninn | TX
¥~ w0 "o " s T B s T w3+l
% B woB? TnTnt Tntnt E T

where each element in x is a small quantity (that can be made as small as we

want by further decreasing h). In addition, each leading principal minor of the first
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matrix above is positive for n > 5:

232 8
M, =224 °
1= 505 T 13"
934528 21952
M, =

= -+ n
316875 7605
28889344 1277056

316875 | 38025
5832704 557056

T 050625 | 316875
8388608 2097152

- + n
950625 950625

3= —

4:

5 =

Hence the objective function J is convex within the compact domain €2 and has unique

minimum. Let P = (p1, D2, P3, P1, Ds) be the unique minimum satisfying
Fp. (D1, D2, D3, P, b5) = 0 1=1,2,3,4,5
further differentiate each derivative with respect to ¥, gives
H.v+n=0

where v = (91, 9o, s, s’ ps")T (when P corresponds to a parabola, py’, ps’ and p, are
replaced by one-sided derivatives) and 7 = (Fp,4ns Tpovn s Tpsyns T paym s ?psyn)g. Note
that each element of 7 is uniformly bounded on the compact domain 2. Therefore,

we have ||v]| < D and ((y,) = po’ < D. By the regularity lemma,

A

(6.12) E(la+ C,|) = o0

Since a — Cy ~ 1/3 and % ~ 3/2, we conclude thata, b*, C, and C, do not have finite

moments.
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APPENDIX A

APPENDIX

THEOREM A.1l. Given a closed set Sy and a compact Sy on the plane, the distance

between S and Sy is defined by

(Al) diSt(Sl, SQ) = inf diSt(Pl, PQ)

P1€S1,PESs

If one set (say, S1) is closed and the other (Sz) is compact, the infimum in (2.4) can

always be replaced by a minimum.

PROOF. It is possible to find two sequences Py; € S1, Ps; € Sy such that

dist(P”, Py = inf  dist(Py, P»)

PLES1,PyESo
By the compactness of Sy, let us assume that PQ(i) — P, € Sy. The sequence Pl(i)
has a subsequence either diverging to infinity or converging to a finite limit within 5}
denoted by P,. However, if the subsequence Pl(i) moves to infinity, dist(Pl(i), Pz(i)) —

. 3 /
oo. For convenience, let us assume Pl(l) — P;. Now we see that

: (i) pli) : (1) p)y _ : :
dlstpl(i)eshpéi)eSQ(Pl Py — dlStPI’eSI,P;eSQ(Pl ,PyY) = P1€;11’,1£2652 dist( Py, P»)
which implies
inf dist( Py, P») = i dist( P, P
P1€5}11,1P2€SQ IS( b 2) P1€5r{1,1P2652 IS( b 2)
0

THEOREM A.2. Given a sequence of sets S, and a set S, we have
(A.2) distg(Sy, S) = Z 2 *distg(Sy, S; Ri) — 0 as n — 0o
k=1

if and only iof

(A.3) distH(Sn,S;Rk):max{ sup dist(P,S), sup dist(Q,Sn)}%O
P€ES.NR QeSNR

101
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for each Ry (R ={-k<zx<k, —k<y<k})
PROOF. Let us first suppose the distg(S,, S) has a limit 0. If
disty (S, S; R;) A0 as n — oo
for some j, there exists a subsequence
distg(Sy,, S;R;) = ¢>0 or 400 as n; — o0

Then

distp (S, S) = > 27 *disty(S,,, S; Ry) > 277c

k=1
for any n; or

distp(S,,, §) = +00

Which contradicts our assumptions.

Next, let us suppose

(A.4) disty(Sy, S; Rk):max{ sup dist(P,S), sup dist(Q,Sn)} — 0,

PeS,NRy QESNRy,
for any Rjy. Note that
(A.5)
sup diSt(P, S) = diStpeSnan+1’Qes(P, Q)
PeSnNRk41

< diStPeSnﬁRk+1,P/€SnmRk (Pa P ) + diStQES,P'ESnﬂRk(P 7Q)

<V2(2k+1)+ sup dist(P,S)

PeS,NRy

(The farthest possible distance between a point )y € Ry and another Qs € Ry
is V/2(2k + 1), See Figure A.1). It is easy to verify that Y 37 . 27F/2(k — j)(2k + 1)
has a finite limit for any fixed j. So for any € > 0, there exists a p > j such that

D ke 27k+12(k — §)(2k + 1) < e. Since distu(S,, S; R,) — 0, distg(S,, S; R,) < €
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0k+1)

(0,k) /,4

(*-1,0) (-k,0) /’/ (k.0) (k+1,0)

(0.-)

(0,-k-1)

Figure A.1: The farthest possible distance between one point in the inner square and

the other in the outer square.

for sufficiently large n. Then

p—1 00
(A6) distp(S,,S) =Y 2 Fdisty(S,, S; Re) + > 2 *distu(S,, S; Ry)
k=1 k=p
p—1 o0
<y 2 ks—i—z 2% (disty(Sn, S; Ry) + (k — p)V2(2k 4 1))
k=1 k=
p—1 00
<) 2 ke+z 2% (distu(Sn, S; Ry) + (k — 7)V2(2k + 1))
k=1 k=
<et+e+te
< 3e
indicating that distg(S,, S) — 0. The proof of our claim is complete. ([l

A.1. No local minima for five distinct points

Suppose five points Py, ..., P5 are given. Then there exists an interpolating object
Shest (quadratic curve or line). Thus the objective function F takes it global minimum

F(Spest) = 0. A local minimum of F would be a conic S such that F(S) > 0 (i.e., S
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does not interpolate our points), but F(S) < F(S’) for any conic S’ sufficiently close

to S (in the sense of our section (2.2)). It turns out that local minima does not exist.

LEMMA A.1. For five distinct points that can be interpolated by an ellipse, if one
of them changes its position by a sufficiently small amount, there exists another ellipse

interpolating the new set of five points.

PROOF. Suppose the five points are located at (z;,y;) ¢ = 1, ..., 5, which uniquely

determine an ellipse:
(A7) Ax* + Bry+Cy*+ Dz + Ey+1=0
where B? — 4AC > 0 (see chapter ). Then
Az + Bryy; +Cy? + Doy + Ey; +1=0 i=1,...,5

Suppose
T
Qz—(1 111 1)

and

2 2
Ty 1% Y1 1 U1

2 2
Ty T2Y2 Yz T2 Y2

X =\ 22 z3ys v 3 U3

2 2
Ty Ta¥Ys Yy Ta Y4

T3 TsYs Y3 Ts Ys
The parameter vector § = (A4, B,C, D, E)T is uniquely determined by 6 = X~1Q.

If we consider the first four points (x;,v;) i = 1,2,3,4 as fixed and only move the
fifth (x5, ys) point within a region S = {(z5,ys5)|det(X) # 0}. The parameters A, B
and C can be considered as functions of (z5,ys)( defined on S, denoted by fi, fo
and f3 respectively. Also note that 4f,(z,y) fs(z,y) — f3(x,y) > 0 when the equation
corresponds to an ellipse. Let F(z,y) = 4fi(z,y)fs(x,y) — fi(z,y). Apparently,
F(z,y) is a continuous function on S. Suppose I = (F(z5,y5) — 6, F(x5,y5) + 0)

where § < F(xs,ys). Then (x5,ys) € F~(I) which is an open set in R. Furthermore,
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(z5,y5) has an open neighborhood U contained in F'~!(I) and F(U) C I. Therefore
for any perturbation of (x5, ys) within U, the conic interpolating all points is still an
ellipse.

O

LEMMA A.2. Suppose an ellipse E passes through 4 distinct points P;, 1 <1 < 4,

and T denotes the tangent line to the ellipse at Py,. Then E is uniquely determined.

PRrooOF. First, choose an appropriate coordinate system so that the given tangent
line passes through the origin and the P; is in the upper half of the coordinate system
but not at the origin. Also assume the tangent line has a slope 0 < k < oco. Let
x-coordinate of () equals to 1/2 which indicates y; = k/2. Then the orthogonal
vector (2Axy + By, + D,2Cy, + Bz, + E) at (xy, ;) satisfies

(A.8) 2Ax; + By, + D = —k(2Cy, + Ba1 + E) or A+ Bk+Ck*+D+kE =0

Consider the system of equations for the parameter vector of [E below.

romy yor n A 1
T3 TaYo Y3 T2 Yo B 1
(A.9) XO=| a3 zsys v3 w3 ys C =11
T3 Tays Vi T4 Ua D 1
1 E kK2 1 k E 0

The matrix on the left is invertible. Here is the reason: There is a unique conic passing

through five distinct pointsP;, 1 <i <4 and (1, k). So the system of equations of 6
(A.10) X0=—(1,1,1,1,1)

has an unique solution which implies det(X) # 0. Therefore there is an unique ellipse

E, which is determined by (A.9). O

THEOREM A.3. In a model of fitting any conics (ellipses, parabola and hyperbola)

to 5 distinct points on R?, if all five points are interpolated by a hyperbola, there
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Figure A.2: Five different projections

doesn’t exist a local minimum in the space of ellipses. More precisely, for any given

ellipse fitted to the points, one can find another ellipse that produces a smaller sum

of squares of orthogonal distances.

PROOF. Let @1, ...,Q5 be five points on a hyperbola and E a given ellipse. It’s
necessary to discuss two possible situations:
(I)The points P; through Ps have different projections on E (see Figure A.2.)
Let’s denoted by P, ..., Ps the projections of Q1, ..., Q5. By lemma (A.1), there is
an open neighborhood of P; denoted by U in which any perturbation of P, will still
lead to an ellipse. Let us pick a arbitrary point P, € U between P, and @;. Then

one can fit Pll, Ps, ..., P; by another ellipse for which
5 5
[dist(Q1, P))* + ) dist(Qs, P))* < Y dist(Qs, P))?
i=2 i=1

Therefore the new ellipse interpolating the new set of points fits the given points
Q1,...,Qs better than E.

(IT)Two points @1 and @), share a projection Pjs on E.
The rest of projections are three distinct points Ps, Py and Ps. It is easy to see that
P, and P, can not be on E at the same time. Let us suppose P; does not belong to

E. Pick a point P on E different from P59, P35, Py and P5. Next move P to Pé within
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oof”

Figure A.3: Two points share an identical projection

a certain neighborhood where the conic interpolating Pio, P3, Py, Ps and Pﬁl is still
an ellipse E' # E (by lemma (A.1)). By lemma (A.2), the new ellipse has different
tangent lines at Py, Py, Py and P;. Then dist(E', P) < dist(E, P;) (i = 12,3,4,5).
So E’ has a smaller sum of squares of distances to given points than E (see figure
A.3).
(IIT)Q1, Q2 share a projection Pjo; Q3, Q4 share a projection Py

Suppose P5 has a projection Q5. Pick two points Qg and ()7 on E other than 1o,
Q34 and Q5. Same argument will apply if one moves ()5 toward Ps within its small
neighborhood.

Remember we assume all five original points are on a hyperbola. If three of them have
the same projection, the best fitting conic can not interpolate three distinct points

on a straight line. So by checking the above situation, the proof is complete. 0

A.2. Existence of the best fit: specific models

Here we provide sketchy analytic proofs as alternative to topological proofs given

earlier.

THEOREM A.4. Let B be a given compact set (Euclidean space) containing all the

data points. Then the ‘enlarged’ space Q) of ellipses, parabolas, lines(including rays
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and line segments, singletons), and pairs of parallel lines intersecting B is compact

with respect to the topology defined on the Q (see section (2.3)).

PROOF. Let S; be a sequence of curve objects (ellipses, parabolas, lines, pairs of
parallel lines and singletons) that intersect B. Denote by dpax the longest distance
from the origin to a point in the box B. Then each line in the space () is uniquely
determined by the direction of the normal vector to the line 0 < w < 27 and the
distance from the origin to the line 0 < d < dpax. S0 every sequence of lines in the
space contains a convergent subsequencein ().

If there are infinitely many ellipses, each of them is represented by its focuses f;,
g; and the semi minor axis b;. Then there is a subsequence of ellipses satisfying one

of the following conditions:

(i)fi = fo and g; — oo;
Without loss of generality, let’s assume a sequence of ellipses with one focus fixed
on the origin and another one denoted by a polar coordinate (6;,2k;) moving to the
infinity. Since 0 < 6; < 27, let’s just assume 6; — 6y. Such ellipses with length of

semi-minor axis b; can be represented by a family of equations:
(A.11) (kZsin®6; + b1)a® + (k? cos® O; + b2)y?
— zyk? sin 20; — 2k;b? (w cos 0; + ysin ;) — b} =0

(1)b2/k; — c € [0,00)
After dividing both side of (1) by k? and set k; — oo which is already implied by the

assumption g; — 00, (1) becomes
(A.12) 2% sin? 0y + y? cos? Oy — 2wy sin y — 2¢(z cos By + ysinfy) — ¢ =0

Since (—2sin #y)? —4sin? 6 cos® §, = 0, the above equation corresponds to a parabola

when the above equation corresponds to a parabola if ¢ # 0 or a ray starting at the
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Figure A.4: ellipses converging to a ray or a parabola

limiting vertex:

lim((4/b7 + k? — k;) cos b;, (1/b? + k? — k;) sin 6;)
= ((V1+4+c—1)cosby,V1+c—1)sinby)

= (O’ O)
Thus we get the equation for the ray

z € 1[0,00), if by € [0,2]U[Z, 2n];
y = x tanfy

x € (00,0), iffy € (g,%ﬂ),
or

y €[0,00), if Oy =2

z=0
yG(O0,0L 1f00:%a

Apparently b; — oo and k;/b? — 0. Dividing both side of (1) by b} yields

(A.13) ((K?sin?0; + b2)z? + (k? cos® 0; + b7)y?
— zyk? sin 20; — 2k;b? (z cos 0; + ysin6;))/b; —1 =0
The first fraction on the left side of (3) converges to 0 as i — oo and the equation

turns into —1 = 0 which does not represents any curve intersecting with B. There-

fore, subsequence of ellipses satisfying condition (i) could only converge to a parabola
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or a ray.

(i) fi, gi — o0

Let’s denote by a; and b; the length of two semi axes of an ellipse.

(1)b; — by < o0

If dist(f;,g:) — d (i.e. 2y/a? —b? — d), all ellipses have bounded semi axes. S-
ince they intersect with B, it can not happen that both focuses f;,g; — o00. So

dist(fi,g;) — oo ,let’s consider the canonic equation of an ellipse
(A.14) (X - X )N AX -X,) =1

where A is a symmetric matrix. The Singular value decomposition of A:

A0
(A.15) vt ™ U = Aulu + Agv'v
0 Ao

Note that u and v are the unit eigenvectors corresponding to the A\; and A;. Substi-

tuting (5) into (4) yields

T — X,
(A.16) (2 — e,y — yo) Apu'u + Agv'v)
Y—Ye

Suppose u = (u1,us) and v = (vy,v9). After expansion, (6) turns into

(A7) Ai(n + ugy)® + Ae(v1z + vay)”
— 2[ur Ar (w1 + Ugye) + ViAo (ViTe + vaye)]T
— 2[ug A1 (U1, + Ugye) + v2 o (ViTe + vaye)ly
+ M (urze + ugye)? + Ao (vize + vaye)” = 1
Since the length of the major axis 2a; = \/L/\fl grows to infinity,A\; — 0. Next, let’s
recognize the following facts about the subsequence.
i.The distance from the major axis to the origin will not grow to infinity because the

length of the minor axis is bounded and the subsequence can not leave the box B

under the assumption.
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Figure A.5: Stretch ellipses to a pair of parallel lines

ii.Suppose u1x + usy + d; = 0 and vz + voy + do = 0 pass through the center of the
ellipse (., y.). Since ||u;|| = 1, d; and dy are the distances from the minor and major
axes to the origin.

iii. Because of i, dy — d, < oco. Furthermore, if we draw a line through the origin
parallel to the minor axis, the length of the section between the line and the minor
axis is dy which must be shorter than the major axis.

By above facts, we have

. dl ERT _(ulxc—’_uZyc) o 1
i YN, A Y

Then

lim Ay (wyze + ugy.) =0

)\1*}0

lim Ay (w2, + ugye)® = 4t* = c € [0, 1]
)\1*}0

Suppose u — u' and v — v Therefore, the equation (7) will converge to

/ ’ o ro ’ 1—c¢
(w12 + upy)® + 201dyx + 205dyy + dyf = ——

4b(2)

or equivalently

4

’ ’ ’ C
(u T + usy + d2)2 = bg

v 12_01)0 =0 or a line

The equation represents a pair of parallel lines w2 + uyy + dy £

uix +uyy + dy = 0if ¢ =1 or by = 0. See Figure 2.
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Figure A.6: Shrink ellipses to a line segment

(2)b; — oo As both axes stretch to infinity, the elliptic segment inside the box
would be straighten up and the subsequence of ellipses converges to a line.
(i) fi = fo 9 — 9o
Any sequence of ellipses satisfying (iii) in the space {2 must have bounded length of
axes. The subsequence of ellipses could either converge to an ellipse or a singleton
((both axes shrink to a point). However, if 2a; — dist(fo, go) > 0 (equivalent to

2

the length of the minor axis 2b = — 0, the limit of the subsequence is a line

5

segment.See figure 3. Suppose the fo = (fs, f,) and go = (g4, g,). Then the equation

(7) converges to
U+ Upy + dy =0z € [min(fy, go), max(fe, 9o )]

if u; # 0 or otherwise

u;y + dl2 =0 ye [min(fy,gy),max(fy,gy)]

Next, let’s prove that every sequence of parabolas or parallel lines contains a
convergent subsequence. If there are infinitely many parabolas in the sequence, each
of them uniquely determined by its directrix line and focus point. Given a sequence
of parabolas with the focus f; = (k; cos;, k;sin0;) and the directrix line x cosa; +

ysina; — d; = 0 where «; is the direction of its normal vector and d; is its distance
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to the origin, the parabola is naturally described by the equation

(A.18) a?sin® y + 32 cos® oy — wysin 2a; — 2(k; cos O; — d; cos o)z

— 2(k;sin@; — d;sinoy)y + k7 —d? =0

Suppose «; — ag, 0; — 0y

(\)d; = dy ki — ko

If f; goes onto the directrix line, the points with equal distances to the directrix and
the focus form a ray orthogonal to the directrix line and starting from (kq cos g, ko sin 6y)
(e.x.d;, k; — 0). Otherwise, the sequence converges to a parabola.

(il)d; — oo, ki — ko or d; — do, ki — o0

(8) is equivalent to

(A.19) [2%sin® a; + y? cos® a; — xysin 2a; — 2(k; cos O; — d; cos o)

— 2(k;sin0; — d;sinoy)y + k7] /d; — 1 =0

which turns into —1 = 0 as d; — oco. Similar argument applies to k; — ocowhile
d; — do. So such sequence does not exist in the space of parabolas intersecting B.
(iii)d; — o0, k; — 00
(Dk; —d; — o0
If we divide both side of (8) by (k; + d;)(k; — d;), we have following equation:

2?sin® o + y? cos? o — vy sin20;  2(k; cos §; — d; cos o)

(A.20) (s + o) (s — ) (ki d) (ki — dy)

—2(]{31 sinf; — d; sin az)y
(ki + di) (ki — i)

+1=0

The first three fractions converge to 0 and it becomes 1 = 0 which again indicates
the absence of such type of sequence.

(2)k; —d; - Q < 0

Since (k; —d;)/d; — 0, k;/d; — 1. Then by dividing the second and the third fraction
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of above equation and set d; — oo,

(A21) x?sin® a; + y? cos? a; — xysin 20y 2(k;/d; cos 0; — cos a;)x
—2(k;/d; sin0; — sin o)y
Ffd; 1 +

one can obtain

(cos By — cosag)x + (sinfy — sinag)y — Q@ =0

It represents a line when 6y # «y.
If 8y = g, we only need to consider the case Q = 0. Without loss of generality, we

assume #; = o; = 0 and k; = d; for all i = 1, ..., 00. The ellipses are represented by
v =dkx i=1,..,00

which reaches the limit = 0 as k; — oo. Thus, the sequence of ellipses converges to
a line through the origin.

In the end, one can easily investigate a sequence of two parallel lines, rays or line
segments in a similar manner and find their limits contained by the space 2. So the

lemma is proved. 0

LEMMA A.3. Let Aol' + B()y + C[) =0 and All‘ + Bly +C1 =0 (A()Bl 7& AlBo)
be asymptotes of some hyperbola. Then the hyperbola has an equation (Agx + Boy +
Co)(Arx + By +C1) =a (a#0).

PROOF. Geometrically, any hyperbola with its center at (z’,y’) and angle 6 be-
tween major axis and horizontal axis can be achieved by transforming a hyperbola in

the standard position
vy
az b2

with shift and rotation. Let us consider the equation in matrix notation:

(A.22) ( vy )

U= Q=
/N
Q=

|
S
N——
8
I
—_
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Note that the corresponding asymptotes are x/a+y/b = 0. Applying transformation

to the hyperbola equivalently changes (A.22) to

(A.23) (x_y y_y)R’

S= Q=
VS
Q =

|
S =
N——
=
S
|
. 8
|
—_

cosf) —sinf _ '
where R = . Meantime, two asymptotes are geometrically trans-

sinf  cos#
formed in the same manner. So they have equations

1
(A.24) (w—x'y_y>R’ =0
b
and
x—a
(A25> < % —% ) R e 0
y—y
which are two factors on the left side of (A.23). So the lemma is proved. O

Next, we will use this lemma in the formal proof of the following theorem.

THEOREM A.5. Let B be a given bounding box containing all the data points.
The ’enlarged’ set ) of ellipses, parabolas, hyperbolas, lines (including rays and line
segments, singletons and opposite rays), pairs of parallel lines, pairs of intersecting

lines crossing B is compact.

Proor. To justify the compactness of a set, by the conclusion in Existence of the
best fit, we only need to check if it contains all of its limit points. Again, convergence
of sequence of objects to a limit object is defined in . To search for the limit points
(objects) analytically, we will instead work with convergence of parameter vectors
which implies the convergence of sequence of objects (See section 4.6). Let us begin
by looking at a sequence containing infinitely many hyperbolas. By lemma A.3, each

hyperbola can be represented by equation:

(A.26) (zcosb; + ysinb; + d;)(xcosg; +ysing; +d,) =a; i=1,2,...
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with associated asymptotes x cos6; + ysin6; + d; = 0 and z cos ; + ysinp; +d; =0
(Lemma (A.3)). By requiring 0 < 6; < 27 and d; > 0, we gain some additional
benefits: 6;,¢; will be the direction of normal vectors to two asymptotes and d;, d,
the distance between the origin and the asymptotes.

The equation (A.26) is equivalent to a quadratic equation in the variable y

(A.27) o?sinb; sin p; + y(xsin(0; + ;) + d;sin 6; + d; sin ;)

+ 2% cos 0; cos p; + (d; cos 0; + d; cos p;)x + did; —a; =0
when sin 6; sin ¢; # 0. The solution exists if and only if the discriminant
(A.28) A = (zsin(0; — ¢;) — d; sin 0; + d; sin gpi)Q + 4a; sin6; sin p; > 0

Since any bounded sequence always has a convergent subsequence, let us just assume
sinf; sin ¢; — sinfsing. Note that siné;sinp; = 0 can be avoid because one has
freedom of choosing appropriate coordinate system such that sinfsin g # 0. So we
can stick with the fact sinfsin ¢ # 0 and sin;sin¢; # 0 for all ¢’s in the following
proof. Since two asymptotes of hyperbolas can not be parallel, ; — ¢; # 0, m and 27

and we can rewrite (A.28) as

/ . . . .
d;sin; —d;sinyp; , 4a;sinf;sin p;

A.29 >0
( ) (.CE Sin(ei - g01> Sin2(9i . 501)

Let

(A.30) T, = d; sin 0; — d; sin ; and O — 4a; sin 6; sin ;

sin(0; — ;) sin?(0; — ;)

We will consider different cases based on the limits of the parameters.
(I) a; — 0.
(i) If d; — d < oo and d; — oo, (A.26) is equivalent to

T COS @; + ysin ¢;
a "

A 7

(A.31) (xcost; +ysinb; + d;)(
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Figure A.7: Hyperbolas converge to a pair of parallel lines or intersecting lines

which approximates to
(A.32) rcosf +ysinf+d=0

after limits are taken on both sides. So the limit object represented by above equation
is a straight line.
(ii) If d; — oo and d; — oo,

rcosb; +ysinb; T COS ; + Y sin ;
d‘y +1)( ‘Pd,y 4

(2

(A.33) (

where the left side converges to 1 while the right side 0 as ¢ — oo. In fact, the
equations corresponds to a sequence of hyperbola moving away from €2 to infinity,
which contradict our primary assumption all model objects intersect with €.

(iii) If d; — d < 0o and d; — d < oo, (A.26) transforms into

(A.34) (zcosf + ysinf + d)(zcosp + ysinp +d ) =0
(1) If |6 — | # 0, 7 or 2m, the discriminant converges to

(A.35) (zsin(f — ) — d sinf + dsin p)? > 0 for any z € R

The resulting equation (A.34) describes two intersecting lines.

(2) If |0 — ¢| =0, 7 or 27, we have following situations regarding @Q);:
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[1] @; — @ = 0 or +o00. Then the solution set of (A.29) expands into the set of
all real numbers. So the sequence of hyperbolas converges to a pair of parallel lines
if 6 — ¢ = 7 or a single line otherwise.

[2] @i — @ <O0.

Apparently, sinfsin ¢ is nonzero. T; either has a limit 7" < oo or diverges to oco. If
T, — T < oo, the numerator d; sin#; — d; sin; — 0 since the denominator sin(6; —
©;) — 0. It follows that d/d = sing/sin@ > 0. Since ¢ — 0 = 0 or 27, d = d . Thus
the limiting form of (A.34) is

(A.36) (zcosh +ysinf +d)* =0

Furthermore, (A.29) has a solution set z € (—o0, T — /—Q) (T + /=@, 00). The
above equation represents two opposite rays. See example (A.1).

However, if T; — oo, (A.29) has a solution set of all real numbers. Therefore, (A.34)
represents two coincident lines (single line) when d = d and | — | = 0 or 2r.
Otherwise, it represents two parallel lines. See example (A.2) and (A.3).

[3] Qi = —oc.

First, let us suppose T; — T < oo. The solution set for (A.29) shrinks as i — oo
and becomes an empty set in the end. Geometrically, the hyperbolas escape from €2,
ending up with an empty set. But remember that the we must guarantees all model
objects intersect with (2.

Next, if T; — 0o, (A.29) has the following possible limiting solution sets:

(1) 0if T; — /—Q; — —o0 and T} + /—Q; — +00.

(2) (=00, T —/=Q) or (T + /—Q,+0) if one of T, — \/—Q; and T; + /—Q;
has a finite limit (7' — /—@Q and T + /=@ can not be both finite under

the assumption). Without loss of generality, let us suppose T; — /—Q; —

T — /—Q < co. Then sin(0; — ¢;)(T; — v/—Q;) — 0. More precisely,

(A.37) d; sin; — d; sin p; — \/—4a2~ sin 6; sin 0;; — d sinf — dsinyp =0
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If  —p =0 or 27 and d = d. The limiting object represented by
(A.38) (rcosh+ysinf+d)?=0 € (—00,T—+/—Q)

corresponds to a ray. Otherwise, d = d = 0 and therefore the limiting object

represented by

(A.39) (rcosf+ysinh)? =0 z € (—o0, T — M)

corresponds to a ray which lies on a straight line passing through the origin.

See example (A.4).

(3) (=00, 400) if either T' — /—Q — 400 or T + /—Q — —oo. We only need
to study the case that T'— /—Q — +o0. Since d; sinf; — d; sin p; — ¢ < 00,
d =d and |0; — ;] = 0 or 27 if ¢ = 0 and the limiting object corresponds
to two coincident lines. If ¢ # 0, d # d and the limit object corresponds to
two parallel lines. See example (A.5).
The following examples (A.1)-(A.3) are taken under the assumption a; — 0, d; —

d < 00,80, —p; = 0,7, or 2 and Q; — Q < 0.

ExaMPLE A.l. T, = T < oo. Let us set 0; = o; + 1/i, p = 7/2, a; = —1/i?
and d; = d; +1/i. Asi — oo, Ty — 1 and Q; — —4. Solving (A.29) gives v €
(—o0, —1]J[3,00). Then (A.34) has the form

(A.40) (y+d)’=0 =z € (—o0,—1]J3,00)

which represents two opposite rays. See Figure above.

EXAMPLE A.2. T} = oo. Let 0; = p; + 1/i, ¢ = 7/2, a; = —1/i*> and d; =
d; +1/\/i. The limiting solution set for (A.29) contains all real numbers and (A.34)

has the form

(A.41) (y+d)?=0 € (—o0,00)
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Figure A.8: Hyperbolas converge to two opposite rays

which represents two coincident lines.

EXAMPLE A.3. T; = 0o. Let 0; = o; + 7+ 1/i, ¢ = 7/2, a; = 1/i* and d; =
d; +1/V/i. (A.34) has the form

(A.42) (y—d)(y+d)=0 =z € (—o00,00)
which represents two parallel lines.

The following examples (A.4)-(A.5) are taken under the assumption a; — 0, d; —

d < 00,80, —p; = 0,7, or 21 and Q; — —oo.

EXAMPLE A4. Ty — oo. Let0; = pi+1/i, p = /2, a; = —1/i and d; = d;+2/+/i.
(A.34) becomes

(A.43) (y+d)?*=0 =€ ld +o0)
which represents a ray.

EXAMPLE A.5. Ty — oo. Let0; = p;+1/i, p = /2, a; = —1/i and d; = d;+3//i.
(A.34) becomes

(A.44) (y+d)?*=0 € (—o0,+00)
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which represents two coincident lines. For an example of two parallel lines, set

d; = d; + 1+ 3/\i and keep the rest conditions.

(II) a; = a # 0 or oc.
(i) If d; = d < oo and d; — oo, same strategy could be used from (I) (i). The

corresponding equation
2 COS @; + ysin ¢; a;
7 + 1 =
d, ) d.

(2 K3

(A.45) (xcost; +ysinb; + d;)(

transforms x cos @ + ysinf + d = 0 corresponding to a straight line.
(ii) If d; — oo and d; — oo, the situation becomes similar to (I)(ii).

(iii) If d; — d < oo and d; — d < oo, (A.26) transforms into
(A.46) (zcos + ysind + d)(zcosg +ysinp +d ) =a

(1) If |0 — o] # 0, m or 27, the above equation represents a hyperbola.
(2) If |0 — ¢| =0, m or 27, let x cos @ + ysiné = t. The resulting equation (A.46)

becomes a quadratic equation in ¢:

(A.47) 4 (d+dt+dd —a=0
if |0 — | =0 or 27 or

(A.48) 4+ d—d)t—dd +a=0

if |6 — | = . Since a # 0, we only need to discuss the cases ¢; — £oo.

[1] Q; — +oo. It is always possible to choose a coordinate system so that sin 6 sin ¢ #
0. Then the (A.29) has a solution set x € (—o0,+00) for every i. Note that a > 0
when [0 —¢| =0, 27 and a < 0 when |# —¢| = 7, leading to the positive discriminants

for (A.47) and (A.48):

(A.49) (d—d?+4a>0 (d +d)?—4a>0
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Therefore, the resulting equation represents two parallel lines for both cases.
[2] Q; = —o0. If T; — T < oo, the same situation was explained in (I) [3] Q; = —o0
and T; — T < 0.

If T; — oo, (A.29) has the following possible limiting solution sets:

(1) 0if T; — /—Q; — —o0 and T} + /—Q; — +00.

(2) (=00, T —+/—Q) or (T +/—Q,+00) if one of T; — /—Q; and T; + /—Q;
has a finite limit. Without loss of generality, let us suppose T — /—Q < oo.
Then

(A.50) sin(8; — ;) (T; — \/—Q;) — d sinf — dsin ¢ — \/—4asinfsinp = 0

It follows that (d —d)? +4a = 0if |0 — | — 0,27, and (d + d)? — 4a = 0 if
|0 — ¢| = 7. Both of them ensure an unique solution for (A.47) and (A.48)
respectively. So the hyperbola will converge to a ray in both cases.

(3) (—o00,00) if either T; — /—Q; — +oo or T; + /—Q; — —oo. Without loss
of generality, let us suppose T; — /—Q; — +00. Then

(A51) d; Sil‘l 0; — d; sin ¢; _ 4% 821n 0; sin p;
Sln(ei — QDZ> S (92 — (pz)
for sufficiently large i’s. Squaring both sides yields
. {sin ; — d;sin ;) > —4a; sin 0; sin @;
(A.52) (d; sin 0; — d; sin ¢;)? 4 0; sin
which indicates that (d' —d)?+4a > 0if |§ —p| = 0 or 27 or (d +d)>—4a > 0
if | —¢| = m. Thus both (A.47) and (A.48) represent a pair of parallel lines.
(I1I) a; — oo.

(i) If d; — d < 0o and d; — d < oo, consider an equivalent form of (A.26)

(x cosb; + ysinb; + d;)(x cos p; + ysin g; + d;)
a;

(A.53) =1

The above equation becomes invalid when both sides reach at the limit. Same type

of situation was explained in (I)(ii).

(ii) If d; — d < oo and d; — o0, let us consider the following possible limits of Z—
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(1) If Z—Z — 0, (A.26) approximates to 0 = 1. The equation of hyperbola becomes

invalid, which indicates the violation of our assumption.

(2) If % — ¢ # 0 and oo, (A.26) approximates an

1

(A.54) xcosh + ysinh +d = —
c

as 1 — 00. We need to deal with following limits of @);.
[1] Q; — +o00. Then (A.29) has a solution set of x € (—o0.+00) for any sufficiently
large i. So

1
(A.55) zcosh+ysinf+d=—- z € (—00.+ )
C

corresponds to a complete straight line.

[2] @Q; — —o0o. Then (A.29) has a solution set (—oo, T;—v/—Q;) | J(Ti++/—Qi, +00).
Note that

(A.56) Ti++/—0; = d; sin; — d; sin p; " \/_ 4a; sin 0; sin ;

SiIl(Hi — Q01> sin2(9i — sz)
d/ dz . 4CLZ' sin 91 sin Vi
= % (singh — = 4
T —— (sin6; 7 sin ¢; \/ E )

— 400 or — o0

So the solution set expands into (—oo,+00). The limit object corresponds to a
straight line.

(3) % 5 0o

Same steps could be applied to show that z € (—o0, +00) when the limit object

is reached. So (A.26) approximates to
(A.57) zcosh 4+ ysinh +d =0

with z € (—o00, +00) which corresponds to a straight line.
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(iii) If d; — oo and d; — oo, expand (A.26) into a standard form of the quadratic
equation (see 4.1)
(A.58) 22 cosb; cos p; + zy(cos B; sin @; + sin f; cos ¢;) + y* sin 6; sin ¢,
+ x(d; cos 0; + d; cos @;) + y(d; sin 0; + d; sin ;) + d;di —a; =0
(1) |# — ¢| # 7. Note that
(A.59) (d;cosb; 4 d;cos ;) + (dysinb; + d;sing;)? = d2 + d? + 2d;d; cos(8; — ;)
— +00

So at least one of d; cos; 4+ d; cos p; and d; sin 0; 4 d; sin p; must diverge to infinity.
Without loss of generality, let us assume that

d; cos 6; + d; cos p;

— - — |c| < 400
di51n9i+di51n<pi| el

. Then
1] 1f |%| — |c'| < 400, did; — a; — oo and dividing both sides of

(A.58) by d; sin 6; + d; sin ; yields

22 cos 0; cos ; + wy(cos b; sin @; + sin 0; cos ;) + y? sin 6; sin p;

A.60 ;
( ) d;sin0; + d; sin p;

x(d; cos 0; + d; cos ;) N d,d; — a;

' o . — g
d;sin b; + d; sin @ y+d181n0i+dis1n90¢ retyte

which represents a straight line.

[2] If |dd9d+w| — +00, dividing both sides of (A.58) by d.d; — a; yields
22 cos 0; cos ; + wy(cos b; sin ; + sin 0; cos ;) + y? sin 0; sin p;
x(d; cos 0; + d; cos ;) N y(d; sin ; + d;sin ;)

(A.61)

+1—1

However, the left side of the equation stays at 0, leading to an impossible situation.
(2) |§—p| = . If one of last three coefficients: d; cos 0;+d; cos @, d; sin 0;+d; sin p;

and d;d; — a; diverge to infinity, we can follow the similar steps as above in (1) and
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draw the same conclusion. So we skip the technical detail and proceed to the case
when all three coefficients have finite limits. Recall that a quadratic curve in defined

by an equation
(A.62) Az® 4+ 2Bxy + Cy* + 2Dx + 2By + F = 0

in section (4.2). Note that J = B* — AC' = cos(0; — ¢;) — 0 as |0; — ¢;| — 7. So
the limit object could be a parabola, two parallel lines or coincident line depending

on the value of A and K (see section (4.2)) .

sin?(0; — ¢;)(dyd; — a;)  cos 0; cos @;(d; sin 6; + d; sin ¢;)?
4 4
N sin(0; 4 ;) (d; sin 0; + d; sin ;) (d; cos 0; + d; cos ;)
4

(A63) A=

sin 0; sin @;(d; cos 0; + d; cos ¢;)?
4

The first term goes vanish since d;d; — a; has a finite limit. So we only need to

look at the remaining terms in the expression. Without loss of generality, Suppose

|d;/d;| = ¢ < c0. So

cos 0; cos gpz-(d; /d; sin 6; + sin @;)?

(A.64) d(— 0
N sin(60; + ;)(d;/d; sin ; + sin ;) (d; /d; cos 0; + cos ;)
4
_ sin;sinpi(d;/d; cos b; + cos ¢;)?

— BN
. ) =d;

which has the same finite limit as A. Note that A" — 0 while d?> — +oo. So if
d?A" — ¢ # 0, the limit object will be a parabola.

However, if d?A" — 0, the type of limit object is determined by

(A.65) K=(A+C)F—-D*—-E?

d? + d;? + 2did; cos(6; — ;)
4

/

= cos(6; — i) (d;d; — a;)

(A.66)
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Figure A.9: Hyperbolas to Parabola

Type of curve limit point(s)
pairs of opposite rays ray, line
intersecting lines two coincident lines, two parallel lines
ray line

which is negative when (A.62) represents a hyperbola. Then we have two types of
limit objects based on the its limit value: a pair of parallel lines if K — Ky < 0 or
two coincident lines if K =0 (Also D, E — 0). See example (A.6).

The following examples (A.6)- are taken under the assumption a; — oo, d; — 00,

d;—>OO,91—§01—>7T

EXAMPLE A.6. Let 6, = 5+ 1/i, ¢; = 37” + %, d; = d; =14 and a; = i*. Then J =
w — 0 and A = iQSma# — 1/4. So the limiting object will be a parabola. But if

A= U0 qg d = d = i, A =i g gpd K = 2022 l)D)
0. The limit object can be identified as two coincident lines based on our table in

section (4.2).

So now we finished our search for the limit point of a sequence of hyperbolas. As
for a sequence of pairs of opposite rays, intersecting lines and single rays , we skipped

the annoying technical steps and provides their limits below:
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It is unnecessary to repeat the search for the limit points of sequences of other
types of curves since these have been discussed in the proof of theorem (A.4). So

theorem (A.5) is justified. O

dist(P, S) = min dist(P, Q)

Note that the minimum can be always achieved on S if S is closed.

Proof: Let {Q;} be a sequence of points such that dist(P, Q;) — infpeg dist(P, Q)
as i — o0o. Suppose dist(P,Q;) < r for i = 1,2,.... Then the closed disk B(P,r) =
{z|dist(P,z) < r} contains the sequence {Q;}. Furthermore, B(P,r)()S is a com-
pact set in R2. So there exists a convergent subsequence {Qi,} with a limit Qo €
B(P,r)()S. Since lim;_, dist(P, Q;,) = dist(P, Qo) = infgeg dist(P, Q). The mini-

mum is attained by Qg € S.

A.3. Upper bounds for the partial derivatives

In this section we will derive the formulas for the first and the second partial
derivatives for a signed distance(i.e the actual distance combined with a sign depend-
ing on whether the point is inside or outside the ellipse) between the point and the
ellipse with respect to each geometric parameters: the major axis a, minor axis b,
coordinates of the center (¢;,cy) and the angle 6 between the major axis and the x
axis and then determine their upper bounds. Before running into the technical detail,
we’ll provide a glimpse of our final results:

Let (x,y) be the given point, (u,v) its projection on a given conic (ellipse, hy-
perbola, parabola) and © the parameter vector for the conic which can be described

as

(A.67) P(u,v;0) =0



128

Furthermore, let us denoted by d the distance between the given point and the ellipse.

If o and (8 are two independent parameters for the conic, then we have

(see [16]) and
(A.68)
0 P, P, R Pp
dodp + ddap = tPap — (PaytPua,tPoa) | P, 1+tP,,  tP,, tPus
P, tP, 1+tP, tP,s

where t = \/#. The upper bounds for partial derivatives with respect to each

geometric parameters are:
(1)major axis a:

|d.| <1

(2)minor axis b
|dy| <1
(3)center coordinates ¢; and ¢y
a2 +d2, =1
(4)angle 0

\dg| < ¢ = Va2 1 12

Technical calculations

By orthogonal conditions, we have
(A.69) r—u=t-P, and y—v=t-P,

where ¢ is a parameter depending on the distance d. The square of the distance

between the points and the conic is

(A.70) d* = (z —u)® + (y —v)?
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Differentiating (A.67),(A.69) and (A.70), we have

(A.71) P, = —P,uy, — Py,
(A.72) —Uy = to Py +t(P,)a — Vo =t Py +t(P,)a
(A.73) d-(d)o =—(xr—wus — (y — v)v,

Substituting (A.72) into (A.71),
(A.74) P, = P,(to P, +t(Py)a) + Py - (ta Py + 1(Py)a)
= to(P2 4 P2) + t(Pu(P)a + Po(P)a)
In (A.73), we can replace u, and v, by (A.72), (zr —u) and (y — v) by (A.69):
(A.75) d-dy, =—(x —u)us — (y — v)v,
=tP, - (talu +t(Py) +tP, - (ta P, +t(P,)
=t-ta(P) +P)) + 1" (Pu(Pu)a + Puo(Py)a)
=t [ta(Py+ PY) + H(Pu(Pu)a + Po(Po)a)]
=t-P,

The last equality follows from (A.74). If we replace x — u and v — v in (A.70) by
(A.69), we will have the following:

d?> =t*(P? 4+ P?)
Thus yielding,
(A.76) d=t-/P2+ P?
It follows that

(A.77) d-dy,=t-P,

- . P,



130

Finally, we obtain a simple form for d,:

Pa

Let (z1,y1) and (z9,y2) be the two focuses of a ellipse and a be the semi-major axis.

(A.78) dy =

Then the ellipse is described by the equation:

(A.79) V=22 + v —y)?+ vV (u—22)2+ (v —12)2 —2a =0
By differentiating (A.79) with respect to u and v, we have

(A80) Py = ((w—a1)*+ (v =51)*) "2 (u— 1) + (= 22)* + (v = 12)*) " (u—2)

(A8L) Py = ((u—a1)* + (v —=41)") 2 (v —y1) + ((w—22)* + (v = 12)") (v — 1)

So

(u —z1)(u —x9) + (v —y1) (v = 9)
A.82 VPZ+P2= 242
A s \/jL V(=21 + (0= 11)?V/(u— 22)* + (v —12)°

(A.83) = /2(1 + cosy)

where 7 is the angle between two rays joining the point (u,v) and two focuses(see

illustration in the figure above).
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To rewrite (A.79) in geometric parameters (center (cj,cz), major axis a, minor

axis b and the angle 6 between major axis and the x axis), we use following relations:

r1 = c1 + Va2 — b%cosl Ty = c1 — Va2 — b%cosl
Y1 = ¢o + Va? — b2cosb Ya = ¢ — Va? — b*cosl

For the purpose of simplicity , we will use following shorthand notations:

dpr = /(= 21)? + (v — )2
drz = \/(u = 22)? + (v — yo)?

c=va%— b?

Then we have derivatives with respect to each geometric parameters and their upper

bounds:
(i) do| <1
(A 84) J - P, B %(_(u—fl;)lcose . (’U—g:l;)lsinﬁ + (u—ziicow + (U—Zj);mo) _9

V P2+ P? 2(1 4+ cosv)

Let s = 2429 — ¢ 4 ¢. Then
Y s(s — 2¢) a? — c?

cos= = | ——— =
2 dridys dridys

a? — 2

dpdey =
f172 cos*

we will use them later for further transformations.
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Since the upper bound of the partial derivatives does not depend on 6, (A.84) can
be simplified by setting 6 = 0. Then

%(cospy + cosfBy) — 2
2(1 + cosv)

d, =

& A2 —d2, | &2

%( 4dgic ddgac
2(1 4+ cosv)

2+4c2—d;1) 5

g(dfﬁ-dfz + c(dprtdsa) d?l—’_d?’Z) _9
(& 4c dfldfg 4Cdf1df2

2(1 + cos)

a(a 4 2oy (@ntdp)(dntdp)?3dndp)y g
2c a?—c2 dedyidyg

2(1 4 cosv)

27 3 ol
2ac-cos 5 8a”cos 5 3_(1) _9

%(% + a?—cZ T 4c(a®—c? 2c
2(1 + cosv)

(= o) 2

27

ol
20082

Z—z(l —cos?2) —1

o]
2cos 5

Note that cos? € [2,1]. Set # = cos%. Then

21 —a?)—1 a? © -1
F(x)=c( x) = - gTH e

x
is monotonically decreasing on [2,1](F(z) < 0). Hence,| d, |<| F(1) |=1.
(il)|dp| <1
b (u—z1)cosd (v—y1)sind . (u—x2)cosh . (v—y2)sind
(A85) dy = L — C( ds1 + dsy dfo dya )

VP?+ P? 2(1 + cos)

By taking advantage of similarity between (A.84) and (A.85), we can skip intermediate

steps and reach the last equality:

ab(cos?%—1)
2

dy = —S——
’ cos3
1
Let 2 = cos3. Then g(v) = % is increasing on [2,1]. So | d, |< 1.

(iii)|dp| < ¢



Since the derivative is not affected by the value of 8, let us set § = 7.Then

C(u—an _ u—xg)

d d
d )y = f1 f2
olo=r/2 2cos7
_c(—cosPy + cosfy)
N 2cos3
42 +4c2—d2 d2,+4c2—d2
B ¢ (= e f2 f2 iy 1)
2cos3
_ dfld?c2 — d?cldfg + 402(df1 — dfg) — d?‘l + d?cQ
8dsidyocos]
_ (dp —dp)(Ac® — dpdys — (dgs + dp2)* — dpidys))
8y dyacos
. (dfl — dfg)(462 — 4a2)
8dy1dgycos
27

(dp — dy2)cos :

0
26082

1
= —§(df1 — de)COS%/

So | dg |=| 3(dp1 — dy2)cos? |< c.

(iv)d2 +d2, =1

u—=x1 u—2xs
. dg1 + dya

2(1 + cosv)

V=YL v—yo
_ dn T,

2(1 + cosv)

Cc1

c2

It follows that

141 +_2(U*wlﬂu*xﬂ*%vfylﬂvfyﬂ

d2 d2 — dflde
ot e, 2(1 4 cosvy)
~ 2(1 4 cosv)
~ 2(1 + cosy)

=1

133
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Next we will derive the formula for the second derivatives of the objective function

F. Notice that in (A.72) and (A.74)

(Pu)a = e + Puvva + Pua

(Pv)a - vava+Puvua+Pva

By substitution, they turn into

(A.86) toaPy+ (1 +tPu )t + tPuva = —t Py,

(A.87) taPy 4+ tPuvo + (1 + tPyy)ug = —tP,,

(A.88) to(P24P*)4+-t(PyPuy+PyPyy)tq+t(PyPuy+PyPuy)ve = Py—t(PyPua+PyPyo)

With (A.86)-P,+(A.87)-P,- (A.88), we have

(A.89) P, + Pyv, = —P,
Then
0 P, P, ta —P,
P, 1+tP,, tP,, | ug | = | —tPu
P, tP,, 1+tP,, Vg —tP,,
-1
to 0 P, P, P,
uy | =— | P, 1+tP,, tP,, | tPu

(2 P, tP., 1+tP, t

P’UOL
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Differentiating (A.75) with respect to some parameter j yielding
dadg + ddag = tﬁpa + t(PUOJUQ + Pwv/g + Paﬁ)

tp
= (Pa7tpua7tpva> : ug +tpaﬁ

U
-1
0 P, P, P;
:tpaﬂ_(Pa:tPuomtpva) Pu 1+tpuu ZfPuv tPu,B
P, tP, 1+tP, tP,s
Therefore,
Fap =2 _(dods + ddog)
—1
0 P, P, Ps
=2 [tPag — (PastPua,tPoa) | P, 14tP,,  tPy, tPs |]
P,  tP, 1+tP, tP,s

A.4. Fine structure of parameter space
LEMMA A4, Let P = (x9,y0) € So, there exists a point (x,y) on S such that

dist((zo, o), (z,9)) < € if dist(P,Py) < 9 for some 6 >0 .

PrOOF. First, let Sy be a real conic other than single point or two coincident

lines. Then by Lemma A.5, for any point (xg,y) € Sy satisfying
(A.90) F(x,yPo) = Aox§ + 2Boxoyo + Coyp + 2Doxo + 2Eoyo + Fy = 0,

there exists two points (z_,y_) and (x,y,) within the e— open neighborhood of
(20, yo) denoted by U((xo, o), €) such that F(z_,y_|Po) < 0 and F(z4,y+|Po) > 0.

Note that

G(P|z,y) = Azx® + 2Bxy + Cy* +2Dx + 2Ey + F
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is a continuous function on S%. So G(Plz_,y_) = F(x_,y_|P) < 0 and G(P|zy,y,) =
F(zy,y|P) > 0 if dist(P,Py) < ¢ for some § > 0. Then by intermediate value the-
orem, there exists a point (z,y) € U((zo,%0),€) such that F(z,y|P) = 0, which
partially completes the proof. Next, let us check the case that Sj is a single point in
R%.

Single point

A single point P with coordinates (g, yo) is defined by equation
2 2 | 12 2 _
a”(x — z9)” +b°(y — yo)” + 2¢(x — o) (y — yo) =0

where a and b are arbitrary non-zero numbers and ¢? < a?b* (see section 4.2).

For any Py € S° corresponding to a single point (zg,%), there exists an open
neighorhood U containing P, such that P € U either corresponds to a single point or
an ellipse (see Figure 4.4). Also note that the quadratic equation for a given ellipse

takes the following form
d(x —0)* + f(y = yo)® + 2¢(z — 20)(y — yo) =1

where [ # 0. The ellipse has its center ) at (xa, yé), and length of major axis a:

2v/21
Jid+p—d=jp+ae

a =

Since

Q= (352)7?/;)) — P = (o, Y0)

\/(d2+f2) — /(A2 — f2)2 + 4e2 — \/(@2—1-62) — (a2 =b)2+4c2>0
d—0
as P — Py, a < ¢ and dist(P, Q) < ¢ if dist(P,Py) < §. So if P corresponds to a
single point (when d = 0) which is Q = (z;, y,), dist(P, Q) < e. Or if P corresponds

to an ellipse (d # 0) with its center () and major axis a < €, there exists a point P’ on

that ellipse such that dist(P, P') < e. This completes the proof of lemma (A.4). O
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LEMMA A.5. For any point (xg,yo) on a given model object Sy (other than single

point or coincident lines) described by the general quadratic equation
F(z,y|Py) = Az® + 2By + Cy* + 2Dz + 2Ey + F = 0

where Py = (A,B,C,D,E,F) € S° and € > 0, there exists two points (v_,y_)
and (xy,yy) belongs to the € neigborhood of (x,y) denoted by U((x,y),e) such that
F(z_,y_|P¢) <0 and F(zy,y.|Po) > 0.

PROOF. Let Sy be following model objects:

(i) Hyperbola, parabola, ellipse and a pair of parallel lines

For a given point (g, yo) € S, pick (g, %) (2o # ) on Sp. Then there exists a
straight line represented by a linear equation y = ax + b passing through both points.
By substitution, (A.94) turns into a quadratic equation F(z,ax + b) = 0 which has
two distinct solutions g and zf,. Since F'(z,ax +b) = 0 is strictly monotonic around
xo, there exists x_ and xy within a € neighborhood of xy such that F'(zy,axy+b) > 0
and F(x_,ax_+0b) <0. Set y, = ax, +b (x = +,—). Therefore, F(z_,y_|Py) <0
and F(zy,y.|Po) > 0. for (z_,y_) and (x4,yy) € U((xo, y0), €)-

(ii) Straight line

Any straight line can be expressed in a linear equation
F(z,y) =2Dx+2Ey+F =0

where D? + E? # 0. Let us assume D > O(any other different conditions can be
verified in a similar manner). Since 2Dz + 2Eyo+ F =0, F(zo+¢/2,y0) = De >0
and F'(xg —€/2,y0) = —De < 0. So the conclusion is justified for straight lines.

(iii) Intersecting lines

The quadratic equation F'(x,y) for a pair of intersecting lines can be transformed

into a product of two linear relations:

(2Dx +2Ey + F)(2D'z +2E'y + F') =0
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where each linear relation on the left corresponds to one of straight lines. For every
point (g, yo) satisfying 2Dx¢ 4+ 2Eyo + F = 0 and 2D'zy + 2E yo + F > 0 (the proofs
for other conditions are similar), it belongs to one line but not on the other. By the
proof showed in (ii), there exists two points (z_,y_) and (z,y,) within U((zo, yo), €)
for any ¢ > 0, such that 2Dx_ +2Fy_ + F < 0 and 2Dx, + 2Fy, + F > 0. Note
that 2D'z, + 2E’y* +F >0 (* = 4, —) for sufficiently small €. Then

(2Dx, 4+ 2Ey, + F)(2D'z, +2E y, + F') > 0

(2Dx_ 4+ 2Ey_ + F)2D'x_ +2Ey_ + F') <0

If (xg,yo) is at the intersection of two lines so that both factor the left side of (A.4)
vanish at (z0,10), pick a point (g, 1) € U((0,%),c/2) on one of the straight
line but on the other. Then by the proof of the first part, there exists two point
(z_,y_) and (xy,y) within U((zy, ), €/2) and certainly within U((zo, %), €) such
that F'(z_,y_) <0 and F(z4,yy+) > 0. The proof of lemma (A.5) is completed. [

THEOREM A.6. (Convergence of conics: general case) Suppose a sequence
P; of parameter vectors corresponding to real (not imaginary) conics, S,, converges
to a parameter vector P corresponding to a real (not imaginary) conic, S, which is
not a pair of coincident lines, i.e., P ¢ D¢, Then S, — S geometrically, in the

sense of section (2.2).
PROOF. Let R be a rectangle in R?:
(A.91) R={-A<z<A —-B<y<B}

Let’s consider following conditions:
()SNR=10

Since R is a compact set in R2, the continuous function

(A.92) F(x,y|P) = Az* 4+ 2By + Cy* + 2Dz +2Ey+F > M >0 (or < M <0)
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for all (z,y) € R. Then F(z,y|P;) > M —e > 0 for |P; — P| < 4. By the assumption
of convergence of P;, there exists a j such that |P; — P| < § for i > j. Thus S; does

not intersect with R and

disty(S;, S; R) = 0

for i > j. Now we have
(A.93) disty(S;, S;R) — 0 as i — oo.

(i)SNR#D

Let B(P,r) be the open disk of radius r with its center P € R?. Then for any
e > 0 and the set Q@ = {P|P € SN R} there exists finitely many distinct open
discs B(Py,e/2) (k=1,2,--- ,n) with P, € Q such that @ C |J,_, B(Py,¢/2). So by
lemma (A.4), for each Py, there exists a P,; € S; (associated with the parameter vector
P; ) such that dist(P;, P) < /2 for |P; — P| < 6. Apparently, dist(P,, P) < ¢ if
P € B(Py,e/2). Set § = min(d). Since P; converges to P, |[P; —P| < § when ¢ > N.
Then dist(P,S;) < € for P € SN R if ¢ > N, implying suppcgnp dist(P, 5;) < e.

Hence

sup dist(P,S;) — 0
PESNR

Next, let us show

sup dist(@,S) — 0
QES;NR

Suppose above condition does not hold. By way of contradiction there exists a ¢ > 0
such that for any N > 0 one can always find some ¢y > N with SUPQes, R dist(@, S) >
o. So dist(Q, S) > 0 /2 for some @ € S;, N R. In other words, we can find a sequence
of conics S;; each containing a point Q;, € S;; N R with dist(Q;,,S) > ¢/2. Since
dist(Qi;, S) > 0/2 as i; — oo, let us assume @;; converges to a limit @ = (2/,y') €
R — S, implying F(z',y'|P) # 0. Also let Q;;, = (xi;,;,). Then F(z;,,y;,|P;,) = 0.
Since P;; — P and Q;;, — Q = (2',y'), F(2',y'|P) = 0, which contradicts the fact
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that F'(a',y/|P) # 0. Therefore,

sup dist(@,S) — 0
QeSiNR

So (A.4) and (A.4) imply
distu(S, S;; R) = max{ sup dist(P,S;), sup dist(Q, S)} —0
PeSNR QESiNR

By combining (i) and (ii), we have
disty(S;, S;R) = 0 as i — oo.
for any finite window R. Now the proof of theorem is complete and we see that
S;—S as P,—P

The proof is complete. U

THEOREM A.7. (Divergence to Infinity)lf a sequence of parameter vectors
converges to one of two poles (0,0,0,0,0,+1) or a point in the domain of imagi-
nary parallel lines, the objective function representing sum of squares of orthogonal

distances diverges to infinity.

Proor. (I)Poles

For a given set of n points, let d,,.. be the furthest distance between a point in the
set and the origin. Pick a sequence of parameter vectors P, = (Ag, By, Ck, Di, Ex, Fy)
converging to (0,0,0,0,0,1) (the proof of (0,0,0,0,0,—1) easily follows). Suppose
e < min(1/(M + dpaz), 1/ (M + dngs)?) where M > 0. For any point (z,y) with
dist((z,y),(0,0)) < M + dpa, since Ay, Bg, Ck, Dy, By < ¢ for sufficiently large k,
|Apa? + 2Byry + Cry? + Dpx + Epy| < 1. Note that Fy, ~ 1. So Ayz? + 2Bry +
Cry? + Dy + Exy+ Fy, # 0. Tt follows that any points (z,y) with dist((z,y), (0,0)) <
M + dee can not satisfy the equation. Thus the conic corresponding to Ajz? +
2Byry + Cpy? + Dy + Epy + F, = 0 has a sum of squares of distances is larger

than nM?. Therefore, for any nM? > 0, if k is large enough, the sum of squares
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of distances is greater nM? >. The objective function than diverges to infinity as
k — oo.

(IT)Parallel lines

The imaginary parallel lines is another type of empty solution for our model.
Every sequence parameter vectors converging to a points in “IPL” corresponds to a
sequence of conics for which the objective function diverges to infinity. The proof is
similar to that of “¢two pole”. The imaginary parallel lines are naturally described by

the equation in a form of
(ax + by +c)* =d

where d < 0 (see detail in next section). Suppose a sequence of parameter vectors P

converging to a limit P corresponds to
(aoz + boy + co)? = dy dy <0
For sufficiently large 7, the conic corresponding to P; can be represented by an equation
w2® + by + ey’ + dix + ery + f1 + (a0 + boy + ¢0)” = do

where a; - -+ f; are extremely small. So for any point (z,y) close to a given set of n
points,

a1z’ + by + ay’ + dix + ey + f1 ~ 0

Then (2) is approximately the same as (1) and (x,y) does not satisfy the equation
(1). By the similar argument used for the proof of “two poles”, the objective function

for the sequence P; diverges to infinity. O

The equation of imaginary parallel lines Here we study the quadratic equa-

tion for the imaginary parallel lines. Recall that a given equation

(A.94) Ax® + 2Bxy + Cy® + 2Dx + 2Ey + F = 0,
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corresponds to a pair of imaginary parallel lines when

(A.95)
A B D
A B
Q=A+B*+C*>0 A=det |B ¢ E| =0 J=det =0.
B C
D FE F
A D C FE
(A.96) K = det + det >0
D F E F
(see section (4.2)).
We see that
A D B D
A=JF—E- det + D - det = —AE? +2BDE —CD*=0
B FE C FE
Then
(A.97) AE? + CD* = 2BDE.

Squaring both sides and using J = 0, we obtained
A’E' 4+ 2ACE’D? + C*D* = 4B*D*E* = 4ACD?E?
(AE* —CD*?*=0
. So AE?* = CD?. Since Q = A%> + B?+ (C? > 0 and B? = AC, at least one of A and
C' is nonzero. Let us consider the following cases:
(I)A # 0 and C' = 0.
It immediately follows that B = 0 and E? = CD?/A = 0. Then (A.94) simplifies

to

Ar?> +2Dx + F = 0.

which can be transformed into

(A.98) o+ 27 =

AF — D?
AT

where the right side —AFA}DQ = —% < 0.
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(IT) A,C # 0.
Because of AE? = C'D?, we either have D = E =0 or

(A.99) A=tD* C=tE?

where ¢ # 0. Furthermore, the sign of A and C' must be the same. If the first case
holds, (A.94) becomes

Ar? +2Bay+ Cy? + F = Ax® £ 2ACxy + Cy?* + F = 0.

To make the positive coefficients for the quadratic term, we multiply both sides by

A+ C and get
(A.100) (V((A+C)Az £/ (A+C)Cy)? = —(A+CO)F = -K <0

If the latter case holds, Substitute(A.99) into (A.97). Then

_ tD?E* +-tE?D?
B 2DFE

B =tDE.

Rewrite (A.94) in terms of t, D, E and F' as follows:
tD*2? + 2tDExy + tE*y* + 2Dz +2Ey + F =0

t(Dz + Ey)* +2(Dz + Ey) + F =0

. By making the left side a perfect square, we have

1 1—tF
A.101 Dz + Ey+ —)% =
(A.101) (Da+EBy+—2)" = —

Also note that
K =AF — D>+ CF — E* =tF(D* + E*) — (D* + E?*) = (tF — 1)(D* + E?) > 0.

and therefore tF" — 1 > 0. So the right side of (A.101) is again negative.
In conclusion, we showed that every quadratic equation for a pair of imaginary

parallel lines can be transformed into a standard form

(ax +by+c)?=d d<O0.



144

which geometrically characterizes the imaginary parallel lines. We will use it for the

proof in the proof of Theorem .

THEOREM A.8. (A basic fact about the sequence with a limit of coinci-
dent lines) Suppose a sequence P,, of parameter vectors corresponding to real (not
imaginary) conics, Sy, converges to a parameter vector P € D¢y, corresponding to a
pair of coincident lines; the latter make a line in R? which we denote by L. Then S,,

gets closer and closer to L, as n grows. More precisely, for any rectangle
R={-A<xz<A -B<y<B} (RNS,L#0)

( RNS,, should be nonempty for the maximum to be well defined. The theorem doesn’t

cover the example that a sequence of conics go off to infinity when P,, — A.) we have

max  dist(P,L) — 0 as n — 00.
PES,NR

Proor. By way of contradiction, let us assume that

lim max dist(P, L) # 0.

n—oo PeS,NR
or the limit does not even exists for some R.

Then there exists a € > 0 such that

VN >0 max dist(P,L)>¢

PeS,NR

for some n > N. So we can find a sequence of conics S, such that

max  dist(P, L) = dist(P,,,,L) > ¢

P€Sn,,NR

where P, € 5,, N R. Since R is compact, let us assume that P, converges to I.

Clearly,

lim max dist(P,L) = lim dist(P,, , L) = dist(Fy, L) > ¢

Nm—00 PESH,,NR T —>00

Thus Py ¢ L. Let P,,, = (x,,,,Yn,,)- Note that the quadratic equation
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for all n,,s. So

T, —> 00

implying Fy € L. But remember Py ¢ L by our assumption. Therefore, we must have

lim max dist(P, L) = 0.

n—oo PeS,NR

A.5. Differentiability of the objective function on the sphere

THEOREM A.9. (5.4) (Differentiability of projection coordinates) Let S be
a conic and P a given point. Suppose (i) the point ) on the conic S closest to the
given point P is unique and (ii) P is not the center of curvature of the conic S at the
point (). Then the coordinates x and y of the point Q) are differentiable with respect

to the conic’s parameters.

PROOF. Let P = (x¢,yo) be the given (fixed) point. The conic S is defined by a

quadratic equation,
F(z,y;P) = Az® + 2Bay + Cy* + 2Dx + 2By + F = 0

where P = (A, B,C, D, E, F) represents the parameter vector. Let ) = (u,v) denote
he projection of P onto S. When the parameters A, B,C, D, E, F vary, the conic S
changes, and so does the projection point ). Thus its coordinates u and v become
functions of the conic’s parameters A, B,C, D, E, F.

By orthogonality of the line PQ to the conic S we have
(A.102) F.(u,v;P)(v — o) — Fy(u,v; P)(u — x9) = 0,

where P, and P, denote partial derivatives of P with respect to u snd v. Also, since

@ lies on the conic S, we have
(A.103) F(u,v;P) =0.

The coordinates u and v are now specified, implicitly, by (A.102) and (A.103).
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Next we apply Implicit Function Theorem. It guarantees that the coordinates
u and v have continuous derivatives with respect to the parameters A, B,C, D, E, F
provided a certain regularity condition is met. The regularity condition requires that
the matrix of partial derivatives of the right hand sides of (A.102) and (A.103), with
respect to u and v, is not singular. That is,

(A.104)

F,.(v— — F(u—x9) — F, Fu,(v— — F,(u—x9) + F,
dot (v — o) ( 0) (v —%0) ( 0) L0,

F, F,
Suppose that the determinant is zero. Then
(A.105) (FuFow = FuoFy)(u = 0) + (FyFuw = FuF) (v — o) = F + F}
According to the orthogonality relation (A.102), there exists a scalar ¢ such that
(A.106) (u—x9) =tF, (v—1yo) =tF,

Substitution of (A.106) into (A.105) and solving for t give

F?+ F?

t= .
FEFvv_QFquFuv_’_FUQFuu

Note that
(A.107)

: (F2 + F?)%?
dist(@, P) = \/(u —20)2+ (v—1y)2 = [t|\/F2+ F2 =

This expression coincides with that for the radius of curvature of S at the point
Q = (u,v). So (A.104) can only hold if the given point P = (x¢,yo) happens to
be exactly at the center of curvature of S. In all the other cases Implicit Function
Theorem guarantees the existence of continuous derivatives of the coordinates u and
v with respect to the conic’s parameters.

Our theorem is now proved.
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Lastly we give an explicit formula for the derivatives of u and v with respect to

any parameter 6:

(A.108)
-1
dU,/dQ Fuu(v_yO)_Fuv(U_l‘O)_Fv Fuv(v_yO)_Fvv(u_l'O)—f—Fu
dv/d9 Fu Fv

FvG(“ - $0) - Fu@(v - yO)
—F
Here 6 denotes an arbitrary component of the parameter vector P, i.e., one can replace

0 with A, B, etc. O

THEOREM A.10. (smoothness at centers of osculating circles) Let S be a
conic and P a given point. Suppose (i) the point Q on the conic S closest to the given
point P is unique and (ii) P coincides with the center of curvature of the conic S at
the point Q). Then the distance dist(P,S) is differentiable with respect to the conic’s

parameters.

PROOF. . When the parameters of the conic S vary, the latter gets perturbed,
and we denote the new (perturbed) conic by S’ and the projection of the fixed point
P onto the new conic by @'. Clearly, )" changes continuously with the parameters
of the conic. Even if two distinct projections of P onto S’ arise, both are close to the
original projection @ (see an illustration below). Also, the derivative of the distance
d =dist(P, S) with respect to the conic’s parameters is given by the following general
formula:

Ve F(Z;,9:; P)

A.109 Vepd =
(4.109) »d = VF &5 P

where (z,y) denote the coordinates of the projection point () and
F(z,y;P) = Az® + 2By + Cy* + 2Dz + 2By + F

denotes the quadratic polynomial corresponding to the parameter vector P = (A, B, C,

D, E,F). The formula (A.109) is derived in [16]. The numerator of the fraction in
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Figure A.10: Red point lies at the center of curvature of the conic. Blue point has

two projections on the ellipse, but both are close to the projection of the red point

(A.109) contains the gradient of P with respect to the components of P and the de-
nominator — the gradient of P with respect to x and y. Both gradients are taken at
the projection point @@ = (z,y). Clearly, all the elements of the fraction in (A.109)
change continuously with @ (and hence with the conic’s parameters). This proves
that d is a smooth function of P, i.e., it has continuous first order derivatives with
respect to P.

If the conic S is a circle and the data point P is at its center, it has multiple

projections onto S, and this is precluded by the assumption (i) of the theorem. [

THEOREM A.11. (5.6)(Smoothness at local minima) The objective function
F is smooth at all its local minima. More precisely, the first order derivatives of F, as

well as those of the distances dist(P;, S), exist and are continuous at all local minima.

PROOF. Recall that singularities of F(S) are caused by two factors: (i) a data
point P; = (z;,y;) happens to be at the center of curvature of the conic S and (ii) a
data point P; = (z;,y;) has multiple projections on the conic, i.e., there are (at least)

two distinct points Q;, Q;’ € S such that
dist(P,, S) = dist(P;, Q;) = dist(P;, Q).

Now we deal with case (ii). Suppose a data point P; = (x;,y;) has two distinct

projections, Q; and @Q;, onto the conic S. Recall that a translation of a conic S
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along any vector v will be another conic. Let v = Q;Q;’, i.e., consider a vector from
Q; to @Q;. Then the translation of S in the direction of v will bring @Q; closer to
P; and will move Q;’ farther away from P;,. The translation of S in the direction
of —v will have the opposite effect. In both cases the distance d; from the data
point P; to the conic will decrease. The translation of the conic along the vector v
corresponds to a directional derivative of the distance d; in the parameter space. The
above argument shows that this directional derivative is discontinuous: the distance
d; linearly decreases in both directions, whether the conic is shifted along v or along
—v. This creates a “peak” (local maximum) in the graph of the function d;, and

hence a “peak” in the graph of the objective function F. The proof is completed. [

A.6. Objective function near boundaries

THEOREM A.12. 5.7 For any set of data points Py, ..., P, the global minimum of

the objective function F belongs to the union
(AllO) QF,ESS = ]D)E U ]D)H U ]D)p U DIL U ]D)PL‘

If the objective function F has multiple global minima, then at least one of them
belongs to the above union. This union cannot be shortened, i.e., for any conic S in

this union of domains there exists a data set for which S provides the unique best fit.

PRrROOF. The existence of the best fitting conic has been shown in section (2.8). If

that conic does not belong to the essential domain D5 rsg, then it belongs to one of
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the remaining types of conics: Dgy, (single lines), D¢y, (coincident lines) or Dgp (single
points). Each of these conics is a proper subset of another conic from the essential
domain ®g ggs. More precisely, intersecting lines or parallel lines suffice. So by the
redundancy principle (see section (2.4)) there will be a best fitting conic from the
union...

Now we prove that the union (A.110) cannot be shortened, i.e., no conic from the
essential domain D4 ggs can be discarded. If a conic S belongs to Dg UDy UDp, then
it is a non-degenerate conic. Let Py, ..., P; be any five distinct points on S. Then S
interpolates those points, hence F(S) = 0. No other conic can interpolate those five
points (see wiki). Thus the best fitting conic S is unique.

Lastly, let a conic S belong to Dy, UDpr,. Then S is a pair of (intersecting or
parallel) lines, say L; and Ly. Let Py, Py, P3 be any three distinct points on L; and
Py, P5s be any two distinct points on Lo (if L; and Lo intersect, we avoid the point of
intersection when selecting Py, ..., Ps, so these five points are truly distinct). Then
S interpolates those five points, hence F(S) = 0. They are not in general linear
position, so they cannot be interpolated by a non-degenerate conic. Suppose our five
points are interpolated by a degenerate conic S', i.e., by two other lines L) and L.
By the pigeonhole principle, one of them must contain at least three of our points,
which is only possible if it contains P;, P, P35, hence it coincides with L;. Now the

other line must contain P, and Ps, so it coincides with L. O

A.7. Infinite moment of geometric parameters (General Case)

In this section we will derive the exact form of hessian matrix (A.129) used in the
proof of infinite moment of geometric parameters in the section 6.4. Recall that the
geometric parameters are center coordinates (Cy, Cy), two semi axis a, b and the angle
f between major axis and x axis. Our configuration consists of n points: three points
in small squares B; (i = 1,2,3) of size h? x h? centered at (2,1), (—2,1), (1,0), one

point in the small rectangle By of size h?xh centered at (0, —1/3) and last n—4 points
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in the square Bj centered at (—1,0). All n points are assumed to be fixed except
the fourth point in By. As it moves down from the top of the B, to the bottom ,the
best fitting conic changes from ellipse to parabola, then become a hyperbola. The
configuration is completely the same as the one in the proof of infinite moment for
five points in the section 6.3, except that n — 5 points are added to the square Bs.
Moreover, we introduced a new set of parameters: C,, 1/(a + C,), a — Cy, b*/a and
0 (denoted by py, ..., ps for which we will derive the hessian matrix.

Let (z,y) be the given point and (u,v) its projection on a given conic described
by the equation P(z,y;6) where 6 is a parameter vector for the conic. Furthermore,
let us denoted by d the distance between the given point and the conic. If a and

are two independent parameters for the conic, we have

(A.111)
0 P, P, h P
dodg + ddos = tPag — (PaytPua,tPo) | P, 1+tP,, tP, tPus
P, tP, 1+tP, tPys

where t = \/ﬁ. By simple geometry, the best fitting conic must pass through

By, ..., Bs and hence the distance d; (i = 1,...,n) from each point to the curve
are less than h?. Furthermore, all derivatives Py, Py, Py, P.s etc are uniformly

bounded by a constant M that may depend on n and h but not on point coordinates.

Thus (A.112) can be reduced to

(A.112)
1
0 P, P Py
Tusl0) == (P00 | P 1 0 I R Vi
af - ay Yy u - Pu2+PU2
P, 0 1 0

where X}, is a quantity that can be made arbitrarily small by decreasing h). So we

only need the first derivatives of P with respect to each new parameters.
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In section 6.3, we found the equation of the quadratic conic passing through (1, 0),

(—=1,0), (2,1), (—=2,1) and (xg,2 —1/3) (z = 0):
(A.113) Pty —B3+t)y—1=0

where ¢ will be determined by the the point (z, yo):
3z — a3
A.114 t= —— 0
( ) 2 —2z+22

If 3z > 2, the quadratic curve corresponds to (A.113) is an ellipse with two semi

axis
(A115) d_\/9+10t+t2 5—\/9+10t+t2
' 2t 2/t

and y coordinates of two focuses (z coordinates are 0)

3+t \/9+1Ot+t2 9+ 10t + 12
A1l + -
(A-116) ot 442 At
So
B V91 2
(A.117) — = I+ 20u+u —>; as u—0
a

As t — 0, the y coordinate of upper focus (ki, hy)

3+t \/9+10t+t2 9+ 10t + 12
= + — — +00

All —
(A.118) i ot 442 At

and the y coordinate of lower focus (kz, hs)

3+t \/9+10t+t2 9+ 10t +t2 12
ha = - - —

A1l —
( 9) 2t 4¢2 4t

The above results can be considered as a approximation to our construction for

the general case. For convenience, we will use the following shorthand notations:

dflz\/(u—k1)2+(v—h1)2—>oo

dpz = /(= k2)? + (v = ha)? = \/u2 +v=-+)
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as ellipse changes to a parabola. Also we use following relations:

A120)  A=0men) 6= tamem 5=y S0t

Remember that a ellipse is described by the equation:

(A.121) V=22 +0=—1y)2+V(u—129)2+ (v —1)2—2a =0
By differentiating (A.121) with respect to each new parameters when the best fitting
curve becomes a parabola, we have

u—=Fk u—ke u — ko

(A.122) P, =— - = -+ X

(A.123) P, =—— - —+—+X

—h
(A.124) Py="""2_14%
dyo
1 —h
(A.125) P ==(-1- ") 42,
2 dgs
A.126 P, =u(l X
( ) pa u( + 12df2) + 5
where X1, ..., X, are small quantities (that can be made arbitrarily small by decreas-
ing h). Furthermore, we can also obtain
2 5 \2\-1/2
(A.127) P, =u(u”+ (v — E) )
(A.128) Py= (2 4 (v — 2212 — 2y
' ! 12 12
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Now using (A.112) for each element of Hessian matrix, we obtain

(A.129)

5 T80 THTET BB %m0 e 1
—i T o T i T Taes T TRl 3 1l

H=1 §-8n —%-%n —tun smstun —mtnn [TX
i L U U L R U b
B FLU R (U I L v LU AR 1

(the above result is also checked by Maple) where x can be made as small as possible

by decreasing h.
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