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T i t le  A Local B org-M archenko  T h e o re m  for C om plex  P o ten t ia ls

We inves tiga te  th e  S ru rm -L iouv ille  prob lem  g en e ra ted  by the eq ua tion

- y"  ~<iy =  -Vy

on i O .  b). w here 0 <  b < yz.  th e  p o ten t ia l  q is a  com plex -va lued  e lem ent o f  L \<ICi , 0 .  b\).  

a n d  a  b o u n d a ry  co n d i t io n  is p laced  a t  0 and .  w hen  necessary, a t h. For such p r o b l e m s  

we define a n  m - fu n c t io n .  which is defined in th e  sam e  sp ir i t  as th e  T i tch m arsh -W ev l  

m -fu n c tio n .  T h e  m a in  resu lt  of th e  d is se r ta t io n  s tu d y  is an  ex tension  of a  re su lt  o f 

S im on  [12]. w hich s t a t e s  t h a t  two real p o ten t ia ls  co incide on a  co m p ac t  in terva l if

an d  o n ly  if th e  m -fu n c tio n s  for th e  co r re sp o n d in g  p ro b lem s  are  ex p o n e n tia l ly  close

on c e r ta in  rays in C .  We use ou r  m ain  resu lt  to  provide a proof th a t ,  for p r o b l e m . - ,  

of th e  ty p e  g en e ra ted  by - i f  s- qy  =  Ay on a co m p ac t  in terva l,  two s p e c tr a  un iquelv  

d e te rm in e  th e  po ten t ia l .

u
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C H A P T E R  1

Introduction

T h is  thesis  is concerned  principa lly  w ith  th e  role of the  T i tch m n rsh -W ev l  m-  

fu n c th m  in th e  ana lys is  o f  the  direct a n d  inverse S tu rm -L iouv il le  p rob lem  g en e ra ted  

by

(1.1) - t j "  -  ((!/ =  A //

on  O./j). w here  0 < b < yz .  q is com plex-valued ,  a n d  q £  L;uc\ ) ) . b I). A b o u n d a ry  

co n d i t io n  is given a t  0. an d  one is p rescr ibed  a t  b if necessary. M uch w ork has  

been  d one  in th is  d irec t io n  in the  case t h a t  th e  p o ten t ia l  q is rea l-va iued  since i L.l! 

gives rise to a  se lfad jo in t  problem . T h e  case th a t  q is com plex -va lued  leads to  n o n -  

selfadjoint p rob lem s, which a re  cu r ren t ly  the  su b jec t  o f  active research . We now give 

>otne h istory , m o tiv a t io n ,  a n d  back g ro u n d  on d irec t  a n d  inverse sp e c tr a l  p r o b l e m s .

M o tiv a ted  by in tegra l  eq u a tio n s .  Weyl pub lished  a series of  th ree  p a p e r s  l!)()S. 

1909. 19101 1; w hich  laid som e fo u n d a tio n  for th e  m -fu n c tio n  bur th en  left th is  

su b jec t  to  re tu rn  to  it a ro u n d  1950. T i tc h m a rs h  is given ch ief cred it  1 ’ for the  

in tro d u c t io n  o f  th e  m -fu n c tio n  (c. 1946). T i tc h m a rs h  an d  o th e rs  were m o t iv a te d  

p r inc ipa lly  by e igen func tion  expansions  for S tu rm -L io u v il le  p rob lem s w ith  a  real p o ­

ten t ia l .  T h ese  a n d  o th e r  top ics  re la ted  to  S tu rm -L io u v il le  p ro b lem s  w ith  a  real p o ­

t e n t ia l  have been  well s tu d ie d  an d  a re  co m p le te ly  u n d e rs to o d .  In th e  pas t  fiftv years, 

m a th e m a t ic ia n s  have tu rn e d  to  inves t iga t ing  S tu rm -L iouv il le  p ro b lem s  w i t h  a co m ­

plex  p o ten t ia l .  T h ese  investiga tions have p ro d u c ed  resu lts  in b o th  th e  d irec t  p rob lem  

(inc lud ing  e ig en func tion  expansions! a n d  th e  inverse p rob lem  (recovering  t h e  p o te n ­

tia l w hen ce r ta in  sp e c tr a l  d a t a  a re  given). S tu rm -L io u v il le  p rob lem s w ith  a  com plex  

p o ten t ia l  arise  in physical s i tu a t io n s  involving energy  d is s ip a t io n  an d  in s c a t te r in g

t

Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



theory, which has  p iaved  a  c e n tra l  role in m a th e m a t ic a l  phvsics over the  past  cen tury . 

Inverse s c a t te r in g  th eo ry  is a  basic  too l in a reas  such as rad a r ,  sonar ,  geophysical 

ex p lo ra t io n ,  m edica l  im ag ing ,  a n d  n o n d e s t ru c t iv e  te s t in g  [4j. Inverse p rob lem s have 

b eco m e of in terest  recen tly  in  p a r t  b ecau se  of th e i r  re la t ion  to  som e im p o r ta n t  n o n ­

l inear  d iffe ren tial eq u a tio n s  in m a th e m a t ic a l  physics. Specifically, som e connec tions  

be tw een  th e  inverse S tu rm -L iouv il le  p ro b lem  a n d  th e  K -dY  eq u a tio n  have boon m ad e  

[10!.

In th e  1940s th e  tech n iq u e  of t ra n s fo rm a t io n  o p e ra to rs  was in troduced  by D elsa rte  

a n d  L ev itan .  M archenko  has d one  ex tens ive  work in ap p ly ing  th is  tech n iq u e  to  s p e c ­

t r a l  th eo ry  an d  to  its ap p lica tio n s ,  inc lu d in g  th e  S tu rm -L iouv ille  p rob lem  on  a finite 

in terva l,  th e  s in g u la r  S tu rm -L io u v il le  p ro b lem  on [0. t c ) (where sp ec tra l  func tions  

arise), an d  inverse s c a t te r in g  th eo ry  11 . M archenko 's  first bin ap p l ica t io n  of t r a n s ­

fo rm a tio n  o p e ra to rs  was for a  un iqueness  resu lt  in a 19-52 paper,  in which he proved 

th a t  the  sp ec tra l  func tion  o f  a  S tu rm -L iouv il le  o p e ra to r  f u n  a com pac t  in terva l o r  on 

th e  half-line) d e te rm in e s  th e  o p e ra to r  un iquely  [10].

Borg [2\ ca rr ied  our the  first s y s te m a t ic  investigation  o f  th e  classical inverse S tu rm -  

Liouville p rob lem , w here  th e  p o ten t ia l  q in (1.1) is real a n d  q € L l i 4). rt i. In a 1940 

p ap e r ,  he showed t h a t  one s p e c t r u m  does  no t.  in general, d e te rm in e  th e  p o te n t ia l .  In 

th e  sam e  pap e r ,  he proved  th e  following result.

T H EO RE M  1.1. I f  \ n arc the. eigenvalues  o f  t h t  problem generated hi/ ; / . /  and  

the boundary  condi t ions

/ / ( 0 1 — h y t O i  =  0 .!)'[ r r ! — H y i  t i  =  0.

and are the eigenvalues  o f  the problem generated by - L l i  and the boundary  con­

di t ions

t/'(0) — h y  (0) =  O .i / i r r l  — # .{ /( ->  =  0.

and  H  ~  H L an d  h. H .  H i  €  R .  then  the two se ts  o f  nu mb ers  \ n and p n d e t e r m in e  

q. h. H .  a nd  H i  uniquely.
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.1

In 1949. Levinson  [9] gave a  s im p le r  p roo f  of th is  result .  In  ;8l. Levin gives a  p ro o f  

o f T h e o re m  1.1 w hen q . h . H .  an d  H\  are  all com plex . T h e  m a in  feature  of these 

B org-L ev inson  th eo rem s is t h a t  two sp ec tra  d e te rm in e  th e  S tu rm -L iouv ille  o p e ra to r .  

Since th en ,  som e uniqueness  theo rem s for S tu rm -L iouv ille  p ro b lem s have given o th e r  

sp e c tra l  in fo rm a tio n  (such as a s p ec tru m  an d  uo rm in g  co n s tan ts )  th a t  d e te rm in es  

th e  S tu rm -L io u v il le  o p e ra to r .  Investigating  these un iqueness  theo rem s for the  case of 

co m p lex  p o ten t ia ls  is the  m a in  topic o f  C h a p te r  C.

In a n  im p o r ta n t  piece o f  work in 1957 '13]. Sims o b ta in e d  an ex tension  of rim 

classical, se lfad jo in t two-fold classification ( l im it-po in t .  l im it-circle) o f  (1.1). His gen­

e ra l iza t io n  allows a  com plex  p o ten t ia l  q and  resu lts  in a th ree -fo ld  classification of

(1.1). In th is  work. Sims m a d e  a  tho ro u g h  s tu d y  of b o u n d a ry  cond itions  an d  spec­

t ra l  p ro p e r t ie s  o f  th e  co r resp o n d in g  o p e ra to rs  for co m p lex  q. In 13 . B rown et al. 

c o n s t ru c t  an  an a lo g u e  of th e  Sims resu lt  for th e  eq u a tio n

i 1.2) —ipu'Y — qy = A //•//.

w ith  c e r ta in  res tr ic tions  on p .q .  and  tr. In p a r t ic u la r ,  a three-fo ld  classification of 

i L.2) is o b ta in e d  in 3). T h a t  analysis is not m erely a s t ra ig h tfo rw a rd  genera l iza tion  

o f S im s ' work, as p rob lem s a n d  p roperties  of (1.2) do nor show  in Sim s' work, w h e re  

p -  w =  1. In 31. th e  m -fu n c tio n  is defined for each o f  the  th ree  cases i c l a s s e s  i and  

its p ro p e r t ie s  a re  re la ted  to  th e  spec tra l  p roperties  o f  a p p ro p r ia te  o p e ra to rs .

In C h a p te r  2. we o b ta in  a  two-fold classification of (1.1): we call th e  tw o classes 

C lass I a n d  C lass  II. A m a jo r  difference between o u r  work a n d  th a t  in 3 is the  wav 

o f  def in ing  an  m -func tion .  F ir s t ,  our definition is based  on  p ro p e r t ie s  of so lu t io n s  of 

i 1.1). w hereas  th e  defin ition  in [3] is based on th e  nes t ing  circle analysis. Second , the 

m -fu n c tio n  in [3j for two cases is defined the sam e  way th a t  we define th e  m -fu n c tio n  

in C lass  I. b u t  one  of these two cases overlaps o u r  C lass II. w here  we have t h e  freedom 

to define m an y  m ore  m -func tions  th a n  in Class I. T h u s ,  in th is  o v e r lapp ing  case, we 

define m an y  m -func tions .  w hereas only one is defined in 3 |.
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4

In [ l j .  B ennew itz  gives a  sim plified p ro o f  o f  a  local B o rg -M arch en k o  T h e o re m ,  

w hich we s ta te  presently. L et q a n d  q b e  real, locally  in teg rab le  p o ten t ia ls  on [0. ft i a n d  

[0. ft)- respectively. Let m  a n d  m  d en o te  th e  m -fu n c tio n s  for p rob lem s co r re sp o n d in g  

t o 7/ an d  q. respectively. T h e n  we have th e  following.

-  •

T h e o r e m  1 .2.  Let a 6  R  and  a 6  ( 0 .  m i n ( f t .  ft);. Then q =  q on _().« ; /  a n d  ' inly

i f  f o r  an y  f  >  0 ire have

a.< A —• x . along some non-real  ray e m a n a t in g  f r o m  the origin.

In C h a p te r  o. we s ta te  a n d  prove a gene ra l iza tion  of T h e o re m  1.2. A resu lt  d m i la r  

to T h eo rem  1.2 is proved by G esz tesy  a n d  S im on  in 7'. a l th o u g h  the ir  result  holds 

for real-valued  po ten tia ls .

In a 1998 p ap e r  [15k Y urko e s tab lish ed  a  un iqueness  result involving onlv rh*-* 

m -func tion .  Yurko shows th a t  th e  eigenvalues of a S tu rm -L io u v il le  p ro b lem  on a 

co m p ac t  in terval [0. T] (w i th  c e r ta in  co n d it io n s  on the p o ten t ia l )  an d  the  re s id u es  of 

th e  m -fuucrion  a t  each eigenvalue d e te rm in e  th e  m -fu n c tio n  uniquely. He assum es 

for th is  th a t  th e  eigenvalues are a lgeb ra ica lly  simple. Y urko 's  un iqueness  result is 

T h eo rem  1 of th a t  p ap e r ,  which s ta re s  th a t  th e  m -fu n c tio n  un iquely  d e te rm in e s  the 

po ten t ia l .  In 12 . S im on gives an  im provem en t of th is  un iqueness  result for rea l­

valued po ten tia ls .

In brief, th is  d is se r ta t io n  proves a gene ra l iza tion  of T h e o re m  1.2 for c o m p le x  po­

ten t ia ls  a n d  applies  th is  resu lt  to  o b ta in  a  genera l iza tion  o f  T h eo rem  1.1 for com plex  

p o ten t ia ls .  A p ro m in en t  p ro b lem  left o p en  in th is  d is se r ta t io n  is a d e t e r m in a t io n  of 

w h e th e r  o u r  gene ra l iza tion  o f  T h e o re m  1.2 holds for all C lass  II p rob lem s i in  p a r t i c ­

u la r .  n o n -reg u la r  C lass II p ro b lem s) .  W e now give a c h a p te r -b y -c h a p te r  s u m m a r y  of 

th e  d is se r ta t io n .
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In  C h a p te r  2. we give a n  accoun t o f  the  n e s t in g  circle ana lysis  i l im it-po in t.  l im it-  

cirele theo ry )  which is based  on th a t  given in [3j. T h is  analysis  leads to  the  classi­

fication of (1.1) in to  a  p ro b lem  of C lass I or a  p ro b lem  of C lass U. O u r  m ain  use of 

th e  nes t ing  circle ana lys is  is to  define the  d o m a in  of the  m -func tion  for a p rob lem  of 

C lass  I.

In C h a p te r  3. we define th e  m ax im al  an d  m in im a l  o p e ra to rs  assoc ia ted  w ith  1.1 

a n d  o b ta in  a  ch a rac te r iz a t io n  of th e  d o m ain  o f  th e  closure of th e  m in im al o p e ra to r  

in te rm s  of fu n d a m e n ta l  sys tem s of so lu tions o f  (1.1). T h e  p u rpose  ot th is  c h a ra c te r ­

iza t ion  is to  prov ide  th e  background  needed to  define the  m -func tion  for a p ro b lem  

of C lass  II.

C h a p te r  1 is th e  m ost im p o r ta n t  ch ap te r .  W e define t in1 T i tch m arsh -W ey l  m- 

func tion  for p rob lem s, g en e ra ted  by (1.1). of C lass  I an d  Class II. A fte r  s o m e  c o m ­

m e n ta ry  a n d  fu r th e r  no tes  on these definitions, we prove a s t a n d a r d  a s y m p to t ic  re la­

tion  for tin* so lu t ions  of 11.1) w ith  A -independent initia l cond itions .  T he  focus o f  the 

re m a in d e r  of th e  d is se r ta t io n  is on problem s falling into one of th ree  rvpes: ( ' la s s  1 

a n d  two subcases  of C lass II. We then  prove an  a s y m p to t ic  re la tion  for th e  D iriehiet 

m -fu n c tio n  a n d  finish C h a p te r  4 w ith  an  im p o r ta n t  p re lim inary  result (T h e o re m  i.S,. 

to  be used in C h a p te r  5. a n d  a result s ta t in g  a  beh av io r  of G reen 's  func tion  for t h e  

types  o f  p ro b lem s we consider.

C h a p te r  5 is th e  c l im ax  of the  d isse r ta t io n .  W e prove two theorem s, w hich ,  taken 

to g e th e r ,  c o n s t i tu te  a  genera l iza tion  of T h e o re m  1 of l i  an d  s ta te  rough ly  t h a t  the  

m -fu n c tio n s  for two p rob lem s are ex p o n en tia lly  close on ce r ta in  rays in C  if a n d  otilv 

if th e  p o te n t ia ls  co incide on som e co m p ac t  in te rv a l  -O.ui.

C h a p te r  6 considers  an  ap p l ica t io n  of the  re su lts  in C h a p te r  5 to N e u m a n n  p ro b ­

lems only. T h e  h ighligh t o f  the  c h a p te r  is T h eo rem s  6.3 an d  6.4. which s t a t e  equ iv ­

alences o f  c e r ta in  pieces o f  spec tra l  in fo rm ation .  To achieve these th e o re m s ,  we use
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ideas  in [15] to  o b ta in  an  e s t im a te  o f  t h e  m -fu n c t io n  a n d  th en  to  cha rac te r ize  th e  m- 

fu n c tio n  in  te rm s  o f  two pieces o f  s p e c t r a l  in fo rm atio n .  T h e  B org-L ev inson  T h e o re m  

for com plex  p o ten t ia ls  is th e n  co n ta in e d  in T h eo rem s  6.3 a n d  6.4.
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C H A P T E R  2 

Nesting Circle Analysis

W e give here  an  acco u n t  of the  l im it-po in t .  l im it-circle (nes t ing  circle i ana lysis  

w hich is based  on t h a t  given in [3]. Let 0 <  b <  x .  a n d  q be a com plex-valued  element 

of L[uc[ '0 .b)) .  W e a sso c ia te  to  th e  differential expression

L(y)  = - y "  -  fnj

th e  closed convex hull. Q.  o f th e  set {</(.rl -f- r  : x  €  [0 . /h. r 6  (0. ) }■:

Q  =  cd{r/(x)  — r : x  ~ '0. b}. r  £  i 0. cc I}.

Li't K  £  OQ.  T h e  convexity  of Q  guaran tees  th a t  there  is a line, say L K-. w inch passes

th ro u g h  k  a n d  w hich  has  th e  p rope rty  th a t  Q  is co n ta in ed  in one o f  th e  two d o s e d

half-p lanes  d e te rm in e d  by L ^ .  We note  here t h a t  if Q  has a  tan g en t  a t  I \ . th en  the  

ta n g e n t  line a t  K  is th e  on ly  such line L&- G iven  such a line L ^ .  let m  d en o te  its 

s lope. We now define a ro ta t io n  p a ra m e te r  q £  : - r r / 2 .  rr/2i for L ^ .

Case 1: m  £  (0. ocj. T h e n  there  is a n u m b er  0 £  (0. rr/2; such th a t  r a m # )  -  m.

Let q =  r r / 2  -  9 £  0. r r / 2 ) .

Case  J ;  m  £  ( — >3.0). T h en  there is a  n u m b e r  9 £  i — t / 2 . 0 )  such th a t  t a n ; # '  =  

m.  Let q =  —0 — r r / 2  €  ( —r r . ' 2 . 0 ) .

Ca se  .{: m  - 0. T h e n  let q =  r r / 2  if O  lies in the lower half-p lane d e te rm in e d  bv 

L k . Let q =  — —/ 2  if Q  lies in th e  u p p e r  half-p lane d e te rm in e d  by L f x .

X ote  th a t  th e re  m ay  be m ore  th a n  one n u m b er  q assoc ia ted  w ith  K  b ecau se  there  

m ay  be  m ore  t h a n  one  line such as L Let 5  d en o te  the  set o f  pairs  iq. K )  g e n e ra te d  

by th e  above  c o n s t ru c t io n .  T h a t  is.

S  =  {(q.  K )  : K  £  d Q  an d  q is defined from a  line L ^  as above}.
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F o r (77. K )  G S .  d e fin e

A„.a- =  {= €  C  : K[(c -  K ) e 1’1} < 0}.

F rom  th e  above th ree  cases an d  from th e  defin ition of 0 .  we see th a t  r/ is co n ­

s t ru c te d  so th a t  \ r) K Z C -  O: i.e.. for each  c €  O.

• 2 . C  ' t t i * :  -  [<>' > li.

T hus.

U  A r, K- z C - Q .
' qj\

T h a t  th e  reverse inclusion holds  follows from  geom etr ic  cons idera t ions .  In brief, let 

Aq G C -  Q  an d  let K  d en o te  th e  n ea res t  p o in t  in Q  to  A0. T h en  th e  open  d isk  ab o u t  

An w ith  ra d iu s  A0 -  A'; is c o n ta in e d  in C — Q.  Let L a- d en o te  th e  line t h ro u g h  A 

p e rp e n d ic u la r  to  the  segm ent jo in in g  A0 a n d  K .  It follows th a t  th e  open  ha lf-p lane  

d e te rm in e d  by L a which co n ta in s  A() does  not intersect Q  1 o therw ise , the o p e n  disk 

ab o u t  An w ith  rad iu s  A0 -  I\  would in tersec t  Q).  Clearly. I\  G OQ and  we have,

from th e  above const ruc tion , a n u m b er  a ssoc ia ted  with L/.,. T h is  gives > /v G s

and  A,, €  A,,.a . T hus .

C - Q =  | J  - W
r) K ^5

Before p resen tin g  the  nes t ing  circle ana lys is ,  we in troduce  th e  following n o ta t io n .  

For fixed h x. h 2. H \ .  H 2 G C a n d  for A G C .  let 0(-. A) an d  o l- .A ) be t h e  un ique 

so lu tions  of

(2.2) L \u )  =  A ij

satisfy ing

o (0 .  A) =  hi  0(0.  A) =  h 2

o'CO.A) =  H : Q’iO. A) =  H 2.
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W h e n  confusion  is unlikely, one or b o th  a rg u m e n ts  of o  a n d  f) will be  suppressed .  For 

n o rm a liza t io n  pu rp o ses ,  we requ ire  t h a t  h 1 . h 2 . H 1 . H 2  sa t is fy

h xH2 -  h 2H x =  1

an d

hxh* — H . H 2  — 0.

In p a r t ic u la r .  01 -.A) a n d  fl(-. A) a re  linearly  in d ep en d en t .  F u r th e rm o re ,  since /'<; - — 

,H[ - >  I), these  tw o c o n s t ra in t  eq u a tio n s  set up  a  l inear  sy s tem  for H> if /■•.. FF-. 

art ' given.

Let H  d en o te  th e  q u a d ru p le  ( /q .  FFx.li>- FF>) ari(l tieline

S ( H  1 =  { ( t / . /v )  €  5  : R [ t ‘% H x ]  > 0}.

T h e  cond it ion

12 .3 1 >  0

a p p e a rs  n a tu ra l ly  in th e  n es t in g  circle analysis  we p resent.  Anv p a ir  1 ij. I\ ) Z Ft FI ; 

;is well as th e  co r re sp o n d in g  ha lf-p lane  A,; A- is called adrrussihln.  L e t t ing

Q ( H \  =  C  -  ( J  A ,.a .

we have Q  Z  Ql FI ) .  F u r th e rm o re .  Q \ H )  is closed and  convex since it L the  in tersec­

tion  of a family of c losed half-p lanes.  We shall a ssum e hencefo r th  th a t  Q> H  \ ~  C .

T h e  p u rp o se  o f  th is  fram ew ork  is th a t  th e  nesting  circle ana lysis  is p e r fo rm ed  in 

C  -  0 { H ) .  It is show n  in 3i th a t  Q [ H )  con ta ins  th e  s p e c t ru m  o f  severa l  n a tu ra l  

d ifferential o p e ra to rs  t h a t  a re  derived  from the  expression  £ (y ) .  T h e  c lassica l use of 

th e  n e s t in g  circle an a ly s is  is to  d e te rm in e ,  for a  given A 6  C .  how m an y  so lu t io n s  of

(2.2) lie in I 2([0.6)). T h is  in fo rm a t io n  is used, in  tu rn ,  to  define th e  T i tc h m a rsh -W e y l  

m -fu n c tio n .
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We shall  m ak e  use below of th e  fact t h a t ,  for ( q . I \ )  €  S { H ) .  a M obius t ra n s fo r ­

m a t io n

r1; : "

m aps tlie line =  0 to a circle precisely when R . C D < =  n. an d  th e  ra d iu s  of

th is  circle is

A D  -  BC'

2 n ' C D r - '

Let \  ~ C  -  0 \ H ) .  T h en  th e re  is a p a ir  (p. A") € S * H  i such th a t  A ■£ A . Ler 

A' €  (0 . hi .  We now show th a t  th e  M obius  t ran s fo rm a t io n

0 ( X . \ ) z  - f f l X . X )
l / v C )  =  -

o ( X .  A j r  — o'I A . A)

m aps  the  ha lf-p lane  U lce1'1] >  0 on to  a  closed disk D \ ( A ) .  We do th is  by show ing 

first th a t  th e  line R lccin' =  0 is m a p p e d  by M \  to  a  circle an d  then  th a t  th e  s in g u la r  

point o f .U\- has th e  p ro p e r ty  th a t  Rlc.c"' <  I), ( s i n g  the  above fact a b o u t  

M bbius tran s fo rm a tio n s .  . \ [ \  maps: the line R zc"1 =  0 to  a circle precisely when

R * :V / ;  .V. A ioi A’. A>. =  0. We show  th a t ,  in fact. 'R;< 'no': A .  A A . A i_ '■ u. ! stnu 

in teg ra tio n  by p a r ts  an d  the  fact th a t  o( -. A ■ satisfies t2 .2 v  we have

I  A.Oi2 d s  = -< j '  X  io( -V ) — h i Hi  -  i o'  2 -  < \ 0  2 a is.

T ak ing  real p a r ts  a n d  rea r ra n g in g  giyes

(2.4) t t [ e lV ( A ) o ( A ) ;  =  K \ e ' % H l] -  I f t k ‘v {\q - \ ) . o 2 -  o ’ 2 ul .r.
J  o

T h e  first t e rm  on th e  r igh t side o f  (2.4) is n o n nega tive  since q satisfies i2 .3 ; .  U< 

rew rite  th e  in teg ra n d  in (2.4) as

R -  A  -  i A -  K ) ) . o \ 2 -  ,o':-r =  • o - { - R ; f c !,,' . A -  AT:■] -  R b :ri q -  A  ^
)

■o ■‘.I -

T h e  first t e rm  in b races is posit ive  since A €  A,,.^-. T h e  second te rm  in b races  is 

non n eg a tiv e  by (2.1). T hus ,  th e  in teg ra n d  in (2.4) is nonnega tive ,  an d  since.' o  is not
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iden tically  zero on [0. A ] ,  we see t h a t  th e  in tegra l  a p p e a r in g  in 12.4) is positive. T hus .

(2.4) show s th a t

We have now show n  th a t  th e  line 'R[zeni =  0 is m a p p e d  by M \  to  a circle in C. 

F u r th e rm o re ,  th e  s in g u la r  p o in t  =  — o'( .Y. A)/o(-Y. A) has th e  p ro p e r ty  th a t

since Ri< ’’’o 'i X .  A )o( A". A)’ >  0. T herefore , th e  half-p lane R z c in_ >  0 is m a p p e d  onto  

a c losed  disk  D\-(A)  in C .  I ’sing aga in  th e  above fact a b o u t  M obius  t ran s fo rm a t io n s ,  

the  d ia m e te r  </\-( A) of th is  d isk  is

Here, we have m a d e  use o f  th e  fact t h a t  U '(o .0 ) ( .Y )  = H ’(o . (9)(T) i -  1.

We now e s tab lish  t h a t  th e  disks D \ {  A) a re  n es ted  tis .Y — b. T h a t  is. if 0 < .Y • ' 

Y  < h. th e n  D y ( \ )  C D x ( X ) .  G iven ir ~  C .  let t v l ' - A )  =  tf(-.Al -  /co i- .A i  an d  let

i.'y_i-.A) =  o(- .A ). F rom  th e  p rev ious p a rag ra p h ,  we have t h a t  tr ^  D \ ' . \ -  if an*I 

only if R V Y U y 1! //:)! > 0 .  Since

ir -z D \ i A j if an d  on ly  if

f t[e ‘V (A '.A )o ( -Y .A ) l  >  0.

f/ v (A) =  : ------— — :— ■—■— ------ — .
% tr>c>'(.Y.A)o(A'. A)i

- U ( X .  \  ) o ' ( X .  A) -  o(.Y. A)6>'(.Y. A ) ;
=  i - R T 'V i A ' .A i o l A .  Aid

An in te g ra t io n  by p a r ts  show s th a t

x
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By (2.1). th e  in teg ra n d  a p p e a r in g  here is nonnega tive .  Now we have th a t  «■ -  D \ - i \ )  

if an d  o n ly  if

(2.5) I  — iq — A ):vIt.;"}jdx <  ~  u 'H\  M/?•> — '('//■ d.
J o

It follows from th is  a n d  th e  fact th a t  th e  in te g ra n d  a p p e a r in g  here is nounega rive  

th a t  if 0 <  .V <  Y  < b. th en  D y { \ )  C  D \ { A).

T h ere fo re .  P |(. v .,(jD.\-(A) is e i th e r  a  single p o in t  or  a n o th e r  disk. N o t e  t h a t  th e  

in teg ra l  in (2.5) m ay  be w r i t te n  as

(2.6) - t t [ e ‘” (A -  /v f  I  ' u w ~dx  -f- /  -r U/ -  K n v  ' ) d x .
Jo Jo

Let rn €  H o . D. \  * 'M- S u b s t i tu t in g  (2.6) in to  ( 2.5) an d  noting  tln it .  by i 2 . l i .  the  

in te g ra n d  on  the  r igh t  in (2.6) is nonnegative , we have th a t  lor till A’ -E 0 .5 ) .

•.v

I  :R[c‘"(A -  AY,

Since th e  right side of (2.7) is independen t  o f  .V. we have -E L~ i_()./o,.. If 

f)„. \ is a  disk, th en  all so lutions of (2.2) a re  in L : i } ) . h w  T h is  ana lvs is

shows th a t  if A €  C  -  Q { H ) .  then  there  is an L 2[ 0.6)> so lu tion  of ‘2 .2i. V\e now 

m ake th e  following definition.

D E F I N I T I O N '  2.1. The express ion L is in Chiss  I nt b i f  nt most  oni so lu t io n  oj 

id. 2 1 I up to constant  mul t ip les I lies in L 2{f i . b) ) .  L is in C lass II at b i f  all so lu t ions  

o f  12.2} lie in L ' (  Q.b)).

T h e  n es t in g  circle analysis  in i3| provides L  w ith  a three-fold class if ica tion  winch 

is a re f inem en t of  th e  classical, selfadjoint two-fold classification of L in to  h r m t -p o i n t  

o r Innit-circle.  In :3i. the  l im it-p o in t  case is t h a t  th e  in tersec tion  of d isks is  a point 

ic. g iv ing th a t  only v w an d  its  m ultip les have th e  p ro p e r ty  th a t  th e  in te g ra l  in '2.5. 

has a finite limit as A’ — b. T h is  implies th a t  c\x £  L' i ' Q. b) )  by '2 .6 ) .  bur t h e r e  may 

be a n o th e r  so lu tion  o f  (2.2). in d ep en d en t  of  ly ing in L 2(' f).b)).  T h is  d e s c r ib e s  th e  

l im it-p o in t  subcases: e i th e r  t v  is the  on ly  (up to  m ultip les)  so lu tion  o f  (2 .2 )  ly ing in
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L'2{[0.b)).  o r  all  so lu t io n s  o f  (2.2) lie in L'2{[Q.b)}. T h e  lim it-c irele  case in [3: is th a t  

the  in te rsec t io n  o f  d isk s  is a  d isk, g iv ing th a t  all so lu t io n s  o f  (2.2) have the  p ro p e r ty  

t h a t  th e  in teg ra l  in (2.5) (w ith  any  so lu t io n  rep lac ing  t v )  ten d s  to  a finite lim it as 

X  — b. A ga in ,  th is  im plies  t h a t  all so lu t ions  of (2.2) a re  in L 2{' l).b)i.

T h e  c lass if ica tion  of L  a t  b into C lass  I or C lass  II is in d e p e n d e n t  of A in the 

sense o f  th e  following th e o re m ,  which is a s t a n d a r d  resu lt .  We inc lude  it* p r o o f  tor 

com ple teness .

T h e o r e m  2.2. / /  A,. €  C  has the prnpi rtji that  all  solution.* <>f L* a : =  \„// an ■ 

L ' i  U.'Oi. then all A ~  C  have thin property.

P r o o f . A ssum e that iq . u2 are linearly independent, square-integral>le solutions  

of I I / / )  =  Ar)// such that n ’(u i . t /g )  =  I.

Let A =£ A,) a n d  M  =  ^ • A -  Au;-1 -. T h e n  x t) €  l0 .5 )  m ay  h(> ch osen  s u c h  th a t

' uk 2d x  < M 2 for k -  1 .2. Now in tro d u ce  th e  n o ta t io n

for .re <  ,r <  h. T h e n  for all such  .r we have u k T < M  for k  =  1.2.

Let n he any  so lu t io n  o f  £(//) =  At;. T h e  rest o f  the  p ro o f  consis ts  in .diowim; th a t  

// is s q u a ro - in te g rah le  on x^ . b) .  Bv th e  var ia tion  of c o n s ta n ts  form ula

for all s €  O./ii. T h e  in tegra l  in (2.8) m ay now be e s t im a te d ,  using S c h w a r z ’* in­

equali ty .  by

w hen ev er  x G <  s <  x  <  b. A pp ly ing  th e  I ’- t r ian g le  in eq u a l i ty  to  i2.Si gives, for 

x 0 <  x  <  b.

c a t s ' '  — i j .< i — I A — A(l i i //11 >'! n > i t j — a 11 t \n ; .»•: ; //1 t < It

I u p . >•)«•»(<■) — u p f i u o ' - -’ ) )  ! ) { t ) d t \  <  . \ / ( i u l ( . ' 0 ; —  u- ' \ s  i rl t j
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T h is  implies t h a t  \\y\\x is b o u n d e d  by 2 ( \c-L — jr21 which is in d ep en d e n t  o f .r .  Hence 

we have th a t  ;/ is sq u a re - in teg rab le  on :x(, . /d .  T h u s ,  y  G L 2i[0J>)).  l_
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C H A P T E R  3

Maximal and Minimal Operators and Necessary Lemmas

In th is  c h a p te r  we define m ax im a l  an d  m in im al o p e ra to rs  an d  o b ta in  a  p re l im in a ry  

ch a rac te r iz a t io n  o f  th e  d o m a in  o f  th e  closure of th e  m in im al o p e ra to r  in te rm s  of rim 

m ax im al o p e ra to r .  We th en  use th is  to  cha rac te r ize  the d o m a in  o f  th e  c losure  of the 

m in im al o p e ra to r  in te rm s  of a fu n d a m e n ta l  sy s tem  of so lu t ions  of — t/iy =  Ay. T h e  

p u rpose  of th is  ch a rac te r iz a t io n  is to  provide  necessary  b a c k g ro u n d  in o u r  an a ly s is  of

th e  case th a t  L is in C lass II. T h e  m a te r ia l  in th e  first parr  o f  th is  c h a p te r  is s ta n d a r d ,

an d  a  s im ila r  t r e a tm e n t  can  be found in 6 ' .

Let L be  th e  d iffe ren tia l  expression  defined by

L{y)  = - y "  -  qy.

where q € L/„r (:0. b)) an d  0 <  b < oc. L is regular  a t  b if b < >c a n d  q ■£ L'-  IK bn.  

O therw ise .  L is ca lled  s ingular  a t  b. If g ~ L\(U.[ :0. h i ) an d  :  ■£ C .  th en  all so lu t ions  

of L y 1 =  zy -r g a re  given by

l ' r  i t ; i ,r ! u > ( t ) — u .r I l l  - i t  I 
c- m i . / ' )  —  r ,  ( /■.( . / • i —  /  --------------- A  : ------------ 1-------g i t  n i t .

./, o  //■_; li t  I

where //[ a n d  u-> a re  a fu n d a m e n ta l  sys tem  o f  so lu tions o f  L y  =  zy .  c, a n d  < are

a r b i t r a ry  com plex  co n s tan ts ,  a n d  c is som e po in t in [O.b).

T h e  form al ad jo in t  o f  L  is th e  d ifferential expression given by

=  - g "  — qy.

For brevity , define

[/.<7j(x) =  =  f { x ) g ' U )  -  f ' {2' i g(x) .

15

Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



i t )

An in teg ra t io n  by p a r ts  shows th a t  if / .  g.  / ' .  g'  a re  ab so lu te ly  continuous on a co m p ac t  

in te rva l  ' a .  .J] C  10.6). th en

(3.1) I  L { f ) - g d x  — f  f  ■ L i g j d x  = 'J.  g] \ 3)  -  [ f . g' {a) .
J  a  J  a

We now wish to  define th e  m ax im a l  a n d  m in im al o p e ra to rs  assoc ia ted  w ith  L.

Let T  be th e  o p e ra to r  whose d o m a in  is

D ( T )  =  { /  €  Z.2 ([0. 6) i : / . / ' €  A C ior( [0. h ) ) an d  U f ) €  LJ ([0.6- i}.

a n d  define T { f )  ~ L ( f )  for all /  €  D{ T ) .  T h e n  T  is called th e  m ax im al o p e r a to r  

iussociated w ith  L.  Let 77 be th e  o p e ra to r  whose d o m a in  is

D<Tt)j -  { /  €  D i T )  : / (() )  =  / ' ( 0 )  =  0 a n d  s u p p i / )  is com pac t  in 0 .6 i} .

a n d  define 771 / i  =  L { f )  for all /  €  D ( T 0 ). T h e n  77 is ca lled the  m in im al o p e ra to r  

as so c ia ted  w ith  L.  From T h eo rem  10.7 of 6  . we have t h a t  77 ihence. ['\ is densely  

defined ( th a t  is. D(77) is a dense subspace  of L~‘. 0. 61 ■). T in 1 o p e ra to rs  1 ~  a n d  T ~ . 

th e  m ax im a l  a n d  m in im al o p e ra to rs  asso c ia ted  w ith  L~.  a re  defined sim ilarlv . N ote 

t h a t  if /  €  D i T ) .  th en  /  €  D [ T ~ \ .  a n d  if g ~ D < T~\ .  th e n  g ~ D i T c

L e m m a  3.1. / /  f . g  £  D ( T )  then [ f . g f b i  =  IitnI -.il[f . g  (x)  nxist* and

(3.2) f  T { f ) g d x  — I  f T [ g ) d x  = ' f . g f b )  - ' f . g f  0).
Jo Jo

P R O O F .  Let x  £  (0 .6).  Since f . f ' . g . g '  a re  ab so lu te ly  continuous on (!.■•",. we 

have, by (3.1).

I  \ T { f i g  — f T { g ) ) d t . =  I  L i f ) g d t - I  f L \ g ) d t  = ' J . g ] [ x ) - J . g d U ) .
Jo Jo Jo

Since T\  f i g  — f T- . g)  is in Zm !0.6)).

lim I  \ 
J o

T ( f ) g  -  f T [ g \ ) d t

exists . T o g e th e r  w ith  th e  prev ious eq u a tio n ,  th i s  implies t h a t  l im T- b  J - g J . x )  exists

a n d  f  ( T i f ) g  -  f T { g ) ' ) d x  =  { f . g\ (b)  - { f . g } ( 0 ) .  -
Jo
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\Ve re m a rk  here t h a t  (3.1) a n d  (3.2) will be  used frequently  in w h a t  follows. We 

now show t h a t  r o* =  T ~ .  T h e  p ro o f  is ca rr ied  o u t  in several s teps.

L e m m a  3.2. r 0' =  T ~  a n d  ( T ^ ) '  = T.

P r o o f .  I. Let u . . i / 2 be a fundamental system  of solutions o f  L \ i j \ - n. For 

_i =  1.2 define the following linear functionals on Z)(7Fi:

F , ( / i  =  /  f  11-jd.r.
J  It

T hen

k e r (F i )  ker(F>) =  { /  €  D ( T n) : I f  u d x  =  0 for all u sa tis fy ing  L(u)  =  0 }
J  i)

since iq .  //•_> are a  fu n d a m e n ta l  sy s tem  o f  so lu tions  of L[y)  =  0 .

2 . Im(7V) =  k e r (F i )  ker(F>).

Let /  €  D(To)  so t h a t  7~0( / )  €  Irri(7~0 »- s u p p ( / j  C (0. o’; C "O.fri. an d  let // be a 

so lu tion  o f  Li i i ) =  0 . T h en

T„l  f ) u d x  =  I T ( ) ) f  ) u d . r ~  I f L \ u ) d x  =  [ f .  f d ( J l  -  7 .  / / ’ ( ( ) !  =  0 .

./0

a n d  s i n c e  / M b  — J ,[ 0 )  =  / ( / '  =  / ' ( J )  = 0 .

T o { f ) u d x =  I  Tq( J j udx  =  0 . 
o Jli

Since /  has  co m p ac t  su p p o r t .  To( / )  does, so T0( f )  €  D{ T 0). T h u s .  T o i / I  £  ker( F  i 

k e r (F 2).

Let /  €  k e r (F i ) T !k e r (F 2). Let s u p p ( / )  C '0. J ;  C _0.fr). Define h to be  t h e  u n iq u e  

so lu t ion  o f  L i h )  =  /  for w hich h{0) =  f r ' ( O )  =  0. T h en  h . h '  a re  locally a b so lu te ly  

con tinuous .  Let x  6  i j . f r ) .  Now. let u be  th e  so lu tion  of ! ( / / )  =  0 w ith  u\ .r)  -  u and  

u '(x i  =  1. T h e n

f  f u d t  =  f  L ( h ) u d t  — f  hL{  
J  o J  o Jo

u)dt  =  \h.u. j(x) — h.  a (0 ) =  h i x ) .
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Since I  f  udt  =  f  f  udt  =  0. we have h{x )  =  0. T h u s ,  h =  0 on .i.b'i. so we have 
J o  J o

h e  D ( T 0). T h u s .  /  =  L( h )  =  To(h)  €  I m (T0).

3- T :  Z  T ~ .

Let /  €  D ( T q ) .  X ote t h a t  r o*(,/) €  I 2(':0.6)). so r o*(/) €  L lloci ‘0. l») .  Ler /; he a

so lu t ion  of Li h ) =  T q (J) .  T h e n  h.  h 1 a re  locally ab so lu te ly  con tinuous .  Lor k -  D  i T„ > 

an d  ler suppi k)  C  ;0. J i  C [0. b). Using t h a t  k ( J )  =  k' ( . l )  =  0. we ca lcu la te

I  T „ { k n J -h)dx = ( T o ( k ) . f ) -  I L\ k i lids 
J o  J o

=  I k .  r o* ( / ) )  -  j  k L \ h  )d.v
J o

=  i k.  r j ( / ) )  -  i k.  T ’ [ f \ i  

=  0 .

Let F  : Di'F,)  —• C  be th e  linear func tiona l defined by

Fig)- [  gif -  h)dx.
Jo

T h e n  we have ju s t  show n th a t  Im(Tu) C keri F ) .  L’sing T h eo rem  4.1 from 1 4  . there  

are com plex  c o n s ta n ts  c t a n d  c2 such t h a t  F  =  c :F: ~  r : F, .

Let 0 . . f  C  Q.b) he  a  com pac t  in terva l,  a n d  let .r £ d-.L . T hen  \  o.r. ■ Tie

r l ia rac te r is t ic  fu n c tio n  o f  r0 . s ' ,  is in L jp 'O ./n).  so

I i f  — h  )dt  =  I v o  . s i f - h ) d t  
J I I 7()* 0

=  F ' V u . - i

=  O; /  \<Q.x U{d t ^ C ,  / \;0 . . U 2dt
Jo Jo

=  r : / Ui dt  ~  c-2 / U idt.
Jo ./o

T h u s .

f  [ f  — h ~  c\ u\  — coUoidt  =  0 .
Jo
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1 9

so the  m a p p in g

r w  I ( f  — h — Ci'Ui — C2iiz)dt
Jo

is iden tically  zero on  :0 . j ] ,  an d  its der iva t ive  equals  f  -  h -  r i u l -  c>u2 a lm os t

evervwhere. T h u s .  /  =  h — c-, jl x — r 2u-j a lm os t  everyw here  on K). d . Since i was

L'J T()./iii. we have /  €  D { T ). so /  £  D [ T  ). Finally, n o te  th a t  F j  t / 1 =  L f  

L ' i f )  = T~< f ) .

4. T '  c  F T

Let /  €  D ( F ~ ) an d  </ £  D (F 0 ). S ince /  £  D ( F ) .  we have

usiii” ; .‘5.2 j an d  the  fact th a t  <j £  D(T„\ .  T hus .  /  £  D ( 7jj i an d  F * t  j  ; =  F ’ 1/

By rep lacing  </ w ith  q. o u r  a rg u m e n t  ju s t  given shows th a t  \ T ~ )' = T.  _

T hus .  F  an d  T ~  a re  closed o p e ra to rs .  Also. Tq is closable  s in c e  T f  is dense ly

defined in F 2( [0./>)). X ote  th a t  ( F T  =  F t  C  F .

We now s ta te  a  few lem m as  an d  a  theo rem , th e  last two of which w ill he  ui 

p rinc ipa l use in defin ing  th e  T i tch m arsh -W ey l  m -fu n c tio n  for C lass  II. L e m m a  3.3 

an d  its p ro o f  com e from  [ 6 j .  We include it for com pleteness .

LEMMA 3.3. I f  L is regular on a compact  interval  A . B  arid a-.-an.h: . o-_. ^  C .  

t hen there is a o  £  D [ T ) such that

o i.4 )  =  a i . o ' l - 4 )  =  a-z . o(B)  = h i . o ’( B )  =  b>.

a rb it ra ry ,  we have /  =  h — ra u • — r>/i- a lm o s t  evervw here  on a), hi. X ote  th a t  / .  j '  —

AC' im < 0. h ) } since h.  « t. £  .4C/0, i O.fih. Since /  £ L ’ i'M. h r  and Li f  i =  F a . /  ' -

f TQ( g ) f d s -  I '  
Jo Jo

T ( g ) f d . r  -  / g T i f i d . r

[g. f ]I h ) -  h / . / h m

(J
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20

P r o o f .  Let v i . t i '2 be the fundamental system  of solutions o f  L ~ { y )  =  0 w ith  

u ' i ( B)  =  1. v [ { B )  = Q . v 2( B )  = 0  . u U B )  = 1.

We c la im  t h a t  th e  d e te rm in a n t

( (.'i . • C'-j )
(3.3) | i

; ( t ' - j . f i )  U 'o .f - j )  !

is nonzero . S u p p o se  t h a t  th is  is n o t  true . T h e n  th e re  is a  p a ir  ■.<•;. tgi •£ C "  such th a t  

i c ; . cj j == i I). 0 ) an d

r : ( f ; .  t ' l )  — Cj I C\.  O-j) =  0

('! I t.' 1 ) ~  ('■> I t ' j .  '.Vl — 0 .

T h u s .  -+- r o .o  L o r th o g o n a l  to  b o th  t 'i  a n d  (.•■>. which im plies t h a t  th e  so lu t ion  

space of L ~{\)) =  0 is a t least th ree -d im en s io n a l  (a co n t ra d ic t io n  I.

T h u s ,  th e re  is a  p a i r  €  C ‘ such th a t

/./;( Ci. O  ) -r- //-j( (.’[ . (.•■!) =  - L ;

//[ I t ' i ) ~  fen t'-j- t o ) =  •

L e t t in g  f  =  /TV; — JTjV-j. we have i -- — ;U>d 1/ ■ '-gi =  >V Let u he the 

so lu t ion  of L it/)  =  /  w i th  u(.4) =  u' [A)  =  0 . T h e n  a €  D i T i an d .  using id . l i .  we 

ca lcu la te  for j  — L. 2

' / . r , ;  =  j  f r . i h -

■B __
11 u' jCjdr

a
-A

=  J  u L i i - j i d x  — u. Cjd.B)  — a. (.4) 

=  [u. c / j ( B ) .

T h u s ,  ( f . t ' i )  =  [ u . V i ' { B )  -  —  u ' { B )  a n d  ( f . v n )  =  ru. c o j ( 5 )  =  « i B ) .  s o  y / i ' B )  =  T  

a n d  u ( B ) =  6-,. W e  a p p ly  a  s im i la r  p r o c e d u r e  ( s t a r t in g  w i t h  t h e  c h o ic e  o f  <j .l i-/./-j! ! to
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2 1

o b ta in  a  t  6  D { T ) such t h a t

v( A)  -  a i .  c'!.A) =  u-2 - i d B)  =  ( ' ' ( 5 )  =  0.

T h e  func tion  o  =  u ~  r  satisfies the  conclusion  of the  lem m a. _

L e m m a  3.4. D ( % )  =  { /  €  D ( T ) : v y  €  D i T i  : f a ) )  =  / ' m i  =  ; / . / / ; -.6 , -  i>}.

P r o o f . Let /  €  D ( 7 )  w ith  / ( 0 )  =  / ' ( □ )  =  [ f . h ' i b )  =  0 for all h  5  D ' 7 ) .  Ler 

g €  D { T ~ ) .  T h en  g €  D ( T )  an d

\ f . T ~ { g ) ) - ( T [ f ) . y )  = /  T ~ U ) ) f d s  -  I ( j T i f  )dx
./<) ./O

=  J  T i g )  f  d.r -  g T \  f  \<ls

— . ' / • / . ^ d  -  .</■/ j ( 0 )

=  - [ f . i j U b )

=  0 .

T h u s .  ( 7 *  I ( / ) . / )  =  i g . T i f ) )  for ail y  6  D ( 7 * i .  so /  G D \ :. T ~ ) ' )  =  D ( 7 i .  and

T{f) = (T-r(f)=%(f).
Let /  €  £>(7o) =  D ( ( T ^ ) ' ) -  Since (7 * )*  C 7 .  we have /  €  £>17) a n d  7 1/ ; =  

( 7 *  i ' l / i .  Let g €  D i T ) .  W e now show th a t  \ f . g\ Jb\  =  0. N ote t h a t  g -E Di  T ~  >. Let 

.V €  (0.6) a n d  7 ^  d en o te  th e  m ax im a l  o p e ra to r  for -r (/// over .0 -A L  A p p ly in g  

L em m a  3.3. there  is a ij\ -  DiT^) such th a t

<7i (0 ) =  —g(0}.  g[(0) =  - g ' ( 0 ) .  g i(A ')  =  y [ ( X )  =  0.
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Let (ji =  cji on  [0. .V] a n d  g x =  0 on (.V. b). T h e n  g x €  D ( T  ). F inally , let g =  g x -r g.  

T h e n  g €  D ( T ~ )  a n d

[/• 9 \{b) = lf-g]lb) -  :J-g]iQ)

T h u s ,  we have t h a t  f . g \ \ ,0) =  0 for all g  €  D i T ) .  L’s ing  L em m a 3.3 in th e  sam e  

way as in th e  p revious p a rag ra p h ,  there  is an  h £  D i T )  such th a t  hiOi =  0 an d  

h ' (0 ) =  1. T h u s .  0 =  / . h'llO) =  / ( 0 ) .  Similarly, th e re  is a  k  6  D i T )  su ch  th a t  

A*(0) =  1 a n d  A*'10) =  0. T h e n  0 =  \ J . k \ i 0 )  =  —/ ' ( 0 ) .  T h u s .  /(O') =  / ' ( 0 )  =  0. We 

now conc lude  t h a t  /  is in th e  set defined by th e  r ig h t -h an d  side o f  th e  s t a t e m e n t  of 

th e  lem m a. —

T i f ) g d x  — I  f T ( g ) d x
J  0

T i f i g d x  -  I  f T ~ \ g u L  
■I i)

{ T \ f  , .g\  -  i f .  T ~ i g  0

1 <'[f).g< -  i f .  T ~ i g )  l

0 .

In the  next p a r a g ra p h ,  we show th a t  J . g  '()) =  0. 

By L em m a 3.3. th e re  is a  g x € D [ T ^ i  such th a t

<7i (0) =  giO). g{ (0) =  //' (0 ).g<J.'K) = g \ ( X )  =  0.

b e t  g = g x on 0 . A ’ i an d  g  =  0 on (.V./;). T h en  g ~ D i T ~ )  an d

- \ f . g \ i 0 ) =  [ f . i j f h )  -  [f . f fUOl

f T l g j d x

( T i f ) . g ) - \ f . T  i//)i

: i T~  / )./yi -  i f .  T ~ \ g n

0 .
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For th e  res t  o f  th is  ch ap te r ,  we a ssu m e  th a t  o(- .A ) an d  9{-.  Ai a re  a fu n d a m e n ta l  

s y s te m  o f  so lu t ions  o f  L( y )  =  \ y  w i th  |o . 0] i 0 )  =  1. We fu r th e r  assum e th a t  L is in 

C lass II a t  b ( i.e.. all so lu t ions  of L ( y )  = Ay  a re  in L 2{ 0. b)) for all A €  C i .  Fur rhe 

p u rp o se  o f  rhe  lem m as. A does not need to  be specified, so we shall a b b re v ia te  o  for 

O' -. A) a n d  0 for f ) \ - . \ ) .  N ote  th a t  o. t i  -E D i T ) .  L em m as 3.5 th ro u g h  3.S beluw are 

b ased  on a  series of lem m as given in 16;.

L e m m a  3 . 5 .  I f  f . g  E  D i T )  t h e n  ' J.  g] i x)  =  [ f . o f x Y j j . O U x  i -  j . O f  ' !). o  ■ x  

f o r  all x  6  0 . 61.

P r o o f . For x  < b. this is a mere calculation. Now. Lemma 3.1 ami rhe fact rhar 

rhe (apiation

j . g f x i  =  J . O \ i x ] j ] . 0 \ i x )  -  f .  B \ x \  g . o f x )  

holds for x  < b imply rhar f . y f b )  = J . o f b ) [ g . 0 f b )  -  f . 0' . {h> ( i . o  ib\.  _

L e . M M A  .’}.(>. I f  g  E  D i T ) .  t h e n  t h e r e  t ire  n u m b e r s  a . . )  -  C  .<neh t h a t  f . g  Hit — 

/ .  n o  — . it) ibi f o r  a l l  f  E  D i T i .

P r o o f .  F ix  g  E  D i T ) .  Let o  =  [g.0]ib)  a n d  J  =  -  g . o f b ) .  If /  €  D ' T )  we have 

J . g i b )  - / .  o gb) \ g .  0' i , b)— f .  B',[b)<jg. o f  b\

= f . a o ' \ \ b )  — / .  3B\ib)

=  J . a o  — 3Q\ib).

L e m m a  3.7. Di Tf h  =  { /  €  D i T i : / ( 0 ) =  f i Q )  =  J . o \ f b )  =  \ f .H. \h\  -  0 /

P r o o f .  D '  T . , . is a  subse t o f  th e  r ig h t -h a n d  set b y  tak ing  g  — t i . o .  N o w .  [ c r  /  

lie in th e  r ig h t -h an d  set. Let g  E  D i T ) .  By L em m a 3.6. th e re  are a .  3 €  C  such 

th a t  { f . g] ib \  = ’f . a o — 30](b) =  a [ f . o \ i b )  — .3[f .0\(b)  =  0. T hus .  J . g g b )  =  U. so 

f  €. D ( T q ). —
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2 4

L e m m a  3 .S. Gi ve n  a 1. a 2, 6i . 62 €  C ,  there is an e l ement  f  €  D { T )  such that

f (Q)  =  a l [ f . 6 ] ( b ) = b i  

/ ' ( 0 ) = a 2 [f .9}(h] = b 2.

P r o o f .  F ix  a L. a>. 6[. h2 £  C .  Let ] \  =  boO-b-.O.  T h e n  t\ €  D t T ) an d  1 =

/m an d  ' J : . o \ (b)  =  t>i. Let A' €  (0 .6). Let 7\- d en o te  th e  m ax im a l  o p e r a to r  tor q on 

0 .  A"’. Bv L e m m a  3.3. th e re  is an  e lem ent /■, €  D i T \ )  such th a t

/ j i  0) =  a  1 / ■ > {  A’ i =  6'jOiA’ i — 616 (A’ 1

/ ' 1 0) =  t,2 / '1  A') =  62 o '(A ')  -  6 , 0 ' (A  1.

Let /  =  /> on [0 .A ]  an d  /  =  / ;  011 ( A . 6). T h e n  /  6 D i T ) .  f (0 ) =  / jM h  :

/ '(G )  =  / ' ( 0 )  =  a-,. [f .  0\(b) =  ' / i .0 j ( 6 )  =  60. an d  [/.<?! (6 ) -  ’f i . o . i h ! =  6t . T hus .  /  

is a  func tion  sa t is fy in g  th e  cond it ions  o f  th e  lem m a. —

Finally , we have the  following.

THEOREM 3 .9 . Let a €  D i T ) .  I f  f o r  some.  A0 €  C  it is t rue that  f>\■. A,,). n j  61 -  

o f -. An I. n\ih)  — 0. then f o r  all  A <= C  it is t rue  that. ()(■. A). u d b \  =  p i  •. A 1. u 161 =  0.

P r o o f . F ix  A €  C .  T h en  bv L em m a 3.5 we have

f h - . M . i  1 (I/i = Hi - . \ i .  oi ■. A0 i .(/> i./i. fh ■. A,)»■ i 6 i — Hi-. \ u i  (h'< it.'.c ■. \ , ,  < ; 61 =  (I

using th e  h y p o th es is .  Similarly, we get ,o p .  A), n. ibi  = 0 . _
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C H A P T E R  4

The Titchmarsh-Weyl m-Function

T h e  classical (7 rea l-valued) use o f  th e  nes t in g  circle ana lysis  is to  d e m o n s t ra te  

t h a t  th e  d iffe ren tia l  expression  £(//)  =  — i f  — qu is in th e  lim ir-poinr m t m ost  one 

linearly  in d ep en d e n t  L 2{ O.b))  so lu t ion  o f  (2.2) for all Ai or limit-circle :all solution." 

o f  (2.2) a re  in I ' V ’O. 6)) for all A) case a t  th e  en d p o in t  b. Recall from C h a p te r  2 

t h a t  L is in C lass I if the re  is a t m o s t  one l inearly  independen t L-; 0./01  so lu t ion  oi 

! 2.2) for all A an d  th a t  L is in C lass  II if all so lu tions of ; 2.2 i are  in L '-. O .W  for 

all A. In C h a p te r  2. it. is shown th a t  if Q ( H  I is a  p roper  subset o f C. th e n  for anv 

A d  C -  Q \ H )  we have at least, one so lu t io n  of (2.2) lying in h>\. For b o th

Chess 1 an d  C lass  II. we m ay define an  rn- fui i r iwu.

To define th e  m -func tion  for C lass  I an d  C lass  II. we will m ake  use of the  following 

n o ta t io n ,  which was in troduced  in C h a p te r  2. For fixed . /;■_>. H ; . H-: -  C an d  tor 

A €  C. let o(- .A ) an d  fl(-.A) be th e  so lu t ions  of

( h i  I -  i f  -  qij — A//

sa tis fy ing

o(0 . A) =  h\  0(0. A) =  h 2

o'(O.A) =  9 ' ( Q . \ )  = H : .

We also requ ire  th a t

h - H i  — h±H-, =  1 an d  h\h-± — H \ H i  — 0 .

W h en  confusion  is unlikely, one o r  b o th  a rg u m e n ts  of o  a n d  0 will be  su p p re sse d .

We are  now read y  to define th e  m -fu n c tio n  for Class I. F ro m  th e  n e s t in g  circle 

ana lysis ,  we assoc ia te  to  each A €  C  — Q ( H ) th e  in tersec tion  P)0< v<!) D.v < Ai o f  nesting
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disks. Since we are  in C lass I. Docc-cb A v U )  is a  s ingle p o in t  for all A €  C  -  Q i H )  

(otherwise, all so lu t io n s  a re  in L 2{[0.b))  for all A 6  C ) .  F ix  ,\0 t  C  — Q i H ) .  S ince 

the re  is only one  so lu tion  o f  L i y )  =  A0y in £.2([0 . 6)). th e re  is exac tly  one n u m b er  

/ €  C x  such th a t  vi  =  L'iC. A0 ) is in C'VO.b) ) .  F rom  th e  nes t in g  circle analysis . ;2 . 7 .  

rhe n u m b er  / £  Ho.-y<b ^-vC\ol ^ as r ^ e p ro p e r ty  th a t  t 7 is in I J ( ().h)i. T h u s .  / =  /.

D e f i n i t i o n  4.1. Fix. a q u a d r u p l e  h ■. H - . h : . H> a s  above.  77;. Class I  r n - f u n v t m n

I S  t i n  H l I I I ' H O I I .

whose value at. A(> w the. n u mb e r  ) £  C  icith the proper ty  that  c mi,\„ £  L 1' 0. h\ 1.

.Vote th a t  th e  d o m a in  of the C lass  I m -func tion .  d e n o te d  by d o m ( m | .  is C -  ( f  H  >. 

By th e  rem ark s  preceding  D efinition  -LI. we have t h a t  for A0 £  C -  Oi H  I.

We now define th e  C lass II m -func tion .  Note th a t  for C lass  II. tfl-.Ai am ! o: -. ,\ 

are in Z.J i[0. 6)1 (hence, in D i T  \j for all A £ C. We cla im  th a t  the re  is a n  clem ent 

a £  D<T)  such rha r  if A £  C th en  hi ■. A). it ah\  =  0 o r  o( •. A 1. a \ b\ =  (I. To see this, 

let \ l; £  C. By L e m m a  3.S. th e re  is an  e lem ent u £  D \ T ) such th a t

T h e  co n trap o s it iv e  of T h eo rem  3.9 implies now th a t  for any  A £  C we have

We call such an  e lem en t u  a  b o u n d a r y  cond ition  func tion  for b. Recall t h a t  -. A ; =  

o(-. A).

TH EO REM  4 .2 . Let  u be a boundary condi t ion f u n c t i o n  f o r  h. For each  A £  C .  

there is exact ly one numbe r  l(X)  £  C-^ such that  c v y d - .A i  = Bi - . X)  — /( A >o ; -. A .>

m : C — Q i H )  —  C

A -’b

■B{-. A0 ). u [b] — tj or ;o( •. A0 ). 11 a b) — 0 .

[9{-. A), u f b )  = 0  or io( •. A). u,(b) == 0.
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sat i sf ies the boundary  condi t ion [vux-,. u](6 ) =  0- Fur t hermore .

■ ' [ 9 ( : \ ) . u } ( b )

( ’ [o ( - .A ) .u j (6)

f o r  all  A.

P r o o f . N o te  t h a t  if A €  C .  th en ,  by the  re m a rk  in th e  p rev ious p a ra g ra p h .  rhe 

n u m b er

'tf(-.A). uAb)

o{ •. Ai. u f b \

is an  e lem en t of C ^ .  I 's ing  L em m a 3.1. this e q u a t io n  gives rhar [ o . i A i. uA h, —  ii. 

T h is  es tab lish es  existence. To es tab lish  un iqueness ,  a ssu m e  th a t  the re  are n u m b ers  

C -C  ^  C-«. su t 'h th a t  q  A C and

i. il . u\(b) = u](b) =  0.

T h e n  tv a n d  tv, a re  linearly in d ependen t  so lu tions  <>t (4.1). T h u s .  <9 (-. A i. // \h) = 

iOi •. Aj. uA.b) =  0. which gives a c o n tra d ic t io n .  —

T h e o re m  4.2 s ta te s  th a t  for each A <E C .  th e re  is on ly  one so lu tion ,  up to  c o n s ta n t  

m ultip les ,  o f  (4 . 1) which satisfies th e  b o u n d a ry  co n d it io n  / .  uMb) =  0 (for a given / /1.

DEFINITION' 4.3. Fix  a quadruple h.\. H\.h->. H-t a n d  a boundary  condi t i on f u n c -  

t ion a. The  Class I I  m- f unc t i on  is the f u n c t i o n

in : C  — • C •x

tchost  ralue at  A is the number,  say  n n X ) .  with the proper ty  that  c mlA.!-. A) sat isf ies  

the boundary  condi t ion v m; y . u  (b) =  0 .

We re m a rk  here th a t ,  by T h eo rem  4.2. th e  C lass II m -fu n c tio n  has the va lue

8{ ■. A). uAb)
mi A) =  -•=——  -----

T>(-. A). uj(oi

a t  each n u m b e r  A. Also, n o te  t h a t  th e  d o m ain  o f  th e  C lass II m -fu n c tio n .  d en o ted  

by d o m im ) .  is C .
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For a  reg u la r  p ro b le m  on  [0. b] (w hich is necessarily  a C lass II p ro b lem ),  spec ify ing  

a  b o u n d a ry  co n d i t io n  fu nc tion  u a t  b is equ ivalen t to  specify ing two com plex  n u m b ers  

o  an d  3.  no t  b o th  o f  w hich are  zero. Specifically, suppose th a t  a is a b o u n d a r y  

cond it ion  function  for h. T h e n  a  =  — u i b i an d  3  =  u'ib) are  two com plex  uum bei> . 

no t b o th  of which a re  zero, w ith  th e  p ro p e r ty  th a t  for all A -E C

16{ h. A i — ciO'ib. A l 0 or J o t  b. A i — o c / '  b. A • =  0.

Conversely, su p p o se  th a t  o  an d  3  are  two com plex  num bers ,  nor b o th  of w hich are  

zero. A ssum e by way of co n trad ic t io n  th a t  the re  is a A,, ~ C  such th a t  i fh.b.X. i  — 

aO’lb.Xc)) =  0 an d  3 o ( b . \ ti) -f- a o ’ih. A„) =  0. T h en ,  if i =  l). 1 =  oi b. A„ 3)'i b. A , , -  

o' ib.  \ n)8(b. Aq ) =  - ( n / 3 ) o ' ( b .  \ 0)6'(b.  A0 > -  ( « / 3)o' (b.  A„ iti'lb. A(1) =  D. wliich gives a 

co n trad ic t io n .  C learly, if cv 0 th en  we reach a s im ilar  co n trad ic t io n .  T h u s ,  it is th e  

case t h a t  for all A €  C

30\b.  A) — aO' ih.X)  ?= 0 or 3o{b.  A) - a o ' h i . A l  =  0 .

By L em m a 3.3 th e re  is an  elem ent u ■£ D i T )  such rhar mb)  =  —o an d  u ' 3 o =  i 

T h u s ,  for all A ^  C .

F)( •. A j. u\\b) =  0 o r  o f .  A), u.ihi ~  l •.

T h e  prev ious p a ra g ra p h  shows th a t  for a  regu la r  p rob lem  on A ) w e  m a y  choose 

to define th e  C lass  II m -func tion  in te rm s  of a  p a ir  a .  3 of com plex  n u m b ers ,  not b o th  

o f  which are  zero:

30[b.  A) — aO'ib.  Ai 

 ̂ * 3o(b.  A) — ao' (b.  A)

We now discuss th e  d ep en d en ce  o f  th e  C lass I an d  C lass  II m -fu n c t io n s  on the  

q u a d ru p le  h x. h 2. H x. H 2. C onside r  tw o q u ad ru p le s  h x. h 2. H x. H> a n d  h x. h 2 - FT; . FT.  

Let 0 an d  o  be  th e  so lu tions  of (4.1) sa tisfy ing  th e  in itia l cond it ions  as g iv en  w ith

(4.1). a n d  let 0 a n d  o  be  th e  so lu t ions  of (4.1) satisfying th e  in itia l c o n d i t io n s  w ith  

hi  rep lacing  h x. e tc .  Finally, let m  d e n o te  th e  m -func tion  for th e  q u a d r u p le  h x. etc..
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uo

a n d  let m  d en o te  th e  m -func tion  for th e  q u a d ru p le  /)■_. etc. In the  present analysis ,  

we assu m e only t h a t

h \ H -2 -  h 2Hy =  0 a n d  hyH-t -  h >Hi #  0 .

which m ere ly  is a  s ta t e m e n t  th a t  0. o  a n d  Q. o  a re  two fu n d a m e n ta l  sy s tem s  of solu­

tions  of (4.1). T h u s ,  we have t h a t  the re  a re  co n s ta n ts  rq. rq. <7i. d 2 such th a t

0 = c'Ld — rqo a n d  o  =  tl-6 — d2o.

F rom  these  eq u a tio n s  it follows th a t

lb, =  r q / q .  —  r q / q

/ / ,  =  c-H-.  ~ '  ,H-

h x =  ll Jh, ~  ll2ll 

Hy =  d y H t ~ d - , H y .

Solving th e  above  sy s tem  for rq. rq. dy. r/_> gives

<q =  ( / q f f 2 -  /T .tf, j/(/) j H> -  h- tHy)

rq =  (h-> H< — h-> H-t I/  ( /t i Hz  — h 2H 11

c/i =  i h \ H \  -  h - H \  ) / ( / t i H-i — h - i H\ )

d ,  =  I h y H,  -  h , H l ) / \ h lH 2 -  h 2Hy).

N ote th a t

[ <> — di(i<
0 — m o  =  uq  — rhd-, )f) ~  |C) — rvd-t \o =  icq — i ndy ) \ 0 ------ 1------— 1

|_ r- — nid i

so by uniqueness  of  m  we have

o> — md-t h-tH-> — h -H'  — ih- H-t — h->H: im
rn =

rq — m di hi i /o  ~  h-iHi  — ( / q / f  i — r q / / i  id;

T h u s ,  m a n d  m  a re  re la ted  by a  M ob ius  t ra n s fo rm a t io n  since its " d e te rm in a n t"  is

( h i H 2 -  h 2H x) ( h i H 2 -  hoHy ) #  0.
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W e now use th e  re su lt  o f  th e  p rev ious  p a ra g ra p h  to  ju s t ify  th e  two cond itions

h i H n  -  h>H[ =  1 an d  h xh 2 -r H i H 2 =  0

th a t  we wish ro p lace on  th e  q u a d ru p le  /zr. h 2. H \ .  H>. F ix /q .  /’/_,. H \ .  H-> ~ C  such 

t h a t  h j H-< -  h 2Hi  =  U. Since :/q - -  -H-j-  > 0. there  is a p a ir  //-j. H 2 ■€ C  such th a t

h , H : -  h j H ,  =  I

M ,  -  i T f / .  =  0 .

L ett in g  /// d e n o te  th e  m -func tion  for th e  ([uadruple  h :. H\ .  h 2. H 2 a n d  /// denno- rin- 

m -fu n c tio n  for th e  q u a d ru p le  h-,. H i .  h >-H2. we have from rhe p rev ious p a ra g ra p h  

th a t  in a n d  rn a re  re la ted  by a  M obius  tran s fo rm a tio n .  T h a t  is. th e re  is a M blhus 

t ra n s fo rm a t io n  T  such  th a t

m  =  T  o rri.

T hus,  no gene ra l i ty  is lost by p lacing  th e  cond it ions

h i H j  -  h >H< - 1 an d  h \ h 2 ~  H \ H 2 =  0

on the  q u a d ru p le  h \ . h 2. H :. H> ciiosen as th e  initia l values for 9 and  . >.

D ehne th e  C lass  1 an d  C lass II Dirichlet //(-function, d en o ted  by ni p .  to  lie the  

///-function in th e  case t h a t  h\  =  0. We shall prove th a t  n i p  has  a c e r ta in  a s y m p to t ic  

behavior.  O u r  p ro o f  requires  two lem m as. T h e  first allows a s y m p to t ic  e s t im a te s  of 

th e  so lu t ions  o  a n d  9. a n d  th e  second gives an  a sy m p to t ic  e s t im a te  of </„:A:. the  

d ia m e te r  o f  th e  W eyl disks, when a €  ( 0 .6 i is fixed. T h e  sq u a re  roo ts  r h a r  a p p e a r  

a re  from th e  p r in c ip a l  b ranch : t h a t  is. A €  C  => Rv'A >  0. T h e  proof of L e m m a  4.4 

is based  on  t h a t  given in ;1|.

LEMMA 4.4. Suppose  that  u(-.A j solves i f .  I )  and  that  n( 0. A I. t/'iO. A i are i nde­

pendent.  o f  A. De no t e  k  =  \ ! —\  f f i {k)  >  0 /. Let

, , , s inh(L x)
u q \ z . \ )  =  u(0) cosh(C r)  4- u  (0 ) ------ --------

K
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and  c(A) =  iu(O)1 4- iu '(0 ) i/ 1A:i. Th en

(4.2) \u(x)  -  ufl(j-)| <  c(A) • !efcx| • (eJo ^'dt -  1)

and

1.4 .3 ) !lt; f x ) -  u'0(x j <  r ( \ )  • ;AI • |efcr! • if-'1' * -  Ii.

These es t i mat es  hold f o r  all x  €  0 .h) a n d  all  A €  C .

P r o o f . T h e  varia tion  of c o n s ta n ts  fo rm ula  gives

f x sinhiA(x -  t d ,
u(x)  =  u{)[x)  — I ------ — --------- ~q{t )u\ t )dt .

U

Lot

j / 'T s in h ’Aij - -  Mi , , _i..,
(/(.;•!= ( • ! /    -q( t )u{ t )dt . : = t '  • u Ix i -

Jo A  1

E s t im a t in g  <j yields

/ ’x sinhjAlx - / ) j | , v. kt . .
, j { x )  <  f  kr -   - ■. ( j \ t ) \ ( j { t ) ' e  d t -

f T : s in h ’A U  -  til! 
y i • /  J-------- =——------— f /P ) l , -1/(0)ii eoshi AO -

Ai 1 ' ” A

N oting  th a t  all th ree  inequalities

le~K'T~r  s i n h iA u  -  Mi; <  I

c - k : s in h ! A i x  — r i i cosh (AO <

'e _fcx sinhi’Ai j- — t)] sinhl’Ar) <  1

hold for t < x  an d  using th a t

cosh(At)! <  i sinh(At) o r ' s i n h ( A f )  <  c o s h lkt.\

we m av  w rite

s,x!£ih i '̂ sdt+w L  k,dt-

: t l

s inh iA ri dt.
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W e now m u lt ip ly  b o t h  sides of th is  inequa li ty  by \ q( i ) \ e  3̂ ^ dt an d  bring  the  second 

t e rm  of the  r ig h t -h a n d  side to  th e  le f t-h an d  side. T h e  le f t-h an d  side th en  becom es

i (i t .

JO

a n d  rhe r ig h r-h an d  s ide  is

c(A ):k 4
In teg ra t in g  b o th  s ides from 0 to  x  gives

r x
e 'J-° * <lt ' I  ~  c( , \ ) \k\e ^  * dt [t) ^ 4  —

M u ltip ly ing  b o th  sides  by (I  j  k \ ) e ^  * dt an d  rea rrang ing  te rm s  gives

w . l  ,!l," S d A ’ (■'' f ' - 0 -

Since th e  le f t -h an d  s ide  of th is  inequali ty  d o m in a te s  y i .r : .  we o b ta in

( j \ x ) <  el A i • : dt -  L j .

I sm g the det in i tion  o f  y. we now have (4.2).

D ifferen tia ting  th e  fo rm ula  for u we get

u' {x)  =  tzDxi — /  co sh l /d x  — ‘ l;(/|f i a d  kit.

1 ) — n  A j

We now e s t im a te

< eK

cosh[A*(x — t ) ::\q{t)\ \u\ t)  dt

coshfAqx — fhijyff) c(A)te^G — 1) eKt jr. dt
Jo

:— I c o sh ’Arlx — t )\ . \q(t)  ;e “ v u iO ) :  coshiArfj d t  
Jo

Jo

e ..-kx iu'i 0)

,k\
sinhi k i ) idt.
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N o tin g  th a t  all th ree  inequalit ies

■,cosh[k(x — t)]e~k<x~t , \ < 1

j cosh[A(:r — t)t c o s h ( k t ) e ~ kx\ < 1

eosh[A-( j  — t)] s i nh(kt ' \ e~kx \ <  1

hold  for t < x  a n d  using  th a t

coshl/rf); <  sinhi/.’f)! or sinhUrf) <  coshi/VM

we m ay  w rite

u' (Xi  — ' /[,(.;•), <  f kx I  c ( A [t — 1 ir It — C "  j  c ( A)  <pt\.dt

/»r
-fc-ri  /  \ , i  i .. d  r  <k.

=  r - i  /  d A l ! ( / ( M : f J u ' r

J  0

=  c |  A )  • i t j  • j f f c r ' • -  l )  .

so we now have (4.3). —

In th e  following, we con tinue  to use rhe n o ta t io n  k  =  v — C where )i( k\  y  0.

as well as rhe n o ta t io n  in C h a p te r  2. H enceforth ,  unless o therw ise  in d ica ted ,  all

rays referred  to  e m a n a te  from  the  origin in C. T h e  next lem m a gives an a s y m p to t ic  

e s t im a te  of th e  d iam e te rs  of  rhe Weyl disks D\-( A) on ce r ta in  rays in C .

L E M M A  4 . 5 .  Let  a £  ( 0 . 6 )  be f ixed.  I f  1Z is a non-real  ray which e v e n t u a l l y  ' l ays  

m  saine admissible A ri k  plane,  then

dai \ )  =  - - - - - - - - - - - - - - - - - - - - - - - - r ^ — O k
of A*). o ( 0 1 -  4 ^  "-

as  A —t 5C on 1Z. I t  f o l lows  f r o m  this that  f o r  a n y  e >  0 a nd  f o r  any  non-nai l  ray 1Z 

which eventual ly  s tays  in s o me  admissible A n.K plane we hare

d a ( X)  =  0 ( e " 2 , ° " < ! Rf *' ’ )

as A —> oc along TZ.

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



3 4

PROOF. F ix  a  n o n -rea l  ray  72 w hich ev en tu a l ly  s tays  in som e adm issib le  A.,./, 

p lane .  T h e n  th e  set S  =  { k  =  y/'—X : A €  72.} is a  ray w hich lies in th e  right 

ha lf-p lane  a n d  which coincides w ith  n e i th e r  th e  positive  real axis nor the  positive 

im ag in a ry  axis: thus .  RlT'l 2s{k).  where k  6  >5. is a nonzero  real co n s tan t ,  say We 

now d e m o n s t r a te  t h a t  tan tr ;)  == r. R epresent 72 as the  set o f  nu m b ers  < W . w h ere  

■ is fixed in i - r .  ,t) — {0} a n d  t v an es  in ID. rc ) .  Recall th a t  rj -z 2. .v 2,. Bv 

hypo thes is ,  if i is large  enough , th en  t ‘*f €  A,,,/e- T h a t  is. if t is large enough  rhen

■R[lr' t  -  K ) c l*\ <  0 .

SO

f c o s ( r  — rj) -  <  0 .

T h u s ,  cos i r - r i j )  < 0 . N ote  t h a t  r  — q £  ( —3“ / 2 . 3 “ /2 ) .  T h e  co n d i t io n  eosi -  -  //• A 11 

im plies th a t

:  r  f/ 5  ( —3 r  •'2 . - r / 2 ! _ -> /2. 3 -  2 ).

so -  2 <  r  — ij <  3rr 2. We claim  th a t  r  ~  —2ij. S uppose  rhar th is  is not true. 

T h e n  s u b s t i tu t in g  r  =  —2 n in to  th e  inequa li ty

"  2 <  r  — ;/:

an d  using th a t  ry, <  rr/2  gives ' ry =  ” / 2 . so — rr. which gives a co n t ra d ic t io n .  

N ote t h a t  if 7c €  S  then

'R(k)  cos[( r  ±  r r | / 2l
— —  =  — ?-----------------=  -  r a n t -  2 ) .
s ( k )  s i n i l ' r  n /2

Since —7 / 2  =  t/ an d  —r  2 . q  €  L—rr/2. r ;2j. we have

r  =  tarn —r / 2 ) =  tanirj) .

From  C h a p te r  2. we have d a (A) =  {'R[e:T,o r{a. AiOiu. A i,)- 1 . We now ca lcu la te  

du i A i. F irs t,  we a b b re v ia te  o  =  o ld .  A) a n d  o ' =  o ' fa. A). Here a n d  u n t i l  the  

conclusion  of o u r  p ro o f  of th e  lem m a. A €  72 H A ^ - .
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N'ote t h a t  $t[e‘no'o]  =  co s{q) ■ JRfo'oj -  s in (77) • ^ [ o 'o i .  L e t t in g  o (, be defined

ana logously  to  u0 in  L e m m a  4.4. we w rite  o  =  Oq — (o  — Oq) an d  o'  =  — 1 o ' -  o '

T h u s .  3 [o 'o ]  =  5 [ oqOo; — S [ oq(o  -  Oo)] — 3 [o o (o '  — Oq)1 -r- Cs;(o'  -  o'n ) i o  -  o 0 )'_■ Now 

we wish to  show th a t

o'lCii
(4.4) Cs l Oni o  — oo ) l  =  0 ( 3 \ k ) \ t Ka' - o l O )

k ) -

Csiug L e m m a  4.4 a n d  th e  tact t h a t  o[-,j <  r { \ )  k- f ka\  we have

J  0,.(0 — Of) ) O0 10 -  o,,

; 2 i k ) U ' K,‘ \2 O l d )  — 2l  k)  \t K“ :

k\<

oil)) -  -  

cl A) j~

! ^  (/.•) o (0 ) . k

Since th e  first two factors  in th e  hist expression are  b o u n d ed  as A —* >c an d  rhe  last 

expression  goes to  zero  as A —>■ :x .  we have show n (4.4). I ’sing L em m a  4.4 a n d  the  

fact t h a t  Oo; £  c! A),£*■’“ . we show sim ilarly  rhar

o' iQ)
14.5) 

an d  

i 4.G)

olO olo ' -  o ' ) j  =  o 2 l k ) W kn\2 olQ) -
k

■ , ,    (  1. ■>. o'IQ i , \
A  l o  -  O0 l i o  -  On)! =  o  ( o h  k ) ; t  010 )  —  ~ I

Clearly. ;4.4) - '4 .6 )  hold w ith  o  on the  le f t-hand  side rep laced  by R. For convenient-' 

in the  next ca lcu la t io n ,  let

010) -

o i O ) - ^ -

By w ri t in g  o 0 in te rm s  of exponen tia ls  a n d  using th e  fact th a t  RA: >  0 a n d  2 k  — 0 . 

we have

O^OqOq] =  vS
k
- \ e ka:2lo(0) -  
A k

o ' l O )

cka\2 o '(0 ) 0
—|o ( 0 ) -i  — 22 { k  — o ( l ) j

ieka\2
k

o '(  0 ),o.
—H o fO )  s— —- \ 22 ( k ) i l  — o ( l ) ) .
-r rC
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A rg u in g  in th e  sam e  way. we show th a t

le*2!2 o'lO),., m )  . li
3 i k )

— o( 1)

T hus .

an d

T h u s .

fca.2, -  0  'Of ^A d o ,  — k ) ie a \~\ol0 1 -------- ;—  f  ( -  — oi  1)

, o ' ( 0 ) -i /  r
R;o 'oi =  ' 3 l k ) te o (0 ) -------------------- — o( 1

4 (  A )  =  r R  V V o j ) " 1

1

$1 k ) c iaS t ik ' 'O iO )  -  ■ 7 < ' o s u / i  -  ^ s i m / / j — o i l ;

p -2aR:k) ^

A! A-)||o(0) -  'J t 'osu /l  • r  -  sinIt/) -  <>( I i 

Since tanir/'- =  r. th e  last equa li ty  shows th a t

i{a i X \ =  ------------------------ —— ()(
.T(A-); oiOi -  V -  -

t

Now. iff- > l) aiul Tv is a non-real ray which ev en tu a l ly  s tays  in som e a d m iss ib le  

\ n K p lane, then  for A €  T£ large enough, we have

C
d a( Ai < a-> Ji’k:* f

TjAo o i 0 ; -  -

where C  is a co n s ta n t ,  [f A £  Tv is large enough , th en

-a!/.'• O ' d -  —jy— 2 >  1
n .

i to  get th is  inequali ty ,  we use th e  fact t h a t  R(A’ )\siA :i is c o n s ta n t  on th e  ray  Tv, 

T h u s ,  we have t h a t  if A £  1Z is large enough , th e n

4 ( A )  <  C - e

which shows th a t  da{ \ )  = Ol e  2;“

-2 ci -  R.k
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H encefo r th ,  we will consider  m-funcr.ions on ly  for those  p rob lem s which fall into 

one of th e  th re e  following types:

T y p e  1: C lass  I:

T y p e  2: C lass  II. b no t  regu la r ,  the  b o u n d a ry  co n d it io n  func tion  u satisfy ing the 

p ro p e r ty  th a t  — u ' / u  lies in som e half-p lane ’ftfe"7:: > 0 :

T y p e  3: C lass  II. h regular.

T h u s ,  w e  t r e a t  all p rob lem s of C lass 1 but only two types of p rob lem s o f  O as>  l[. 

We em p h as ize  th a t  we have defined T ype  2 an d  T y p e  2 so th a t  they  are d is tinc t  

ca tegories .  W e shall r e m a rk  a b o u t  T y p e  2 here. S uppose  t h a t  it/, A.; is adm issib le .  

A •= \ . k -  ilIld  —u ' / u  lies in rhe half-p lane ■R[cc;r' 1. >  0 . In th is  case, rhe m -func tion  

tv is given by

\ti\-. A). u](b)
mi A) =  -  r------------- r r -

■0 (*. A). u\(b) 

{ - u ' { X ) / t l l X ) ) 0 { X .  A) -  

.v-h ( - u ' {  X ) j  it {X ))o( .V. A) -  o '  i .V. A j

=  lim \ [ \ - ( - u ' { X ) : :m X ) ) .
.Y—A

We have from C h a p te r  2 th a t  for each X  €  <0.b).

M \ \ — at A i, //i A it €  D \ i  A I.

so A; n „ .  v- b T hus ,  rhe hypo theses  of T y p e  2 are  set so th a t  m  lie'- m

th e  in te rsec t io n  of rhe  Weyl disks.

T h e  next two lem m as give an  a sy m p to t ic  behav io r  of nip  a long  ce r ta in  rays  in C .

L E M M A  4.6. Let  i n p  denote the Di nch l e t  m- f u n c t i o n  f o r  a Type I  o r  Type 2 

problem.  I fTZ is a non-real  ray which eventual ly  s tays in s o m e  admissible \ n.K plane  

and  if. in Type 2. we have that  —u ' / u  lies in the hal f -plane -R[ze:n >  0 . then rn .p\ \ \  =  

— [h2/ H i  )V — A — o( v' —A) as A — x  along TZ.

P r o o f . D en o te  k  =  > /—A. W e are  considering  th e  D irichle t case, so h : =  H> =  0 . 

F ix  a £  (O. b). For an y  A £  7Z P. we have m p ( A) €  D a[ A) since m Di \ i  £
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3 S

r V w f c A v i A ' i .  Recall t h a t  D ai A) is th e  im age o f  th e  ha lf-p lane  >  0 u n d e r

th e  M bbius t ra n s fo rm a t io n

f)(a. \ \ :  -i- O'(a. A)
M a \ : )  = ------------- r------------- -------- - •

0\a .  X) :  — o  la.  Ai

E lem en ta ry  p ro p e r t ie s  of M obius  t ran s fo rm a t io n s  show t h a t  x  is m a p p e d  bv r*• a

poin t on  0 D a ( A): i.e.. - O l a .  A ) /o iu .  A) is a p o in t  on  the  circle b o u n d in g  D,L\ A i. T hus.

Ola.  A) i

A ) -----------— - ■  <  d a ( A ) .
0 (0.. A)

L e t t in g  Oi ,  a n d  0U be defined ana logously  to  «0 in L em m a 4.4. we use L e m m a  4.4 to 

ca lcu la te

Ola.  A) Oo(a.X) — [0(a. A) -  Ot)la.  Ai!

Ola.  A) Oola.  A) — [o(o. A) -  o n la.  A),

/)•> cosh(Am) -r o l c k'1)

H i sinh(A'a) — o i r kikti 1

/' J 1 - e - * n - 0 ( 1)

_ 7 7 T  ’ 1 -  - - 2hl - 0(1 I

as A — x. along  Tv. Since

1 -<- r  2ki: - 0(11 ,
h m  ------   — =  1.

—  c  I  -  f  ~ 2 k “ —  (){  1 )

we have
Ola.  A) />■> , .

= - - f  A - r a l k )
O l a .  A) H\  

as  A — x  a long  Tv. Now. note  th a t

, \  \  0‘ a . A ■ th u . A
m D (A) w o i 'M

— ih->i 'Hi\k ( - h - i / H ' j k  —oi-> H ^ . k

We have ju s t  show n th a t  th e  second te rm  ten d s  to 1 as A — x  a long  Tv. T h e  tirst 

te rm  ten d s  to  0. us ing  o (0)  =  0. o '(0 l  =  H\ .  a n d  L em m a 4.5. since

<  -a •' <  C --------------- : r—  =  C  ■
j —'h>Hi)k '{hijHi ik 3(A*u A~;o ( 0 )  — - • Ai A- i

an d  th e  la s t  expression  tends  to  0 as A —* x  along  R .  T h u s .

m.D(A)

- i h y ' H ^ k

*  t
-  «if4 R
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as A x  a lo n g  1Z. —

We now s t a t e  a  re su lt  w hich  gives iden tical  a s y m p to t ic  b eh av io r  of th e  Dirichlet 

m -fu n c tio n  for T y p e  3 p rob lem s.

L E M M A  4 . 7 .  Let  rnD d e n o t e  the Dir ic hle t  in- f i in r t ion  f o r  a p m b l t m  <>f T'.;p< ■-

I f  Tv is a no n-r ea l  ray  which ev en tu a l ly  s t a y s  in s o m e  a d m is s ib le  A,,./v p la n e ,  tin 

=  —i//-j, / /• ) v  —A — o ( y ' — A) as  A —* x  along  Tv.

P r o o f .  Again , since we are  considering  th e  Dirichlet case, we have h ■ =  TT =  U.

D en o te  k =  v; — A. I 's in g  L e m m a  4.4 th en  gives, for any  .r €  4). b, a n d  for an y  A A C .

s inh(L x) , , ( H \  kz. rr ■ * dt ,
Oi  X.  A  )  =  H 1 - - - - - - - ;- - - - - - - -  —  ( )  I —  f  I f ' J e  * '  -  I j

k  V k'

o f  s .  A) =  t f l eosh(L.r) T «  ,U -  l i )

0(x . A) =  h 2 c o sh (k x )  -  O  ( h 2t kxi e ^ " < ,lt - L i )  

O'ix.  A) =  kho  s inh(Lx) -  O  .J — l .

Since we a re  cons ider ing  rhe  reg u la r  case, we have

'k-p-f)\h. A) -  O'i h. A luto,
u ■/)fci 016. A) — o ’iA. Aj

S u i)sriru ring  th e  above  express ions  for oih.  A), o h b. A i. ()>b. Ai. f-l'ib. A i an d  lac to r ing  

b a Khk  from th e  n u m e ra to r  a n d  from rhe d en o m in a to r ,  we get

1 , _ .  Vf,
 OI 1 | j -  i— ^  OI 1 Ih a  kt‘k  uifci

i n D[ A) =  -
J /:

ekbH \
u\b) 1 e 'Kl> — o( 1 ) i -  1 *' — o i l ;Ik

Since th e  r ig h t -h a n d  frac t ion  here converges to 1 as A —>■ x .  th is  eq u a t io n  show s th a t  

n i D(A) =  — { h o /  H [ ) k  — o ik )  as  A —> x  a long  1Z. N o te  t h a t  if u{b) =  0 th e n

0(6. A)

an d .  as in th e  p ro o f  of L e m m a  4.6. we m ay  conclude th a t

h o
rrioi A) =  —y p k  4- oik)

H  t
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-ill

as A — cc along 1Z. —

T h e  following resu lts  will be used in th e  next ch a p te r .

T h e o r e m  4.S. Let  rn denote the m - f u n c t i o n  f o r  a problem o f  Type 1. Type J. or  

Type .1 generated by t4 . l l -  Let a €  (0 .6 ).  and  let m a denote the rv- funct inn f o r  a 

regular problem on  0 . a generated by (4-1)- Then f o r  an y  e >  0 and  f o r  an y  non-real  

ray 1Z which even tua l ly  .itays in som e  admiss ib le plane .

m i  A) -  m ,(  A) =  0 (  c- — ' '’Rl A i

as X —  yz along 1Z.

P r o o f .  For a T y p e  2 or T y p e  3 prob lem , let a deno re  th e  b o u n d a rv  m nd ir iw n

func tion  for m.  We prove th e  theo rem  in several s teps . Fix a non-real rav Tv which

ev en tu a l ly  s tays  in som e adm iss ib le  A , , .a -  plane.

For th e  first s tep ,  let rh deno te  th e  m -fu n c tio n  for a  regu la r  p rob lem  on (l.n

gen e ra ted  by (4.L) a n d  w ith  b o u n d a ry  cond it ion  fu nc tion  a sa tisfy ing  d a n  = <1. T h en

fill a. A)
rn( A) = ----- :----— .

Ola. A)

We now prove t h a t  rn( A) — m(A) =  O l e -2 "1 Rlk:).

If th e  p rob lem  for m  is T y p e  I. then  from th e  nes t ing  circle ana lysis ,  we have 

mi A) -  m(A)| <  da{ A) for A €  Li large enough. If th e  p ro b lem  for rn is T y p e  2 th a t  

is. —a'; n lies in the  half-p lane iR’c t " ’ >  0). then  for A large enough, we h ave

mi A) €  P i  D.v(A).
0<  .V <’ h

T hus.
: fl. 'o.A), , ,

m  i A ) — m (A11 =  : rn (A i --------------- 1 <  d,. i A).
i o l a .  A) |

We now have th a t  if th e  p rob lem  for m is T y p e  1 o r T y p e  2. th en

m(A ) — m( A) =  0 ( e " 2,a- eiWfci I

bv L e m m a  4.5.
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A ssum e now t h a t  th e  p ro b lem  for m  is T y p e  3. O n ly  to  h an d le  th is  case, we 

in troduce  a  reg u la r  p ro b lem  on  [0.6] g en e ra ted  by (4.1) a n d  w ith  b o u n d a r y  cond ition  

function u0 sa t is fy in g  uQ(b) =  0. Let m 0 d en o te  th e  m -fu n c tio n  for th is  p roblem . 

T hen  rrr0 iA ) =  —f t ( b . \ ) , ' o { b . \ )  an d

' i — u ' lb ) /u l  b) )9lb. AI — O'I h. A j (hb.X-  
iMi A ; -  m,,l A) =  : —

( —  a ’ib)  i u \ b )  i o i 6 .  Ai — o ’ib .Xi  o \b .  \

 1__________________
■ Oib.  A)|0 'i6. Ai — i u ' i b  I. b. \  i

Using L em m a 4.4. it follows t h a t  th is  las t  f rac t ion  is less th a n  or equa l to  O  

for A large enough  on R .  S ince a < b. th is  gives th a t

- Z I;

im 0(A) — m ( A)’ <  C t -!i n —<! It! A- )

From th e  n es t in g  circle ana lys is ,  we have m 0(A) €  0D\,{ A) an d  mi Ai €  0 D n ■ Ai. Since 

D/d A l C D u!Ai. we have m 0( A) -  m(A)j <  r/„(A) <  C \(  k - us ing  a lso  Lem m a

4.A. T h e  tr iang le  in eq u a l i ty  now gives

ml A) -  nt( All <  C i t — J a—* ft: k

so mi A, — mt Ai =  O l t  ":a

Now. for the  second s tep ,  let rn be th e  m -func tion  for a regu la r  p ro b le m  on o .u

with  q a n d  w ith  b o u n d a r y  co n d i t io n  func tion  ii sa tis fy ing  u{a)  =  0. T h e n

| ( u \ a ) j u ( a )  )0ia.  A) — 0'(a.  Ai 9( a . X<,
m l  A) -  m( A) =  ;-----—------------ :— :--- ;-----------:---- ;--------------- ~

; l u ' l a ) / u { a ) ) o ( a .  A) — o ‘ In. A) o ia .A i

 1__________________
\o(a.  A)[o '(a . A) — ( ii’(a);  u ia  ) jo in .  A •;;

Using L em m a  4.4. it follows t h a t  th is  las t  f raction  is b o u n d ed  by Ct  K * for A

large enough  on R .  so

ml A) — ml A) =  O le
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Let m a be  as in th e  h y p o th es is  o f  th e  th eo rem , a n d  let ua be  its b o u n d a ry  cond it ion  

function. If ua[a) =  0. th en  th e  first s tep  above  shows th a t

m ( A) -  m„(A) =  0 (

If. on th e  o th e r  h an d .  u „ ia )  =  0. th en  in tro d u ce  a regu la r  p rob lem  on U.c wirh 

b o u n d a ry  co n d it io n  func tion  u satisfying u(a)  =  0. Let m d en o te  th e  m -fu n c tio n  for 

th is  in tro d u ced  p rob lem . T h e n  th e  prev ious th ree  p a ra g ra p h s  give rhar

■ m i A) -  m j  A) <  !m( A) -  ml A), — -mi AI -  m„{Ai! <  CV ,L ' .

so m.iA) — m u(A) =  ). _

We finish rhis c h a p te r  w ith  a result rh a t  s ta te s  a m an n e r  in which th e  < b e e n  - 

function for a given p rob lem  converges to  zero.

L E M M A  4 . 9 .  Let m  denote  the m-fu.nct.um f o r  a problem o f  Type 1. Type J .  o r  

Type :} generated by i f . l l .  Let  c m;.\,(x. Ai =  f){x. A) — rn(A )o(x . Ai and n -E it. ai !>• 

f ixed. I f  1Z is a non-real  ray which eventual ly  stay* in .-wrne admis.-ibh A,,.a plane,

then o ia .  A )c m in.  A) — 0 as A — -x along  Tv.

P r o o f .  C o n s id e r  a Dirichlet p rob lem  on n . b i:

o u(«. Ai =  0 f f j a .  A j =  I

Oa(a.A; =  - l  fi'jia. A) =  0.

where Qn. o a solve . 4 . 1 ) on a . 6). X ote t h a t  th e  two problem s i th e  one invoiviii'j. :n 

an d  the  Dirichlet p rob lem ) are  b o th  C lass I o r  b o th  C lass II. Since for any  A e a c h  of

H and  o  m ay  be w r i t te n  as a  l inear co m b in a t io n  of ft., a n d  o a on a . b \  we m ay  use

th e  b o u n d a ry  co n d it io n  func tion  assoc ia ted  w ith  m  to  define an  m - fu n c t io n  m u for

th e  Dirichle t p ro b lem  if th ey  are  b o th  C lass  II. Let

t ’a . m a ( . \ i (*• A)  — 0 a (*.  A)  t  ma( A ) o a ( •. A i .
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N o t e  t h a t  A) =  1 a n d  c ^ m<ja)(a.  A ) =  - m a( A). T h u s .

m a ! A) =   ---------- -— - .
a . r n„ i  A < ( ' w

W e  n o w  s h o w  v ia  two cases t h a t  for  \  ~ R  l a rg e  e n o u g h .

C  , ( « .A )
« mi aHI,11 A I = -■

t  m, A ■  ̂tt. A ,

C ase  I: B o th  problem s are C lass  I. T h e n  from th e  ue>rmg circle ana ivs i-  w. have 

d o n u m )  C  dom im ,,) .  If A € R  is large enough , th en  A -E d u m tn i i  ~ d o n n '/;.. 

Since b o th  f mi.\)ira.6) a n d  f a.m,t :A, a re  sq u a rc - in teg ra b le  on [n.b).  rhev a re  m ul­

t iples o f  each o th e r  on la.b) .  T h u s .

m \ X a • A) t ! . {(I. A )/ » . (i . m  < i 1 A  j  m , A  j
m„(A)  ---- ------------------- = ---- ;------ ------

^  a . m , i ; A) ( ^  • ^  ** r n : A M ^  * -A ^

C ase  J; B o th  p rob lem s a re  C lass  II. T h en  d u m ( m fl) -  d o n u m )  =  C . Since butii 

Ai./j a n d  t.’a.m„t\ s a t is fy  rhe  b o u n d a ry  co n d it io n  at h. rhev are  m ultip les  

of one an o th e r .  T h u s ,  as  in C ase  I. r n „ (  A) =  - < . ' ' n X  u / .A c • r m . a  o t .A i .

T h u s ,  fur A €  R  large enough , we have th a t

'• m . A , ( » -  A l

(a . A!

is a D irichlet -//-function (it coincides  w ith  m n for A £  R  large en o u g h i .  Bv L em m as 

4.G an d  1.7.

c '  K.in. AI----------- ----  ----m; A. » \ .=  — v — A — o| v  — A)
t  mi Ai (d. A )

as  A — x  a l o n g  R. 

B v  L e m m a  4.4.

o ' l c . A )  —
=  —v — A — o( v — A i

oia. A i

a s  A —  x  a l o n g  R. To  c o m p l e t e  o u r  proof ,  n o t e  t h a t

1 Oia. A l c -̂ ,  ai (a. A ) — o'(a. A ) t 'mi.v i a. A 1 Ai o'in. A;

o f  ft. A ) c'mi a  (a .  A) of a . \ } v miy,(a. A) o ( « .  A|
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Since b o th  te rm s  in th e  las t  expression are  a sy m p to t ic  to  — \ / - A  as A -*  cc a long R .  

we have t h a t  th e  recip roca l of th e  G re en 's  func tion  tends  to  infinity  like - 2 \  so 

th e  G re e n 's  fu n c tio n  o{a.  A )cmivi(u - A) ten d s  to  0 as  A —* oc a long R .  l_
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C H A P T E R  5

A Local Borg-Marchenko Theorem for Complex Potentials

T his  ch a p te r  considers  th e  S rurm -L iouv il le  spec tra l  p ro b lem  defined by th e  e q u a ­

tion

I T i  l L ij =  - !)"  -  qu  =  Ay

over th e  in terval lO.ft). w here  0 <  h < cc a n d  q is com plex -va lued  an d  loeallv  in-

re l ia b le .  Recall th e  func tions  0(-.A) a n d  o(- .A ) defined in C h a p te r s  2 an<l b T h e  

en d p o in t  0 is ;issumed regu la r ,  a n d  at b the  eq u a tio n  m ay  be e i th e r  reg u la r  or s in ­

gular. A b o u n d a ry  co n d i t io n  Hiy(O) -  h t j / i t i )  =  0 is im posed  and .  in the  cast' <d a 

Class 11 problem , a b o u n d a r y  cond it ion  ;y. u:(b) =  0 in te rm s  of a b o u n d a r y  co n d i t io n  

function  n ~ D \ T )  is im posed  at b. Here. h i a n d  17 are  as in th e  p revious ch a p te rs .

T h e  pu rpose  of  th is  c h a p te r  is to  prove a  genera liza tion  of th e  th e o re m  in 1 .

T h e  genera liza tion  consis ts  in allowing th e  p o ten t ia l  q a n d  th e  b o u n d a rv  p a r a m e t e r - ,  

h .. H\ .  a to be C -v a lu ed .  th e reb y  m ak in g  t o . l )  non-seifad joint. O u r  p r o o f  fol lows  in 

th e  spirit o f  B ennew itz  an d  in co rp o ra te s  th e  language of th e  S ru rm -L io u v il le  s p e c t r a l  

p rob lem  found in :3| (in p a r t ic u la r ,  th e  n es t in g  circle ana lys is  i. T h e  re su lts  w e present 

in th is  c h a p te r  involve d irec t ly  th e  T i tch m arsh -W ey l  rn-function . which h as  com e 

to  play a n  im p o r ta n t  role in th e  sp ec tra l  ana lysis  o f  S ru rm -L iouv il le  p ro b le m s  in 

th e  selfadjoint cruse. T h ey  s ta te ,  roughly, th a t  two p o ten t ia ls  co incide on a  c o m p a c t  

in terval if a n d  only  if th e  co r resp o n d in g  m -funcrions  are e x p o n e n tia l ly  close < >n ce r ta in  

rays in C .

To s ta te  o u r  first th eo rem , we in tro d u ce  a n o th e r  s im ila r  S ru rm -L io u v i l le  prob lem  

defined bv a p o ten t ia l  q over th e  in terva l [0. b). We in tro d u ce  th e  q u a n t i t i e s  0 1 H  >. 

m .  and . if the  p ro b lem  is C lass  II. a  b o u n d a r y  co n d it io n  :j/ .u\ib) — 0 w h e re  Ft is a
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b o u n d a r y  c o n d i t io n  fu n c tio n  in the  d o m ain  o f  t h e  m ax im a l  o p e r a to r  for q. W'e d en o te  

by 0 a n d  o  so lu t ions  o f  (5.1) w ith  q rep lac ing  q a n d  th e  s am e  in itia l  cond itions  as for 

6 .  o .

THEOREM 5.1. Supp os e  that  the problems associated with q and q a n  Typ>- I. 

Tppt J. or Type d I the  two problems need n o t  be o f  the sa m e  type;.  Let. a -E R  with 

a ~ tO .m i n ib .b )  . I f  q =  q on (). a' ,  then f o r  a n y  ( >  0 a n d  f o r  any  n o n - n a l  ray TZ 

which even tual ly  s tays  «n the in tersect ion  A,,.* A - o f  adnuss thh hal f -p iam  >.

m IA) -  mi A) =

as A — x . on JZ.

PROOF. A ssum e th a t  q =  q on O.aj. Let e >  0 a n d  Tv be a ray  as s ta re d  in th e  

h y p o th ese s  o f  th e  th eo rem . Let in be  th e  m -fu n c r io n  for a  regu la r  p rob lem  on O.o 

g e n e ra te d  by (5.1) a n d  b o u n d a ry  cond it ion  func tion  d. By T h eo rem  I.S. we have

ml A) — rh( A) =  O l e - ' 1'1-' "K' ,‘ ')

as A — x  a lo n g  TZ. S ince q = q on O.uj. in is the m -funcrion  for th e  s am e  regu­

la r  p rob lem  on O.n' g en e ra ted  by (5.1). w i th  q rep lacing  isam e fu n c tio n  in.  Bv 

T h e o re m  4.S again , we have

ini A) -  in (A: =  (A If ' ‘ * ; >

as A —<■ x  a long  Tv. T h e  tr iang le  inequali ty  now  gives th a t

m(A) -  m( A) =  )

as A — x  a long  TZ. —

We now present a  so r t  o f  converse o f  T h e o re m  5.1. Recall the  n o ta t io n  r m, (-. A ; - 

B{-. A) — m (A )o(- .A ).  w here  m  is the  m -fu n c tio n  for th e  p ro b lem  g en e ra ted  by >5.1;. 

T ak in g  in to  accoun t  th e  com m ents  im m e d ia te ly  p reced ing  T h eo rem  5.1. we w rite
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t'm =  9 4- rrio a n d  we use t h e  ana logue  o f  L e m m a  4.9 w ith  o . v . Q ( H )  rep laced  by

o.  w. 0 ( H ) .  respectively.

THEOREM 5.2. Suppose that, the problems associated with <i and q are Type 1. 

T ’/jx 2. or  Type  '/ ,• the tiro problems nt-t.d not be o f  the sam e  typt I f  t h e r e  an  

two dist inc t  non-real  rays, s a y  1Z\ and'JZ■_>. which eventual ly  *tay m  the intt  r s t r t i o n s  

A.,. ,h’. ~ A and  \ , h .K, A,^ respectively,  o f  admissible hal f -p lan> s. am i  for

which it is true that y t vcn a n y  e >  0. m lAi — h i (A ) =  Kk \ as A — x  a! any

each ray. then q = q on  O.ai.

P r o o f .  F ix  x  ‘z (O.u). For th e  next c a lcu la t io n ,  we a b b rev ia te  o  =  o\.r .  \  \ an d  

s im ila r ly  for o.  L’sing L em m a 4.4 an d  th e  fact t h a t  7?A- > 0. we have

O _  Oo — I o  -  Of| )

O  O n  —~ ( O  —  O f *  i

O,, -  O l n A n  " r :r -  Hi

Or. -  Q (  ci  A i r K r : > A ~  -  1 ) ,  '

j  LmU! -  n p  -  ( o ( 0 )  -  f f - ^ O l c l A l r ^ l c T  X-  - i t _  L ;

h | oi 0 1 -  _  f o (  0 ) -  2 ^ 1 )  ( -■*-] -  ( ~kxO { a  A )ek x it i> V * lir -  1 j ; '

O < 0 1 — O '  • 0  k

e[ A >

f  A

—  ill | , 'M A !. , ( „  y  j ' j ■ —  < -  ■

-  o i  1)

O i 0 ' ~ o ‘ U ,  k  ,— o i l )r ;  A

w h ere  clA) =  o (Of — o ' ( 0 ) / k ; .  T h e  bust exp ress ion  converges to  1 as A — x  on JZ, 

o r  7v2. s o  o ( . r .  A )/0 (.r. A) - ♦  1 as A -  x  on  7m o r  L’sing th is  fa c t  a n d  L em m a 

4 .9 yields

oi  x .  A i u rn, \ .! x. A i =  ■■ - (oi  x. A ! i.yn, \ . (x. A i ) — (I
o (x .  A i

a n d

o lx .  A) /  - - \
OI X. A I C,;,| A  A X. A) =   --------- I oi X. A i Crn \ i X.  A | — 0

o ix .A ;  ‘ '

a s  A —- -x on 7v.t or 7v2. T h u s ,  th e ir  difference

o (x .  X)0(x .  A) — o (x .  A)0(x. A) — !m (  A) — m (A ))o (x .  A )o(x . A;
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converges  to  0 a lo n g  Tli  a n d  IZi.  Using L e m m a  4.4 a n d  th e  fact t h a t  R^' >  0 gives 

t h a t  o ( x .  A)o(x. A) =  0 { l ) e 2kx as A -> cc on  Hy  o r  7£2- Let 0 <  e <  a -  x. Now nv  

m ak e  use o f  th e  h y p o th es is  t h a t  m(A) — m(A) =  0 { e ~ 2 u~, , k k ) to  see th a t

|(m(A) — m (A ))o (x .  A)o(x. A): <  — ij

as A — x  on IZy o r Tv. since R k  >  0 an d  a -  c -  x  >  0. T hus ,  rhe entire  function

i / i  A) =  of x . A \0 ( i .  A ! — oi.r .  Ajd(x. At

converges to  0 as A — x ;  on Tvi or 1Z>. so it is h o u n d ed  on these* two rays. By a 

co ro lla ry  of th e  P h rag m en -L in d e lo f  th eo rem  as s t a t e d  in 5;. we m ay  conc lude  th a t  

y is h o u n d ed  in C. so it is co n s tan t  by Liouville’s th eo rem . Since y converges to  i j  

a lo n g  1Z\. it is iden tica lly  0. T h a t  is.

o (x .  A)0(x. A) =  o (x .  A)fl(x. A).

S ince x  6  (O.a) was a rb i t ra ry ,  th is  eq u a tio n  holds for all x  €  (O.n) an d  for all A ~ C . 

By co n t in u i ty  in .r. th e  eq u a tio n  holds for all x  €  <0. u and  f<tr ail A C .  Let A €  C  

he fixed for th e  rest of th is  proof. We now su p p re ss  b o th  a rg u m e n ts  an d  w r i t e  the  

p rev ious  eq u a t io n  as

of) = of).

w here  th is  e q u a t io n  holds for ail x  £  ! ) .« . .  T h e  fact th a t  y =  y on 0 . a no w  iollows 

from  a sho rt  sequence  of ca lcu la tions .  We rew rite  th e  previous eq u a tio n  as d o  =  f). o  

a n d  d if fe ren tia te  b o th  sides (relative to  x) to  get

o 6 '  — o '9  o B '  —  o '9

o 1 ~  d 1 '

Since th e  n u m e ra to r s  on b o th  sides are 1 ( th a t  is. th e  W ronsk ians  are 1). we have 

o 2 =  o 2. D iffe ren tia t in g  b o th  sides of th is  e q u a t io n  gives 2 o o ' =  2 o o ' .  D iv id in g  th is  

e q u a t io n  by th e  e q u a t io n  o 1 =  o~ gives

A'
O  O  

O  o
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4 9

D ifferen tia ting  aga in  finally gives

o  o

o  O

Since o  an d  o  solve (5.1) w ith  q an d  </. respectively, th e  p rev ious  eq u a tio n  im plies 

rhar q -  \  = q — A. so q =  q on '0. ir. —
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CHAPTER 6

An Application

In r.lii.s c h a p te r  we will use T h e o re m  5.2 to  p rov ide  a  p ro o f  of th e  B ore-Levinson  

th eo rem  for co m p lex  po ten tia ls .  T h e  s t ra te g y  is to  cha rac te r ize  th e  ///-function d.e..  

d e m o n s t r a te  w ha t  in fo rm ation  com prises  th e  m -fu n c tio n )  using  ideas from 15 an d  

th en  to  call u p o n  T h eo rem  5.2. In th is  c h a p te r  we consider on ly  a regu la r  prob lem  

on ;o. hi w ith  th e  following N e u m a n n  co n d i t io n s  a t  0:

h\  =  I. H \  =  0. h-> =  0. H> — 1.

W e co n tin u e  to  use th e  n o ta t io n  k  — \ / —A. w here  3l(k) > 0. Let uj -E C ^ .  T h e  

a sso c ia ted  m -fu n c t io n  is then

f)lb. \  ) u l s- O'lb. A) 

 ̂  ̂ o{b.  A)//1 — o ' lb. A)

(If a-. =  x  th en  ml Ai =  —Bib. A ) /o(  b. A i . )

L e m m a  6 . 1. When m  =  x  we ha re

m ,A l -  j \

f o r k  on thr  semic irc les  ,k\ =  (// —l , ’2 ) r / 6  f o r  al l  posi t ive integers n large enough,  and

when  t/t =  x  we have the t a m e  m e quah tg  f o r  rn f o r  k  on. the semicircle.* k  — n r  b

f o r  all n large enough.

PROOF. By L em m a  4.4 we m ay  express  m  as

1 1 - e ~ - kb - o ( l )
(6 . 1) m(A) =  — — -   -rrr —

k  l - e ~ 2kb- o { l )

w hen  // [ =  x  a n d  its

1  1 -  e ~ 2kb +  o ( l )

!6 '21 ™<A) =  - j . r - 7 z 3 — -
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, - : / xw hen iii = yz.  as  A —* cc. In the  case u t #  x .  a  ca lcu la tion  show s th a t  ii — i 

1 /2  tor all k  on th e  sem icircles \k\ =  {n — 1 / 2 ) t t /6. T hus ,  if n is large eno u g h  (so 

t h a t  A is large enough) ,  th e  d e n o m in a to r  in (6.1) is b o u n d ed  aw ay from  zero on the  

sem icirc les do =  (// — 1 / 2 ) - jb.  C learly ,  th e  n u m era to r  in iG.l) is b o u n d e d  on these 

semicircles for large enough  ri. T h u s ,  for n large enough, we have k ■ m i A) b o u n d ed  

on th e  semicircles k\ = \n  -r  l / 2 ) ~ / b .  In th e  case th a t  /q =  X .  a s im ilar  a rg u m e n t  

shows th a t  k  ■ m { \ )  is b o u n d ed  on th e  semicircles k  =  u ~ : b  for sufficiently larue

—

Let in be an  m -fu n c tio n  for th e  ty p e  of problem  described  before L em m a  G.l. Let 

{Ar, : n €  N [  d en o te  the  set o f d is t in c t  poles of m  ( th a t  is. th e  zeroes of

i]{ A) =  ol b. A i i / i  —  o'I b. A).

the  d e n o m iu a to r  of mi an d  let /„ be th e  m ultip lic ity  of A„ as a zero of g d f  u. =  x  

th en  //I A) =  o(6. A)). A s t a n d a r d  result  is t h a t  g  is an  en tire  func tion  w hose g row th  

o rd e r  is 1/2. It follows im m ed ia te ly  th a t  g has infinitely m an y  zeroes. F u r th e rm o re .  

H a d a rn a rd 's  F ac to r iz a t io n  T h eo rem  as s ta te d  in 15! gives t h a t  the  Ar; a n d  th e

d e te rm in e  g up  to  a cons tan t  fac to r .  T h is  factor, however, is d e te rm in e d  by the

know n a s y m p to t ic  behav io r  o f  g (v ia  L em m a 4.4). S in ce / /  is not idenricallv  zero, the 

An 's do not have a finite c lu s te r  po in t .  We assum e th a t  the  A„’s a re  e n u m e r a te d  so

t h a t  for each n.  An, 1: >  LV;. For each ri let

m„(A)
m( A) =  —--------------.

(A -  A„JJ»

w here  m n is an a ly t ic  a t \ n an d  =  0. From L em m a G.l. we m ay  choose a

sequence of ' 'counterc lockw ise-orien ted) circles F „ . with  rad ius  r„ an d  c e n te r  u. in the 

A-plane so t h a t  lim r n =  x  an d  th e  e s t im a te
n  —  ? c

m ( \ )  <  -y-r
\ k \

holds  for A on  any  F or  each n.  let .Yn d en o te  th e  n u m b er  o f  Ap's in te r io r  to  F n.

Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



T h e o r e m  6.2. I f  A £  {An :  n  e  N } .  then

P r o o f .  F ix  A ~ {A„ : n ^  N } .  Ler .V he chosen so th a t  if u > X  then  > A

If n >  .V th e n  hv th e  residue theo rem

I /' i m p )  , ^  ri ( nUp  l , \  n  /  m [ p )

n U ' ^  / -  — d f t  =  2 -  [ — v ^  V  *  Rt*  I =  A' ■' ri— :

T h e  second te rm  easily  eva lua tes  to  ml A). N ote  t h a t  for each p.

■ J ; , -  l

We re m a rk  here t h a t  since

r=Q l .

J r

e a c h  r e s i d u e  d e p e n d s  p r in c i p a l l y  o n  t h e  n u m b e r s  m'pr ( \ p ). for  r  =  0 .  •  •  •  .  -  i.  W(

n o w  s h o w  t h a t

iira /' =  o.
n —tc fL ~  A

To do  th is ,  we m ake use of th e  e s t im a te  m l / i ) <  C !  . y  ~ P  for /; €  T.,. We have

: m l / / I  i C; y - p  _  C/' v r,.

ip  -  A i ~  p  -  A r„ -  A'

so

i f  m { p )  C  1
/  -------r d p \  < —=  —  • 2 ~ r n — 0

J r, t1 ~  A ! v r« r" ~ :Al
as n —  : t .  By ta k in g  limits on  b o th  sides o f  16.3) we o b ta in  o u r  resu lt .  Z

N ote  t h a t  T h e o r e m  6.2 charac te r izes  m  in th e  sense t h a t  if th e  Ari an d  th e  num bers

rr>n ' [ \n  1 Ip =  0. • • ■ . j „  — 1) are specified, th e n  m  is un ique ly  d e te rm in ed .

Let u {. u2 €  C ^ .  For j  =  1 .2  we define th e  o p e ra to r  T} whose d o m ain  is

D ( T j )  =  {.(/ €  D ( T )  : y' {0) =  0 a n d  y{h)u,  -s i / i b i =  0}
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if Uj == oc. or

D { T j )  =  {y €  D ( T )  : y '(0 )  =  0 a n d  y i 6) =  0}

if Uj =  oc a n d  which is defined by T j( y )  =  H y )  for y €  D ( T j ) .  For th e  p ro b lem s  

considered  here , th e  s p e c tru m  of Tj consis ts  on ly  of eigenvalues, which are precisely 

th e  poles of m .  F u r th e rm o re ,  th e  func tions  o K A „ i  a re  e igenfunctiuns  of T, i.e.. 

o ( - .A ri) •= D ( T j )  an d  r , ( o ( - .A „ ) i  =  A „o(- .A n )). For th e  func tion  o.  a p r im e  d en o tes  

d if fe ren t ia t io n  re la tive to  x  and  su p e r sc r ip ts  d en o te  d iffe ren tia tion  re la tive  to  A. An 

in d u c t io n  shows th a t

iTj  -  Ar, ) ( o ;,,'(-. Aril i =  •. A„ i

for each posit ive  in teger p. It follows th a t  th e  functions o  p i-.A„ j. p — 0 . • •• . ./, -

1. are  generalized  eigenfunctions of T: . In pa r ticu la r ,  we have th a t  for each  p =

' ) ■• • •  - J n  ~  I-

(Tj -  \ tir [( 0 P' ( : \ n ) ) = Q .

From  A p p e n d ix  IV of 8 ]. we have th a t  j n is th e  d im ension  of th e  generalized  e igenspace  

(a lgeb ra ic  e igenspace) co r respond ing  to  An . Define

5 j =  { (A „ .j„ )  : An is a zero o f  o ( 6. A i//7 — o'lb.  A) of m u ltip lic ity  j„ }

if uj ~  yz a n d

•F, =  { (A „ .j„ )  : An is a zero of 0 (6. A) of m ultip l ic i ty  }

if a , — tc .

We now com e to  ou r  m ain  th eo re m s  in th is  chap te r :  they  s ta te  equivalence.- ot 

c e r ta in  pieces of sp ec tra l  in fo rm ation .  For th e i r  purpose  we m ake  a few n o te s .  We 

define "genera lized  n o rm ing  c o n s tan ts"  to  be th e  num bers

r b
Xn.p =  /  { p 0 :jn:' ( l . A n )0'P L!ix.  A n ) -  j nOiP> ( X .  A„  ) d'J~- l :{ T. . \ n )}dx.

J  0

w here p  =  0. • • • . j n -  1. A h y p o th es is  of th e  next th eo rem  is th e  re s tr ic t io n  <l\ =  ?c. 

b u t  T h e o r e m  6.4 hand les  th e  case tq =  oc. F inally , we po in t o u t  t h a t  th e  p o te n t ia l
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q in th e  n ex t  th eo re m  is r e s t r ic te d  to  a sm aller  class t h a n  L\uc{ [0. 6]) so th a t  we m ay  

m ake a s t ra ig h t fo rw a rd  use o f  T h e o re m  5.2.

T h e o r e m  6.3. Let  u ; . u 2 €  C x  with  u-; =  u2 an d  to =  x : .  Let S  denote a sec tor

IV C  and f o r  q ■£ LU/ t i . b  t. let Q q denote, the closed c o v e r s  hul l  f o r  q as d t j in t  d at

tin hi qi lining o f  Chapter  J. Then the fol lowing pieces o f  in fo r m a t io n  a n  eqmrait  nr:

1. The se ts  5 [ .  •'

2. The se ts  5 :  and  { o ' p’{h. An ) : n €  N .  p  =  0. • • • . j n — 1}

3. The. se ts  S i  and  {mif” (Ari) : n -  N . p  =  0. • • • , j n -  I} :

4. The. se ts  S \  and  {-Vn.p : n  €  N . p  — 0. • • • . j n -  L};

•5. The po tent ia l  q €  {(7 €  L l {,0. b\) : S  C C  — Q<{}-

P r o o f .  W e re m a rk  here  t h a t  th e  purpose  o f  th e  sec to r  5  is to  ensure  the  ex is tence  

of two d is t in c t  rays as in th e  hypo theses  of T h eo rem  3.2. We shall a ssu m e  tor th is  

p roo f  rhur =  •*: i th e  case th a t  u2 =  tx: is treat(>d a lm ost iden tica lly  1.

We first show  th a t  (2 i an d  <3i a re  equivalent. Let / ( A)  — t)[h. \ ) u  - t C o .  \-  and  

a i  A 1 =  0 (6. Ala;  —  o'i'u. A). T h e n  miA) =  - / ( A l / y i A l .  Let {A„ :  n S  X }  d en o te  

th e  poles of m.  which are  th e  eigenvalues of 7 \ .  As ex p la in ed  before T h e o re m  ti.2. a 

is d e te rm in e d  un ique ly  from  5 ; .  an d  for each n a n d  each /; =  () . ••• . j n -  I we have 

(j!> ( y j( j =  o_ Pix  ru Lpt  gt A) =  gn 1 A l ( A - A „ ) J". w here gn 1 A„ 1 =  0. T h e n  - /  =

We now show  th a t  k n o w in g  th e  set o f  nu m b ers  {m„p (Arj  : p  =  0. • • • . j n -  I [ is 

know ing th e  set. { o iP’i6- An ) : p  =  0. • • • . j n -  1}. N ote  t h a t

■ 6.4 i 0 (6. \  )0’(b. A i — o'lb. \  \6(b. \  ) =  I

for all A €  C .  E v a lu a t in g  a t  A„ a n d  using th a t  g l \ n i =  0- we get

6 .3 1 0 (6. An ) / ( A n ) =  1.
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L et p  =  1 .■■■ , j n — 1- D ifferen tia ting  b o th  sides of (6.4) p t im es rela tive to  A. 

ev a lu a t in g  a t  An. a n d  using th a t  </(p’(W ) =  0. we get

S ince / ( An i #  0 an d  o(b.  An ) ^  0. th e  sy s tem  of j n eq u a tio n s  defined by ■. r. .r , . and  

f6.6) is n o n s in g u la r .  In fact, on in spec tion  we see t h a t  for each p -  i ). -- - -  I.

f ' p \A,J is expressed  in te rm s  of o(b.  A„). • • • . o ' p’lh. \ n \ an d  o p t b . \ n i i> e x p lo d e d  

in te rm s  o f  / :  An ). ■ ■ ■ . f  p (An ).

Usirm th a t  fjn i-\n ) =  0. we have th a t  th e  n u m b ers  f ' p (Ar, i a re  re la ted  to  th e  

n u m b ers  r n / ’i A„) by a  nous ingu la r  sy s tem  ( the  sys tem  is g en e ra ted  by d if fe ren t ia t in g  

p  t im es  re la t ive  to A b o th  sides o f  - /  =  p„mn- p  =  0. • • • , j„ — I). T h u s ,  th e  

set {rtin ( \ n ) : p =  0. • • • , j n -  1}- is re la ted  by a  nonsingu lar  sys tem  to  th e  set 

{ o ' p’(b. \ n ) : p  =  0 .•  • • . — I}. T h is  sy s tem  d ep en d s  only  on so know ing one i>

know ing  th e  o ther.

We now show  th a t  (2) an d  (4) a re  equivalen t.  Let An d en o te  the  eigenvalues  oi T , . 

A gain . S; d e te rm in e s  </ (as defined two p a ra g ra p h s  above) and . hence, the  n u m b ers  

(j Jn l \ n ) uniquely. D ifferen tia ting  p  t im es re la tive  to  A b o th  sides of - o "  — i/o — Ac* 

gives

F ix  a. set A — A„ a n d  let p  =  0. • • • . j„ -  I. W i th  th e  aid  of (6.7).  a  d irec t  c a lc u la t io n  

gives th a t

( 6 .6 )

- i o " ) {p' ~ q O [p =  Ao p ' -  p o  p

(o ' p; (x. A„) (o ' )Jn: (x .  A„) -  o :Jn- • (x .  A„) (o ' ): ■p ' (jr. Ari) I''

is equa l  to

p o ;Jnd x .  An )o ’lP l! (x. An ) — j n6 ' p){x. \n.)0Jn ‘ ' ( X . A n ).

U sing  th e  fu n d a m e n ta l  th eo rem  o f  ca lcu lus  a n d  th e  fact th a t

^ p)(A„) =  ( © ' ^ ( O .  A„) =  o ^ ; (0. An ) =  0.
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5 6

we get

x np = d Pl[b. Xri i ( o ' ) i Jn: (b.  Xn ) -  o {]n,(b. \ n ){o ' )[p'[b. Xn )

- o p‘l b . \ n )(jJni{. \n \.

Now. the  eq u a tio n

A'n.p =  o ' p '{b. Xn )g Jn (An )

gives th a t  know ing th e  set

{-V„.p : n €  N . p  =  0. ••• , j n -  Lf

is equivalent to  know ing  th e  set {o'iPI(^. A„) : n €  N . p  =  () . ••• , j n -  I}.

We now show t h a t  th e  in fo rm ation  in (1) gives th e  in fo rm atio n  in (2). Let p..i Ai =  

o ’ib.X) -  uro \b .X )  ( if  u-> =  oc. then  g->(A) =  o ( 6. A)). Again , th e  set 5 r un iquely  

d e te rm in es  gr . whose zeroes give the eigenvalues of Tr . Let An d e n o te  th e  d isrinct 

zeroes o f / p .  w ith  j n th e  m ultip lic ity  of Ari iso t h a t  ( A , a r e  th e  e lem en ts  ot >’■ . 

N ote th a t  g-. p i A„ j =  i o ' ) p'(b. A„ l -  //1o  p;(6. A„) =  0 for p =  I). • • • . j . ,  -  L. Let 

p - 0. • • • . j n - 1. S ince  \ o ' Y p,lb. Xn ) = - n :o ' p '{b. A„). we have

<Jj p, (A„) =  [o ' )[p]{b. Xn ) iijO'pt ib. Xn ) =  ( i/o — n. i ) 0  p 1 b. X„ i.

Since gn an d  hence th e  num bers  g~2 piCV> are d e te rm in e d  un ique ly  from  >T. th e  e q u a ­

tion

9 2 P>̂ n !  =  -  « l  IO'P (b. Xn )

rhen  d e te rm in e s  th e  num bers  o [P'{b. Xn ). p =  0. ■ • • . j n — 1.

We now show  t h a t  the  in fo rm ation  in (3) gives th e  in fo rm ation  in ioi .  B v  T h eo ­

rem  6.2. th e  in fo rm a t io n  in (3) d e te rm in es  unicjuely th e  m -fu n c tio n  for t h e  prob lem  

asso c ia ted  w i th  tq .  B y T h eo rem  5.2. th e  p o te n t ia l  q is d e te rm in e d  u n ique ly .

Clearly, th e  in fo rm a tio n  in 1.5) gives an y  of th e  o th e r  pieces o f  in fo rm a t io n  in 

p a r t ic u la r .  (5) gives th e  in fo rm ation  in (1)).  T h u s ,  we have th a t  (1) g ives  ' 2 ; .  ' 2;
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gives (3). (3) gives (4).  (4) gives (5). a n d  (5) gives (1). T h e  B org-Levinson  T h e o re m  

for co m p lex  p o te n t ia ls  is t h a t  (1) gives (5). —

We conc lude  w ith  a  th eo re m  ana lo g o u s  to T h eo rem  6.3. O u r  p ro o f  is nea rly  

iden tica l  to  th e  one for T h eo rem  6.3. so we o m it  it. We use the  sam e  n u ta t io n  as in 

th e  s ta te m e n t  of T h e o re m  6.3.

T h e o r e m  6.-1. Suppose  that. U[ =  M a n d  u> £  C .  Let S  denote a sec tor  in C  

a m i  let Q,. in def ined exactly as m  the s t a t e m e n t  o f  Theorem 6.a. Tin n tin j o i l o i n n q  

pi.eee.< o f  in fo rm a t io n  are equivalent:

1. The sets  S ’ . S o

2. The sets S \  a n d  { [ o 'Y p '{b. A„j : n S. N . p  =  0. • • • -  1}.'

3. The sets S \  a n d  { m „ ’(An ) : n £  N . p =  0. • • • . j n -  1

4. The se ts  Sj an d  { X n.P : n €  N . p  =  0. • • • . j n -  I}.'

a. The potent ia l  q  £  {q €  L l ([0.b]) : S  C C  — Q q}-
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