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This dissertation is concerned with the study of the structure of the solution set for
non-linear non-autonomous ordinary differential equations that involve a parameter. We
study in particular the existence of bifurcation points and bifurcation continua. Many
studies have been undertaken to investigate the existence of bifurcation for nonlinear
autonomous differential equations; Krasnoselski’s and Rabinowitz’s theorems are some of
these studies. They used the Leray-Schauder topological degree as a tool for their studies
of nonlinear eigenvalue problems. In this work we use the Conley index theory, which has
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parameter that belongs to the whole real line and we obtain some global results conserning
the bifurcation continua. We also consider asymptotically autonomous ordinary differential
equations that involve a parameter and we conclude that if bifurcation occurs for the
autonomous limiting equation, then it also must occur for the original non-autonomous
one. Finally, we prove a similar result on small perturbations. Throughout the dissertation,
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CHAPTER 1

Introduction

Many non-linear differential equations in mathematics involve one or more param-
eters. A large number of studies have been undertaken to investigate the structure of
the solution sets that exhibit branching phenomena. The study of these phenomena is
known as bifurcation theory, a topic that has been of great interest to many researchers,
[5, 7]. Bifurcation phenomena also occur in many parts of physics and have been in-
tensively studied {8, 17). Researchers have used many techniques and tools to approach
the study of bifurcation. One of these techniques is the Leray-Schauder degree [11],
which was used by Krasnoselski [10 ] and Rabinowitz [15, 16 ] to study bifurcation for
a special class of nonlinear differential equations: Suppose F': R x E—E, where E
is a real Banach space, F is continuous, and F possesses a simple curve C of zeros:
{(A(a),x(a)): @ € I = (ab) C R}. If there exists @ € I, such that in every neighbor-
hood of ( (&), (@) F has a zero not in C, then (A (@) , u (@) is said to be a bifurcation
point for F with respect to C. Krasnoselski and Rabinowitz considered the special case
where

F(\u)=u— (Au+H()\u)), (1.1)

where L is a compact linear operator, and H : RxE — E is compact with 7 = o(||lu|)
at u = 0 uniformly on bounded ) intervals. The zeros, C = {(A,0) : A € R}, of F are

1



then called the line of trivial solutions of
w=Au+H(\u). (1.2)

In this context, Krasnoselski [10] has shown, that if 4 is a real characteristic value of L of
odd multiplicity, then (x,0) is a bifurcation point of F' with respect to C. Rabinowitz [15]
further refined Krasnoselski’s result by showing that, in the above situation, bifurcation
has global consequences. More precisely, if ¢ is of odd multiplicity, and S denotes
the closure of the set of nontrivial solutions of (1.2), then S possesses a component
that contains (u,0) and is either unbounded or meets (ﬁ, O), where p # L is also a
characteristic vaiue of L. He also considered an application of these global results to
bifurcation from infinity [16].

Another technique that has been used to approach the study of bifurcation theory
is the Conley index [4, 8, 20]. The Conley index is a powerful topological tool that
was developed by Charles Conley in the 1970s, and since then has been used by many
researchers. Ward [25, 26] used the Conley index to study the existence and bifurcation
of continua of non-stationary solutions in infinite dimensional semiflows.

The solutions to a non-autonomous equation, by themselves, do not naturally form
a useful dynamical system. However, non-autonomous equations may be used to define
skew-product flows. The theory of skew-product flows has been developed by Miller
and Sell, see [13, 19]. The use of the Conley index theory to study skew-product flows
associated with non-autonomous equations was introduced by Ward [12, 21-24]. In this

dissertation, we focus on the study of bifurcation that occurs for non-autonomous ordinary



differential equations. Suppose f : RxW xR — R", where W is an open and connected

subset of R™, and f is continuous, we consider the following differential equation:

o (t) = f (1 u(t), ). (1.3)

Assume that equation (1.3) possesses a line of trivial solutions, that is, a line R x {q},
where f (u,q,t) = 0 Yu € [a,b], and t € R. We consider this problem and look at the
local and global behavior of the solution set, and we prove the existence of continua
bifurcating from the line of trivial solutions at a special point (1, g).

As was mentioned at the beginning of this introduction, bifurcation phenomena

occur in many parts of physics, and here is an example (see Hale [6]):

Example L1 Consider a pendulum of mass m and length [, constrained to oscillate in
a plane rotating with angular velocity w about a vertical line. If » denotes the angular
deviation of the pendulum from the vertical line, the moment of centrifugal force is
mw?1? sinu cos u, the moment of the force due to gravity is mg!sin«, and the moment

of inertia is I = mi®. The differential equation of the motion is

I — muwPsinucosu + mglsinu = 0.

If p = 2 and A = &, then this equation is equivalent to the system

vV = p(cosu— A)sinu.

The equilibrium points of this system are the points (nm,0), where n = 0, ¥1, ¥2,. . .

and (cos™! \,0). So for any given ), the equilibrium points are (nm,0) and (cos™ X,0),



the last one appearing only if |A| < 1. A further examination of this system shows that
the equilibrium point (0, 0) is unstable (a saddle point) when A < 1, and stable (a center)
when A > 1. It also can be shown that, when 0 < A < 1, the stable equilibrium points are
(cos™! A,0). So the nature of the equilibrium point (0,0) changes as we cross the value
A =1, and there is a branch of non-trivial equilibrium points {(cos™ X,0,}) : [A| < 1}
in the u-v-\ space bifurcating from the point (0,0, 1). Therefore, the point (0,0,1) is a

bifurcation point.

In chapter 2, the notations that are used in this work, including some definitions of
spaces and other concepts that the reader might not be familiar with, are given, as well
as a statement of theorems without proof.

Chapter 3 is devoted to the explanation of the Conley index. due to its importance
to this work.

In chapter 4 we first prove a general continuation theorem (Theorem 4.4). Then we
consider equation (1.3), where f : [a,b] x W x R — R", and we prove that if we have a
special value y, € [a, b], where the Conley index associated with the skew-product flow
changes as we cross the value y,, then the point (1., g) is a bifurcation point. The proof
of the bifurcation theorem has some similarities to the proof of the global bifurcation
theorem in [15] and other similarities to the main result in [25].

In chapter 5, we prove some global results, where we consider equation (1.3) with

f:R xW x R — R", First, we prove a global continuation theorem similar to the



result in [26]. Then we prove that, under some conditions on f and for a special value
Lo, there exists a global bifurcation continuum bifurcating from the point (u,, q).

In chapter 6, we examine a number of simple examples of our results in chapters

4 and 5.

In chapter 7, we establish a bifurcation theorem for asymptotically autonomous

differential equations. We consider the following equation

v (t)=Ff(Mu®)+g9(Ku(t),t), (1.4)

where X € [a,b] C R, and g; — 0 as [t| — oo, where g, is the translate of g, that is,
gr (A x,t) = g (A, z,¢ + 7). We prove that, under some conditions on f and g, there is

a bifurcation point for equation (1.4) whenever there is one for the limiting equation

o () = F (A ().

In chapter 8, we give a conclusion to this dissertation and discuss some possible

future work that can be done.



CHAPTER 2
Preliminary Results

This chapter gives some definitions and states some theorems that are well known
but presented here for the sake of completeness. See references [9, 14] for more details.
Definition. A topology on a set X is a collection & of subsets of X having the following
properties:

(1) ¢ and X are in S.

(2) The union of elements of any subcollection of < is in .

(3) The intersection of the elements of any finite subcollection of T is in S.
A set X for which a topology < has been specified is called a fopological space.
Definition. If X is a set, a basis for a topology on X is a collection 3 of subsets of X
(called the basis elements), such that

(1) For each x € X, there is at least one basis element B containing .

(2) If = belongs to the intersection of two basis elements B, and Bs, then there is

a basis element B; containing x, such that B; C B, N B,.

Definition. If 3 is a basis for a topology on X, the topology < generated by f3 is
described as follows: A subset U of X is said to be open in X if, for each = € U, there

is a basis element B € 3, such that z € B and B C U.



Definition. A metric on a set X is a function

d: XxX—=R

having the following properties:
(1) d(z,y) > 0 for all z,y € X; equality holds if and only if z = y.
2)d(z,y)=d(y,z) forall z,y € X.
3)d(x,y) +d(y,2z) > d(x,z) for all z,y,2z € X.

Given a metric d on X, the number d (zx,y) is often called the distance between  and y

in the metric d. Given ¢ > 0, consider the set

By(z,e) = {y:d(z,y) < &}

of all points y, whose distance from z is less than £. It is called the e-ball centered at .
Sometimes the metric d is omitted from the notation, and this ball is simply written as
B (x,¢) when no confusion will arise. The collection of all e-balls B, (z,¢), forx € X
and £ > 0, is a basis for a topology on X, called the metric topology induced by d.

Definition : A norm on a real vector space X is a function

Il:X—-Rr

having the following properties:
(1) |lz|| > 0 for all z € X; equality holds if and only if z = 0.
() [lz]| + llyll = ||z +y] for all 2,y € X.

(3) |laz|| = |a| ||z|| forall a € R and = € X.



Next we define quotient spaces and homotopy, which are of great importance in
the study of the Conley index, as is explained in the next chapter.
Definition : Let X and Y be topological spaces; let p: X — Y be a surjective map.
The map p is said to be a quotient map, provided a subset U of ¥’ is open in Y if and
only if p~! (U) is open in X.
Definition : If X is a space and A is a set, and if p : X — A is a surjective map, then
there exists exactly one topology < on A, relative to which p is a quotient map; it is
called the quotient topology induced by p.
Definition : Let X be a topological space, and let X* be a partition of X into disjoint
subsets whose union is X. Let p : X — X* be a surjective map that carries each point of
X to the element of X* containing it. In the quotient topology induced by p, the space
X~ is called a quotient space of X.
Definition : If f and f’ are continuous maps of the space X into the space ¥, we say

that f is homotopic to f' if there is a continuous map F : X x [0,1] — Y such that

F(z,0) = f (z) and F (x,1) = f' (z) for each x € X.

The map F is called a homotopy between f and f'.
Definition : A continuous map f : X — Y is called a homotopy equivalence if there is
a continuous map g : Y — X such that g o f is homotopic to the identity map :x on X

and f og is homotopic to the identity map iy on Y. The map g is said to be a homotopy

inverse of the map f.



It can be shown that, given any collection C of topological spaces, the relation of
homotopy equivalence is an equivalence relation on C. Two spaces that are homotopy
equivalent are said to have the same homotopy type.

Definition : A space X is said to be locally compact at x if there is some compact set
C of X that contains a neighborhood of z. If X is locally compact at each of its points,
X is said to be locally compact.

Now we define a topology that is of special interest in this study.
Definition : Let (Y,d) be a metric space; let X be a topological space. Given a function
f:X — Y, a compact set C in X, and a number £ > 0, let B (f,¢) denote the set of

all those functions g : X — Y for which

lub{d(f (z),g(z)):z€C} <e.

The sets Bc (f, €) form a basis for a topology on Y *(the set of ail functions f : X — Y)).

It is called the topology of uniform convergence on compact sets.

Theorem 2.1 A sequence f, : X — Y of functions converges to the function f in the
topology of uniform convergence on compact sets if and only if, for each compact subset

C of X, the sequence f, | C converges uniformly to f | C.

The following definitions are needed:
Definition : Let X be a topological space, and let R denote the real numbers. Let  be
a continuous function from X x R into X. This function is called a flow on X if the

following conditions are satisfied for all z € X and 5,2 € R :
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(1)  (z,0) = z.
) 7 (x,s +t)=m (7 (2,5),1).
Definition : Let X be a topological space, and let R denote the real numbers. Let
D C X x R be an open subset, and let 7 : D — X be a continuous function. Then =
is called a local flow on X if the following conditions are satisfied for all z € X and
s,teR:
(1) (x,0) € D for all z € X, and 7 (z,0) = =.
(2) For every z € X, there exists an interval I, = (a,, 3} C R containing zero,
such that (x,%) € D if and only if t € ...
(3) If (z,s) € D, and (7 (z,s),t) € D, then (x,s +1¢) € D,
and 7 (z,s +t) = 7 (7w (x,3),1).
Definition : A set I C X is said to be invariant under the flow « if {m (z,t) : t € I} C I
V z € I. It is isolated if it is the maximal invariant set in some neighborhood of itself.

As an example of a local flow consider the differential equation

on the Fuclidean space R", where f is a C'-function. Then, for every point x € R™,
there is one and only one solution ¢ (z,?) that satisfies the initial condition ¢ (z,0) = z.
We can define a local flow on R™ by setting 7 (z,t) = ¢ (z,t). One can check easily

that the conditions in the definition above are satisfied.
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Now let v: W x R — R" be a C! function, where W is an open set in R", and

consider the non-autonomous ordinary differential equation
2 =v(x,t).

Let ¢ (z,,t,,t) be the solution to this equation that satisfies ¢ (2o toy20) = To, and
let I (x,,t,) be the interval of definition of the solution. Clearly if we set m (zyt) =
¢ (2,t,,t), then this does not give us a local flow, since the third property in the definition

above is not satisfied. Define
J (Tor o) = {t:t+ 1, € I {Toy o)}
and let X = W x R. Define 7 formally by

T (2, 2) = (@ (Zor tos to + 1) 10 + 1),

where p = (2,,%,) € X. The mapping 7 defines a local flow on X where the interval of
definition of the motion = (p, ) is J (p). It should be noted that the flow « for this case
has no rest points, no periodic points. We will overcome these deficiencies by giving a
more appropriate definition of a flow for non-autonomous equations.

By C. = C. (W x R,R"™), we denote the linear space of all continuous functions
mapping W x R into R™ with the topology of uniform convergence on compact sets of

W xR . For f € C.(W x R,R"), consider the ordinary differential equation
' = f(x,1). (2.1)

By the hull of f, H (f), we mean the closure in C. of the set of all translates of f.

That is, H (f) = ¢l{f, : 7 € R}, where f, (z,t) = f (x,t +7) for all (x,¢) € W x R.
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Assume that for each g € H (f) there is a unique solution ¢ of
z' = g (:E, t)

that satisfies ¢ (0) = z. Let ¢ (x,g,t) denote that solution, that is, ¢ (x,9,0) = z, and

let I (,g) denote the maximal interval of definition for this solution. If we let
D={(z,g,t) EW xH(f)xR: 1€ I{z,9)},
then we shall show that a flow 7 : D —» W x H (f) is given by
m(z,9,t) = (¢ (:9,8) ,9¢) - (2.2)

Now we are going to prove that (2.2) actually defines a local flow on W x H (f), (see

reference [19]).

Theorem 2.2 The mapping 7 given by (2.2) defines a local flow on W x H (f) called

the skew-product flow.

Proof : We only need to check the third property. Assume that 7 € I (x,g) for some

g€ H(f)and o € I (n(z,g,7)) and define
()= (z,0,1), ¥ () = (¢(7),9r,1), () =@ (T +1).
Then ¢ is the solution of 2’ = g (v, ) that satisfies ¢ (0) = z, and ¢ is the solution of
x =g, (z,t) =gz, t+7) (2.3)

that satisfies ¢ (0) = ¢ () = ¢ (z,g,7). However, ¢ is also a solution of (2.3) and

¢ (0) = ¢ (7). Hence, by the uniqueness of solutions we have

CE)=¢(t+r)=2(t) forallt eI (m(z,g,7)).
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Consequently,

”(Tr (maga'r) ,0') = "((¢(T)sgr)30) = (¢ (d)ag‘r+a')

(p(r+0) sGria) = T(2, 9,7 + o).

The continuity of 7 follows from the following lemma of Kamke.

Lemma 2.3 (Kamke): Let A denotes the collection of all functions f € C (W x R,R")
that admit a unique solution of equation (2.1). Then the solution function ¢ (z, f,t) is

continuous on the subset of W x A x R for which it is defined.

The proof of this lemma can be found in Appendix A in [19].



CHAPTER 3
The Conley Index
In this chapter we describe a powerful topological tool, the Conley index, which is
a generalization of the Morse index. Most of the material in this chapter can be found

in more details in references [4, 18, 20].

1 Isolated Invariant Sets and Continuation

The basic objects of study are the isolated invariant sets of a differential equation.
Definition : A set is called invariant if it is a union of solution curves. It is isolated if it is
the maximal invariant set in some compact neighborhood of itself. Such a neighborhood
is called an isolating neighborhood.

The interest in isolated invariant sets comes from the fact that they can be continued
to nearby equations in a natural way; in this sense they are stable objects. The continuation
is defined in terms of isolating neighborhoods as follows. A compact set N is an isolating
neighborhood of the maximal invariant set § contained in N if and only if S C N° (the
interior of N'). Equivalently, N is an isolating neighborhood if and only if no point on ON
is on a solution curve that is contained completely in N. This last condition is obviously

stable under small changes in the equation. Therefore, if N is an isolating neighborhood

14
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of some equation, then N will be an isolating neighborhood for all equations near the
given one. The isolated invariant sets thus determined by N are the continuations.
Specifically, if NV is an isolating neighborhood for a connected set of equations, then
the comresponding isolated invariant sets are said to be related by continuation. We can
extend this relation to non-nearby equations by making the relation transitive.

We illustrate these ideas by means of a simple example.

Example 3.1 Consider the scalar equation on R given by

dz 2

E=x(1—x ) — A= f(x,N\),

where A is to be thought of as a parameter. In figure 1, we have sketched the curve
f (z,A) = 0. Observe that this curve meets each horizontal line in the set of critical

points of the equation with the corresponding value of \; for each fixed A = A,, the

horizontal line A = A, is the phase space of the equation

dz
E = f((l?,)\o) .

At each of the three A-levels, the marked off intervals are isolating neighborhoods. The
rest points are all examples of isolated invariant sets. But more generally, any interval,
each of whose endpoints is a rest point, is also an isolated invariant set: a slightly larger

interval will serve as an isolating neighborhood.
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Figure 1. Graph of f (x,\) = 0 for example 3.1.

For example, the closed interval [d, 0] is an isolated invariant set for the A = 0 equation.
Since disjoint union of isolated invariant sets are isolated sets, we can easily find all of
them. Thus, for the A = )\, equation, there is only one (non-void) isolated invariant set:
namely, the point a. Similarly, for the A = ), equation, there are four isolated invariant
sets: b,c,{b,c}, and [b, c]. Finally, the A = 0 equation has 12 isolated invariant sets. If
we choose N to be the interval marked off on A = )\ level, we see that the left-hand rest
points in phase portrait are related by continuation. If we choose N to be the interval
depicted on )\ = 0 level, we see that a is related by continuation to the full set of bounded
orbits in the other two phase portraits. It follows that d is related by continuation to the
set of bounded orbits for the A = 0 equation. The same statement is true for the rest
point e, but not all isolated invariant sets are in this class; for example, 0 is not, since no

choice of N will continue O to a or e.
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The Conley index takes the form of the homotopy type of a pointed topological
space. For our purposes, it suffices to think of a pointed space simply as a pair (X, z),
where X is a topological space, and z is a point that belongs to X that is often called the
distinguished point. The pointed spaces (X, z) and (Y,y) are said to be homotopically
equivalent, written (X,z) ~ (Y,y) if there is a homotopy from X into Y which takes
z into y. The Conley index is computed from special isolating neighborhoods called
isolating blocks, having the property that the solution through each boundary point of a
block goes immediately out of the block in one or the other time directions. If B is an
isolating block, the subset of the boundary of B, 8B, consisting of points that leave B
in positive time (the exit set) is denoted by B~. Denoting by S the maximal invariant
set in B, the Conley index of S, h(S), is defined to be the homotopy equivalence class

of the (pointed) quotient space B/B~, that is,

= (3757, [27).

Of course, this may be viewed as the pointed space obtained from B on collapsing B~ to
a point. It is also important to note that isolating blocks always exist in locally compact
metric spaces, and that the index is independent of the choice of the isolating block (see
references [4, 20]).
The Conley index is invariant under continuation in the sense that, if S, and Sz
are isolated invariant sets that are related by continuation, then k(S1) = h(Sz).
Let us return to the example and compute the indices of some of the isolated

invariant sets. Consider first the rest point 0, taking for B any proper subinterval of the
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interval {d, €], we find that B~ is the complete boundary of this subinterval. If we identify
these two endpoints, we see that B/ B~ has the homotopy type of (pointed) circle, which
we denote as 3°'; that is, A(0) = 3°'. Now consider the rest point a, taking for B the
interval indicated in figure 1, we see that B~ is void. Now when the empty set of a
space is collapsed to a point, the resulting space is homeomorphic to the disjoint union
of the space and a point. We may deform the interval to a point without changing the
homotopy type; this gives a pointed two-point space. Therefore, h{a) = 3_°, the pointed
zero-sphere, which is sometimes denoted by 1. Since the zero sphere is not homotopically
equivalent to the one-sphere, we see that a cannot be continued to 0. Finally, consider
the rest point c, taking for B the interval indicated in figure 1, we see that B~ is the
left end point. Thus B/B~ has the homotopy type of a pointed interval. Since a simpler
representative can be obtained by collapsing the interval to a point, we see that h(c) =0,
a (pointed) one-point space. Now consider the interval about c, if we raise the interval
(i.e., increase \), we see that ¢ continues to the empty set. The empty set is always
an invariant set: in fact, it is an isolating neighborhood and an isolating block of itself.
The exit set is thus empty and the space obtained by collapsing the exit set to a point is
therefore the one-point (pointed) space, 0 . This agrees with our above calculations since
we have continued the rest point c to the empty set. Now suppose that we start with A\
slightly larger than )\,, and decrease A to A;. Here we see that the empty set continues

to the isolated invariant set c: that is, we may alternately say that ¢ bifurcates out of the
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empty set. For A slightly smaller than A,, we see that c, itself, continues to an interval.

It follows that A ([0, ¢]) = 0.

2  Sums and Products of Indices

Since the intersection and disjoint union of two isolated invarant sets are isolated,
a relationship between the various indices might be expected.

Consider first the case of the disjoint union of two isolated invariant sets, S and
S,. We may assume that each S; is contained in an isolating block B;, with B, N B; = ¢.
Then B, U B will be a block for S; U S2. To calculate h (S; U Sz), we collapse the
exit set of each block individually, and then collapse the resulting two distinguished
points to a single point. The first collapse gives the disjoint union of B,/By with
B;/B;. The second, upon identifying By with B;, gives a space, which we denote
by B,/B; V By/B;. This is called the wedge or sum of the two pointed spaces, and
is the pointed space that results from gluing the two pointed spaces together at their

distinguished points. Thus
h(S] U Sz) = h(S]) Vh(Sz) .

This operation is always well defined on pointed spaces. Note that the zero element is
just 0, that is, (X,z) V 0 = (X,z). However there are no inverses under the wedge
operation. In fact the index is non-negative in the sense that, if the sum of two indices

is zero, then they are both zero.



20

Indices can also be multiplied; the smash product (X, z) A (Y,y) of two pointed

spaces is defined by
(X,z) AYyy) =X xY/(X xy)U (z xY),

that is, the space obtained from the topological product upon collapsing to a point the
set of pairs, either of whose entries is a distinguished point. The pointed zero-sphere 50

(or 1) is the multiplicative identity.

Lemma 3.2 Let X and Y be two connected topological spaces, and consider the pointed
spaces (X,z) and (Y,y), where z € X and y ¢ Y. Then (X, z) V (Y, y) is disconnected

and (X, z) A (Y,y) is connected.

Proof : First it should be noted that we think of the space (Y,y) as the pointed space
(Y Uy,y), where Y U y is the disjoint union of the space ¥ and the point y. From the
definition of the sum of two pointed spaces above, the space (X, z)V (Y, y) is the pointed
space that results from gluing the pointed spaces (X, x) and (Y, y) at their distinguished
points x and y, or in other words, we identify the point = with the point y, so the
distinguished point for the new pointed space (X, z) Vv (Y, y) still does not belong to the
space Y, therefore (X, z) Vv (Y,y) is disconnected.

Now (X, z) A (Y,y) is the space obtained by collapsing to a point the set of pairs,
either of whose entries is a distinguished point, that is, the set (X X y) U (z x Y'). But
zxY C X xY, so the distinguished point of the new space (X, z) A (Y, y) belongs to

the connected space X x Y. Therefore (X, ) A (Y,y) is connected.
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3 More About the Conley Index

Theorem 3.3 Let B C R" and f be a function that maps B into R", consider the
ordinary differential equation

dz
E=f(x)s (3.1)

which admits x,, as a rest point. Suppose that the linearized equations about x,, are given
by

d¢

== . 3.2
where A is a matrix, none of whose eigenvalues has zero real parts; that is, z, is
a hyperbolic rest point. Then x, is an isolated invariant set of equation (3.1), and

h{z,) = S_*, the pointed k-sphere, where k is the number of eigenvalues of A with

positive real parts.

The proof of this theorem can be found in [20] and is omitted here.

Example 3.4 This is an example of bifurcation. Suppose we are given a one-parameter
family of differential equations in R™

2= F ), A<, (.3

and that the origin is a rest point for all ), that is, f (0,)) = 0, for | A |< 1. Suppose
also that this rest point is an attractor if A < 0, and a repellor if A > 0. Thus if A # 0,
the origin is an isolated invariant set, and we have

St if A>0

h(0) =
0 if A<0
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This change of index reflects a change in structure of the solution set as A crosses 0.
In fact if N is any compact neighborhood of the origin in R™, which is an isolating
neighborhood for the origin when A = =1, then for some A € (—1, 1), there is a solution
of the equation that lies in V' for all time and that passes through a boundary point of V.
In particular, this solution is not the rest point at the origin, otherwise N would define
a continuation of the origin to itself, for A = F1, and this would force the indices to be

the same.

Proposition 3.5 Let X be a locally compact metric space, and let 7 C X be a compact
isolated invariant set for the local flow , with compact isolating neighborhood N'. Then
(1) The Conley index h (m,I) is defined, and h (m,I) = ([B/B~],[B"]), where I C
B C N, and B is an isolating block.

) Ifh(m, I) 50, then I # ¢.

Remark 3.6 We put the compact-open (c-0) topology on the set of functions from X X
R — X, that is, f, — f if and only if f,, converges to f uniformly on compact subsets

of X xR.

Theorem 3.7 Let X be a locally compact metric space and a,b € R, and let m, be a
family of local flows on X, where u € [a,b]. Suppose that
(1) The map g — m, is continuous in the sense that, if {u,} C [a,%], {z.} C X, and

{t.} C R are sequences with p, — u, 2, — =, t, — ¢, and 7, (z,t) is defined, then
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M., (T, tn) is defined for large n, and

Ty (Zny tn) — 7 (2, 1) as n — oo

(2) There is a compact set N in X such that for each x € [a,b], N is an isolating neigh-
borhood for the flow =,,.
Let I, = {x € N : m, (z,t) € N Vt € R}. Then the Conley index A (m,, I,,) is indepen-

dent of u € [a, b].

See [21] for details.

The preceding is an overview of the main features of the Conley index, together
with an indication of how it can be applied. As previously noted, the material in this
chapter can be found in Charles Conley’s book [4] or in [20], and the reader who wants

to know more about the Conley index is referred to these two references.



CHAPTER 4
The Existence of Bifurcation Continua

In this chapter, we prove the existence of continua bifurcating from a line of trivial
solutions for non-autonomous ordinary differential equations. We use the Conley index
to prove our results.

Let R denote the real numbers, and W C R" (n > 1) be an open and connected
subset. Recall that by C, = C, (W x R, R™), we denote the linear space of all continuous
functions mapping W x R into R™ with the topology of uniform convergence on compact
subsets of W x R. This space is metrizable, and we will let d = d(.,.) denote a fixed
metric on C..

For f € C. (W x R,R"), consider the ordinary differential equation

dzx

E&f(mst)' 4.1)

Definition : By the hull of f, H (f), we mean the closure in C. of the set of all translates

of f, that is, H (f) = ¢l {f. : 7 € R}, where

fr(zyt) = f (2, +7) V(z,t) e W x R.

24
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For g € H (f) and = € W, consider the initial value problem

’

u (t)=g(u(t),t) (4.2)
u(0)==z 4.3)
and assume;

(A1) For each g € H (f) and x € W, (4.2) and (4.3) has a unique solution.

Let I (x,g) be the maximal interval of existence of this solution, and let
D= {(z,g,t) eW xH(f)y x R:teI(z,g)}.

Define #: D — W x H(f) by

™ (2,9,t) = (u(t;2,9)19t) (4.4)
where u (¢;2,g) is the solution to (4.2) and (4.3), and g;: (y,s) =g (y,s + t) for (y,s) €
W x R. It was explained in chapter 2 that (4.4) defines a local flow on W x H (f)
called a skew-product flow.

It follows from Ascoli’s theorem and is shown in [19] that for f € C,, the hull
H (f) is compact if and only if f is bounded and uniformly continuous on every subset
of the form K x R, where K is a compact subset in W. Thus, we have the following

result which enables us to use the Conley index.

Theorem 4.1 Let f € C.. If f is bounded and uniformly continuous on sets of the form
K x R, where K is a compact set in W, then W x H (f) is a locally compact metric

space.
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Now we look at parameter dependent equations. For each p. € [a, b], where [a,b] C

R, let f (i,.,.) € C. (W x R,R"), and consider the ordinary differential equation

& &

= f (1) (4.5)

We assume
(A2) Let f : [a,b] x W x R — R" be bounded and uniformly continuous on sets of the
form [a,b] x K x R, where K is compact in W, and assume that for each 4 € [a, 8],

zeW and g € H(f (4, .,.)), the initial value problem

u(t) = g{mu(t),t) (4.6)

u (0) x

has a unique solution.

For each u € [a, b], we may define a skew-product flow on W x H (f (y,.,.)) as
above; the latter space depends upon 4. In order that our flows should all be in the same
space we make the following assumption

(A3) There is a function
ool x H(f(b,.,.)) = U_ H(f(1--)
a<p<b
continuous in the product topology, such that for all 7 € R, and p € [a, ], we have
@ (1 fr (By-5-)) = fr (s ) -

It follows from (A3) that ¢ (¢,9,) = (¢ (4, g)), for all 4 € [a,b], 7 € R, and g €

H (f (b,.,.)). As an example, if f (u,x,t) = pA(z,t)+(1 — ) B (x) for some functions
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A and B, then we let
@t fr (1,-)) = @ (1 Ar) = pAr + (1 — p) B.
Now let F = f (b,.,.). For each u € [a,}], let
D(u) = {(z,9,t) €W x H(F) x R: tel (z, 0 (1, 9))},
and define 7, : D () — W x H (F) by
T (2,9,8) = (u (b 2,0 (1.9)) 19¢) » (4.7)

where u (¢;x,¢ (1, g)) is the solution to the initial value problem

u (t) = p(ng) (u (t) »t) (4.8)

Notice that the flow 7, does depend upon 1 but they all lie in the same space W x H (F').

Theorem 4.2 If f satisfies (A2) and (A3), then for each u € [a, b] the mapping =, given

by (4.7) defines a continuous flow on the locally compact metric space W x H (F).

Theorem 4.3 Let f satisfy (A2) and (A3), and let m,,u € [a,b], be the flow defined
by (4.7). Suppose there is a non-empty compact set N C W x H (F'), which is an isolating
neighborhood for 7, for each i1 € [a,b]. Let I, = {(z,9) € N : 7, (z,9,t) € N,Vt € R},
that is, I, is the maximal invariant set in N for the flow m,. Then the Conley index

h(m,, 1.} is independent of . € [a, b].

The proof of theorem (4.3) is omitted here; it can be found in [21].
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Definition : Let U C [a,b] x R* x H (F), by U, we mean the section
U, = {(2,9) € R* x H (F) : (,9) € U}.
Now we prove a continuation theorem analogous to the one in [25].

Theorem 4.4 Let A C [a,b] x W be an open and bounded set, and let O = A x H (F).
Let I, = {(:c,g) €0, :m,(z,9,t) €0Vt € R}. Suppose that, if (z,g) € I, for some
p € [a,b], then (p,z,g) ¢ 8O. Then the Conley index h (m,, I,.) is independent of

p € [ 8]

Proof : If (z,g) € I, for some y € [a,b], then from our assumption we have (nz,y9) &
80, which implies that (z,g) ¢ (80),. So O, is an isolating neighborhood of J,,. Also
we know from elementary ordinary differential equations (ODE) (see [3] or [6]) that I,
is closed, so I, is a closed subset of the compact set Z“ x H (F). Hence I, itself, is
compact, and so is {u} x I, (C O). Let (u,2,9) € {u} x I, C O = Ax H(F), then
(4, ) € A, which is open. So there exists a number §; > 0, and an open set V; C R,

such that

(1, 2) € [u— 0aypp + 6] X V; C A

Let U, = [ — 6z, 1t + 62] X Vz, then we have (,x,9) € Uz x H (F). Now

{U, x H(F) : (z,g) € I, for some g € H (F)} is a cover of {u} x I,, and since it is
compact, there exists a finite subcover{U; x H (F) : 1 < j < q}, where U; = [u— & p + 6]x
V;. Hence,

() x I, CJ_L:J] (U; x H (F)) =le11 U; x H(F).
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Let V, =,

I Ce

]Vj, and §, = min {6; : 1 < j < q}. Then we have
(W} xI, Clp—bup+6]xVuxH(F)CAxH(F)=0.

Now V,, x H (F) is an isolating neighborhood for the flow 7,. We claim that it is an
isolating neighborhood for m, for all  sufficiently close to 4, as we show. Suppose by
way of contradiction that there exists a sequence {¢m}C [a,b], such that p, — u as
m — oo, and (Tm,Gm) € Im = L, With (Zm,g9m) € V. x H(F) (i.e. zm ¢ V). Let

An=A,. , m=m,, ,and On =0O,,. Now we have
Ton Ty Gms t) € I C A X H (F) vt € R.

Recall that 7, (Zm, Gms t) = (% (£ Ty @ (Emy Gm)) » (gm),). Let P: R*x H (F) — R™ be
the projection mapping, and let B =“é.[!a‘b] PI, C R™, then B is bounded since [a,b]x B C
A, and A is bounded by assumption, also we have u (¢; %, @ (lms gm)) € B, Ym € N,
and ¢ € R, so in particular u (0; ., ¢ (0, gmm)) € B, Ym € N. But « (0, 2,0 (0,95)) =
z,,, which means that the sequence {z,,} is bounded (since {z,,} C B ) and, therefore,
it has a convergent subsequence, which we relabel as {x.,}.

Let T = limy, oo m . We claim that T € V,. To prove this claim, we will prove that
there exists a function § € H (F) such that m, (Z,5,t) € O, Vt € R, which implies that
(2,5) € I, C V,, x H(F), and so T € V.. Now the sequence {gr,} lies in H ('), which
is compact; therefore, it has a subsequence, which we relabel as {gn}, that converges
tog € H (F), so ¢ (p,g) is defined and, hence, by (A2) the initial value problem (4.8)

(4.3) has a unique solution. So , (%,7,t) is defined for every ¢ € I (Z, (&, g)). Now
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(Zm»Gm) € Ip. This implies that mm, (Zm, gy t) € Om V¢ € R, also, since z,, — =
and g,, — g, we know from elementary ODE, that 7, (Tm, gm,t) — 7, (Z,5,1) VI € R.

Therefore, we have

(Moms T (Zmy Gmo B)) — (1 T (Z,9,t)) vteR.

But (Lms T (Tmy Gmr t)) € O V¢ € R. Therefore (u,7, (%,7,t)) € O V¢ € R, which
implies that =, (Z,5,t) € O, V¢t € R. This proves our second claim, that is, Z €
V,,, which contradicts our previous assumption that the sequence {z,} does not lie
in V,. Hence, V,, x H(F) is an isolating neighborhood for m, for all n sufficiently
close to u. Therefore, by theorem (4.3), the Conley index A (my, I;;) is independent of
N € (4 — oy it + 7o), Where 75 > 0 is small enough. But since [a,b] is connected and
compact, and u was arbitrary, we can find a finite cover {{x; — 7, +75) : 1 <2 < m}
of the interval [a, 5] where on each of these intervals I; = (p; — 7;, u; + 7;) the Conley
index is independent of i« € I;. But the intervals I; are overlapping; therefore, we
conclude that

h(m,,I,) = constant for u € [a,b].

This proves our theorem.

For our next result we need to make the following definitions.
Definitions : Let ¢ € W, and p, € [a, b],

(1) We say that [a,b] x {q} is the line of trivial solutions if

fp,qt)=0 Vi € [a,b], and ¢ € R,
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which implies that

T (@9,t) = (9,9¢) VtER, p € [a,b], and g € H(F),
that is,

u(tig e (p,9) =g VtER, p € a,b], and g € H (F).

(2) The pair (u,, q) is said to be a bifurcation point if for every e > 0, there exists a pair

(1, z) € [a,b] x W, with z + g, and g € H (F), such that

“‘L - I"l’°| + "”ﬂ- (x’g’ t) - (Q)gt) IIR“XH(F) S € Vt c R,

that is,

| — po] + | (t52, 0 (14, 9)) — gllgn < &, VieR

where the norm on R" x H (F) is the sum of the norms for R™ and H (F).

Before proving our next results we need the following lemma:

Lemma 4.5 Assume that there is a line of trivial solutions, [a,b] x {g}, and that {q} x
H (F) is an isolated invariant set for each flow m,, where u € [, 3] C [a,b]. Then
there exists a number » > 0 such that B (q,7) x H (F) is an isolating neighborhood of

{q} x H (F) for each flow 7, where 1 € [a, §].

Proof : Let i € [a, 3], then there exists a number r (%) > 0 such that B (g, (B)) x H (F)
is an isolating neighborhood of {q} x H (F) for the flow mz. It is also an isolating

neighborhood for each flow =, for 1 in a small neighborhood around 7, otherwise we
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would have {u.} C [o, 8] converging to &z, {g.} C H (F), and a sequence {yn ®)} CW

of solutions to the problem

u () = @(pngn) (u(t),) (4.9)

u(0)

T,

such that y, (t) C B (g, (E)) Vt € R and y» (Qn) € 0B (q,r () for some 2> 0.
Now H (F) is compact, therefore the sequence {gn} has a convergent subsequence that
we relabel as {gn}, which converges to g € H (F), so if the sequence {?n} converges
to a number 2€ R, then from elementary ODE we know that {y, (t)} will converge to

a solution 7 (t) to the problem

[~
p——
=

I
S
—
o3
@l
s
—
=
=~

(4.10)

such that 7 (Q) € 8B (q,r (f)), which contradicts the fact that B (g, (%)) x H (F) is an
isolating neighborhood for the flow mz. But if Qn—> oo then we let ﬁn (t) = yn (/t\n +t),

and we have another sequence {?/J\n (t)} ¢ W of solutions to

W (1) = ¢ (s 00);, ) (w0, ),

such that ¥, (t) € B(gr (7)) YVt € R and ¥ (0) € 8B (g,7 (B)) Yn € N, and again the
sequence { (gn)g } has a convergent subsequence that converges to § € H(F). Thus

from elementary ODE {Qn (t)} will converge to a solution 7 (2) to
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such that 7 (0) € 8B (g, (2)). Therefore B (g, (&)) x H (F) is an isolating neighbor-
hood for each flow =, for 4 in a small neighborhood around z. Now for each 4 € {o, 5]
there is a neighborhood W, of p such that for each flow =,, © € W,, we have the
same isolating neighborhood of {q} x H (F). Consider the set {W, : p € [a,5]}. It
forms an open cover of the interval [a, 3], which is compact, so it has a finite sub-
cover {W,, : 1 < j < m}. Note that W, are overlapping. Therefore for each ;
we have an isolating neighborhood B (g, 7 (1;)) x H (F) for =, where u € W,.. Let
r = min{r (;) : 1 < j < m}, then B(q,r;) x H(F) C B(g,r (1;)) x H (F) for every
7. Therefore B (q,7) x H (F) is an isolating neighborhood for each flow m,, where

L € [, B]. This proves the lemma.

Now we prove the main results of this chapter. As was mentioned in the introduc-

tion, the proofs have some similarities to those in [25].

Theorem 4.6 Assume that there is a line of trivial solutions, [a, b] X {g}, and that {g} x
H (F) is an isolated invariant set for each flow m,, where u € [a,d] \ {10}, and that

h{ma, {g} x H (F)) # h(m, {q} x H (F)). Then for every ¢ > 0, there exists (u, z,g) €

[a,8] x W x H (F), = # q, such that

| = o) + limu (2, 9,8) — (@ 9:)| < € Vt € R,

that is, (o, ¢) is a bifurcation point.

Proof : Suppose, by way of contradiction, that (u,,q) is not a bifurcation point, then

there is an & > 0 such that there is no (u,x,9g) € [a,b] x W x H (F) , with z # g, that
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satisfies

It — po] + |7 (2,9,8) — (B 9e)| < & vt € R.

This implies that the set B (q, %) x H (F) is an isolating neighborhood of {q} x H (F)
for every flow m,, where i € [u, — &, 4o + ¢], so by theorem (3.4), the Conley index

h(m,, {q} x H (F)) is independent of p € [uo — &, pto + £, that s,

h(Myo—er {q} X H(F)) = h(Muoser {a} X H (F)).

But, since {q} x H (F) is an isolated invariant set for each flow m,, where y # po, then
by lemma (4.5) we can find the same isolating neighborhood of {g} x H (F) for each

flow m, where i € [a, o — 8], § < . Hence by theorem (4.3),

h(may {q} x H (F)) = h(my,-c, {a} x H (F)).
Similarly,
h(my, {q} X H(F)) = h (My,te; {g} X H (F)).

Therefore, h (1., {g} x H (F)) = h(m, {q} x H (F)). This contradicts our assumption.

Hence, (u., g) is a bifurcation point, and this completes our proof.
To prove our next theorem, we need to state the following theorem. The proof will
not be given here, but a proof is given in [2].

Theorem 4.7 (Separation Theorem). Let P and Q be disjoint closed subsets of a

compact metric space K. Then either there exists a closed connected subset of K
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meeting both P and @, or there exist disjoint compact subsets A and B of K, such that

PCAQCB,and K= AUB.
Definition : Define the set S C [a,b] x W by

S = cl{(u,z): x# g, and there is a bounded solution through x

for the problem (4.8) for some g € H (F)}.

Theorem 4.8 Assume that there is a line of trivial solutions [a,b] x {q}, and again
that {q} x H (F) is an isolated invariant set for each flow m,, u # p,, and that
h(ma, {q} x H(F)) # h(m,{q} x H(F)). Let C denote the component of S con-
taining (u,, q), then either

(1) C is unbounded in [a,b] x W, or

(2) C meets {a,b} x W.

Proof : If the set W is bounded, then by C beeing unbounded we mean that it meets
[a, 5] x@W . First note that S is non-empty, since the bifurcation point (1, g) belongs to it.
Suppose that C' is bounded in [a, b] x W (if W is bounded, then by C beeing bounded in
[@, b] x W we mean that it meets [a, b] x SW), then we claim that C is compact. We show
this by proving that C is also closed. So let {(u, z,)} be a sequence in C that converges
to (&Z, T). We want to show that (&Z, Z) € C. Now the sequence {x,,} is contained in [q, b],
which is closed, so its limit also belongs to [a, b], that is, & € [a,b]. Let (u,z) € C C S,
then there exists a function g € H (F') such that the solution u (¢;x, ¢ (1, g)) is bounded.
Now suppose that {(u,u(¢;z,0(u,g))) : t € R} is not contained completely in C,

then the set C U {(u,u (2,0 (1,9))) : (uyu(t;z, 0 (u,g))) ¢ C} is connected, and
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this contradicts the maximality of C. So we proved that for every (u,z) € C there
exists a function g € H (F) such that {(p,u(t;2,0(ks9))) : t € R} Cc C. Now
from assumption (A2), we have that for any g € H (F), nz (Z,g,t) is defined for t €
I (,¢ (T, g)). Also from theorem (4.2), we have m,, (zn,g,t) — 7z (Z,9,t) as n — oo,

SO

(ttns u (5 Ty 0 (ny 9))) — (7, u (87 (,9)))as n — oo. ™

Now assume that {(&,u (t;%,¢ (4,9))) : €1 (Z, (B, 9))} is not contained completely
in C, then the set C U {(&, v (+%, ¢ (7, 9))) : (@, v (t; T, ¢ (H,9))) ¢ C} is connected,
since from (*) above, for every t € T (%, ¢ (%, g)), any open set in [a, 5] x W containing
(F, u (4T, (G, g))) must also contain points of the form (Bns 2 (& Ty 0 (1inr 9))) fOT
n large enough, and this contradicts the maximality of C. Therefore, we must have
(% u(t; T, p(F, g))) € C Vt € I (F,¢ (H,g)). Hence, in particular (at ¢ = 0) we have that
(i, %) € C. Hence, C is compact.

Now assume that C also does not meet {a,b} x W. Let U be a §-neighborhood
of C such that dist (PC, {a,b}) > 6, where P : [a,b] x R™ — [a,}] is the projection
mapping. Let K = U N S. Then obviously K is closed, and it is also bounded, since
K c U, which means that K is compact. Now clearly U NC = ¢ by construction and,
therefore, (8U N S) N C = ¢. Also, there is no closed and connected set meeting both
C and 8U N S, otherwise, if C is such a set, then C U C’ would be connected, and this
contradicts the fact that C is a component. So by the separation theorem (4.7), there are

two disjoint compact sets A and B of K, such that Cc A dUNS CB,and K = AUB.



37

Choose p > 0, such that p < min{dist (A, {a,b} x W),dist (A, B)}, and let A, be a
p-neighborhood of A. Now there is a8 maximal open interval (¢,7) C [a,d], such that
(¢,m) x {q} C A, with po € (£,7). We also may have u ¢ (£,71) with (¢, q) € A,. Also
04, N K = ¢ by construction, so the only solution on 6A, will be of the form (&, q),
(n, q), or possibly other trivial solutions (u, g) where u ¢ (£,7).

Now by hypothesis, {g} x H (F) is an isolated invariant set for each flow =,,, where
@ 5 fio, SO by lemma (4.5) we can find a number r; > 0, such that B (g,71) X H (F) is an
isolating neighborhood of {g} x H (F') for each flow m,,, with 11 € [a, %’i‘l] , and a number
ry > 0 such that B (q,7;) x H (F) is an isolating neighborhood of {g} x H (F) for each
flow m,,, where 1 € [“&;ﬂ, b]. Let 7, < min{ry, 7z}, then B (g,7,) x H (F') is an isolating
neighborhood of {q} x H (F) for each flow m,, where u € [a, %ﬂg] u [&;‘ﬂ, b] and we
can choose 7, so small that [5—*12“—", ’%’l] x B(q,7o) C A, Now let O, = A, x H (F),
and let

0 =0,U ([a,b] x B(g,r0) x H (F)).

Then O is open in [a, b]x W x H (F), and if (x,g) € I, = {(z,9) € O, : m, (z,9,t) € O,
Vt € R}, then by construction we have that (i, z,g) ¢ 0. By theorem (4.4), the Conley

index h (m,, I,) is independent of € [a, b]. But we also have
h(may 1) = h(ma, {q} x H (F)) # h(m, {q} x H (F)) = h(m, L),

which is a contradiction and, hence, the theorem is proved.

Remark 4.9 Theorems (4.6) and (4.8) together prove the existence of a continuum

(closed and connected set) that bifurcates from the line of trivial solutions. But this
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continuum lies in the set S, which means that C is a continuum of solutions to the initial

value problems

’

u () =@ (pg) (u(t),t)

u(0) = =,

where ¢ (1,g) € H (f (14--)), so C is not a continuum of solutions to the original

problem

u () = f(m,u(t),?)

u(0)==x

as we would like it to be. We give some examples in chapter 6 where it is.



CHAPTER 5
Some Global Results

In this chapter we prove some global bifurcation results for our initial value problem

U (t)=f(nus'u(t)at)’ 6.1

where f (4,.,.) € C:(W x R,R") and W C R" is open and connected. But now the
parameter x can be any real number, that is, » € R. We are going to assume that the
function f satisfies the following conditions:

(Bl) f : R x W x R — R" is bounded and uniformly continuous on sets of the form
[a,b] x K x R, where [a,b] C R, K is compact in W, and for each 1 € R, x € W and

g € H(f(u,.,-)) the initial value problem

v (2)

gk, u(2),?) (5:2)

u(0) = =z

has a unique solution
Note that (B1) is equivalent to saying that H (f (u, .,.)) is compact.

(B2) there is a function

0 RXH(f(0,)) = U H(f (1)

39
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continuous in the product topology, such that for all 7, € R, we have

@ (ks fr (0,,.)) = fr (1) -
Let F = £ (0,.,.), and for each 1 € R consider the initial value problem
u(t) = ¢mg)(u(t),?) (5.3)
u(0) = =,

and let

D(p) = {(z,9,t) €W x H (F) x R:t € I (z, (1,9))} »
where T (2, (i, g)) is the maximal interval of existence of the solution to the problem
(5.3) and define a flow m, : D (u) = W x H (F) by

Ty (x,gat) = (u (t5 I, ¥ (V’ag)) ’gt) ’

where u (¢; z,¢ (1, g)) is the solution to problem (5.3).
Remark 5.1 Theorems (4.2) and (4.3) in the previous chapter can be stated with the

parameter 4 no longer belonging to the interval [a, b], but rather to the whole space of

real numbers R.

Now we are ready to prove our first result in this chapter, which is a global con-

tinuation theorem, similar to that in [26].

Theorem 5.2 Suppose that there is a2 bounded and connected open set U C R", such

that U x H (F) is an isolating neighborhood for the flow =, and h (mo, I) # 0, where

I=ﬂ@meUwaymug@eﬁxHuqWER}
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Let St = ({0} X U) U cl{(u,z) € [0,00) x W : there is a bounded solution through
x for the problem (5.3) for some g € H (F)}, and let C* be the component of S*
containing {0} x U. Also let $~ = ({0} x U) U cl{(u,z) € (—00,0] x W : there is
a bounded solution through x for the problem (5.3) for some g € H (F)}, and let c-
be the component of S~ containing {0} x U. Then either C* meets {0} x (R"\U) or
else it is unbounded in [0, 00) x W, and C~ either meets {0} x (R"\U) or else it is

unbounded in (—o0,0] x W.

Proof : Suppose, by way of contradiction, that C* is bounded in [0, 00) x W and doesn’t

meet {0} x (R"\ﬁ). Let

S+ = cl{(n,z) € [0,00) x W : there is a bounded solution through =
for our problem for some g € H (F)},

C+

{{p,z) € C* : there is a bounded solution through x for our problem}.

Now C; C C*, which implies that C7 is bounded. Also C; is closed; the proof
is similar to the proof in theorem (4.8). So let {(tn,zn)} C C; be a sequence that
converges to a point (%, Z). Now CJ is bounded; this implies that there is a number
b > 0 such that if (u,z) € CF then 0 < p < b, so the sequence {u,} is contained in the
interval [0, b], which implies that &z € [0, 5] also. Now for any g € H (F), mz (%, g,t) is

defined for t € I (z, (%, g)) (by assumption (B1) ). From theorem (4.2) we have

Ty, (Tnsgt) — 7z (Trg,t) asn— oo fort € 1(7,¢ (7, 9))
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= (s ¥ (; Tny @ (ny 9))) = (B (5F, 0 (7, 9))) as n > oo fort € I (3,0 (11,9)) -

Now, as argued in the proof of theorem (4.8), we must have that

(@, u (t; %, ¢ (B, 9))) € C*+ Vt € I (Z,¢ (R, g)) = R, otherwise we would have a contra-
diction to the maximality of C*; therefore, from the definition of C}, (7, u (; F, ¢ (T, 9))) €
C; Vt € R. Hence, in particular (&, « (0;F, ¢ (B, 9))) € C7, thatis, (7, %) € C7. There-
fore, we proved that C;' is closed and, hence, compact.

Let § > 0 be a positive real number, and let Us be a 6-neighborhood of C}. Let
V= {(uz) € Us: p 2 0}.

Then V is open and bounded in [0,00) x R", since V = U; N ([0,00) x R™), and
8V NC+ = ¢, where AV is the boundary of V in [0,00) x R™. Let K = S} NV, where,
again, the closure is taken in [0,00) x R™ Then K is compact in [0,c0) x R™, and
(VN SF)NC} = ¢ by construction. Also there is no closed and connected subset of
K that meets both C} and 6V N S7, since this again contradicts the maximality of C*,

so by the theorem (4.7), there are two disjoint compact sets A and B of K, such that
CrcA vVnsStrcB K= AUB.

Let A, be a p-neighborhood of A in [0, 00) x W, where p < dist (A, B). Then 8ApN
St =¢. Let O = A, x H(F). Then O is open in [0,00) x W x H (F), and if
(z,9) € I, = {(z,9) € O, : m,(=,9,t) € O, Vt € R}, then (,x,g) ¢ 0. Therefore
by theorem (4.4), the Conley index h(m,,I,) is independent of 1 € [0,00). But we

assumed that C*+doesn’t meet {0} x (R"\—U_), s0 we can choose & and p so small that
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(A,), C U. Therefore, I C I. On the other hand, let (z,g) € I. Then, by the definition
of C¥, (0,z) € CF C A, But O = A, x H(F), hence (0,z,9) € 0 = (z,g9) € Ip.
Therefore, I C Io. So Iy = I and, by hypothesis, we have h(mo, Ig) = h(my, I) # Q.
Therefore,

h(m,I,)#0 Yu > 0.
But O = A, x H (F), and A, is bounded in [0, c0) x W. Hence (4,), = ¢ for all n
sufficiently large and, therefore, O, = ¢ . So

h(m,,I,)=0 for all 1 sufficiently large,

which is a contradiction. Hence C* either meets {0} x (R"\U) or else it is unbounded.
This completes our proof, since the proof for C~ is similar.

For our next result, we need to make the following remark.

Remark 5.3 The Conley index is, as we explained in chapter 3, a homotopy type of a
pointed topological space. Since homotopy preserves connectedness, it makes sense to
talk about a connected index or a disconnected index. An example of a disconnected
index is 1.

From this point to the rest of this chapter we assume that there exists a line of

trivial solutions, that is, there exists a point ¢ € W such that

f(uygt)=0Vu,teR.

Theorem 5.4 Let u, and u; be two distinct real numbers such that 44, < p2, and suppose

that {g} x H (F) is an isolated invariant set for each flow m,, where n € R\ {p1, p2}s
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and that

h (m,, {q} x H(F)) is connected for 1 < 1, and

h(m,., {q} x H (F)) is disconnected for p € (p1, p3) -

Let S* = cl{(p,z) : £ # g > p1, and there is a bounded solution through z for
the problem (5.3) for some g € H (F)}, and let C*be the component of S+ containing
(41, q). Assume that C* is non-empty. Then, either

(1) C* is unbounded in [u;,00) x W, or

(2) C* meets every point (u,q), where p € [u1, a].

Proof : Suppose that C'* is bounded in [y}, 00) x W and doesn’t meet the point (ﬁ, q),
where fie (11, p2). Then we can prove, as before, that C* is compact. Now by assump-
tion {q} x H (F) is an isolated invariant set for each flow m,,, where p # 1, yz, also C*
doesn’t meet the point (ﬁ, q). Assume that for every neighborhood of £ in R there is a
point & belonging to that neighborhood such that (a, ) € C*. Let u, € (K —1,4 +1)
be such a point, that is, (%, g) € C*. Then we have a sequence {(un,g)} in C* that
converges to the point (I:, q), but C* is closed, which implies that (ﬁ, q) € C* . There-
fore, we conclude that there exists a neighborhood (¢, £) of £ in R such that C* doesn’t
intersect the line (¢,£) x {g} . Assume that u; < {,andlete=¢ — ¢ ,and 0 <6 <G,
and let U be a §-neighborhood of C*+ in R x W. We can choose 6 so small that there
is a point (u,q) with p € (¢, £), such that (u,q) ¢ U. Let K = S*NU. Then K is

compact, and C+ N (S* N AU) = ¢. So by the separation theorem, there are two disjoint
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compact sets A and B of K, such that
C*cA Stnelu c B K= AUB.

Let A, be a p-neighborhood of A, where p < dist(A,B) < 6. Let O = A, x H(F).
Then O is an open set in R x W x H (F), and it has the following properties :

(1) if (z,g) € I, then (, z,9) ¢ 50.

(2) There exists a point (u, q,g), with p € (¢, £), that does not belong to O.

Moreover, there exists a number e, < § such that (1, g) € A, forevery p € (11 — €0y i1 + o).

Define
(Ap), = {{z) eW : (1, x) € Ay}

By lemma (4.5), there exists a number », > 0, such that B (g,7) x H (F) is an isolating
neighborhood of {g} x H (F') for each flow r,, where u € [m + %,ﬁ —:—:1], g1 >0is
small enough that B —g > i1+6. Now let u* < u,, then similarly there exists a number
r2 > 0, such that B (g,7;) x H (F) is an isolating neighborhood of {g} x H (F) for each
flow =, where . € [pc*, My — Ezﬂ] Now choose a number » < min{ry, 72}, such that:
(1) (11— o+ %) x B(gyr) C A,

(2) (Tp)“ N B (g,r) = ¢ for some p € (¢, £).

Clearly, we can find such a number (see property (2) on O above). Now let
V=0OU(R x B(qg,r) x H(F)).

Then, by construction, we know that, if (z,g) € Ip = {(z,9) € V,, : m, (z,9,t) € V,,
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vVt € R}, then (u,z,9) & 6V. So by theorem (4.4),
h {(m,, I,)is independent of 1 € R.

Now let n; € ({,€) be such that (E)m NB(gr) = ¢, and let I' = {{z,g9) € O, :
o (2,9,t) € O V¢ € R}, which could be empty, but O, = ("A_,D)m x H(F) and
we have (_A_,,)’7l NB(gr) = ¢; therefore, O,, N (E (q,7) x H(F)) = ¢, so I and
{q} x H (F) are disjoint isolated invariant sets with disjoint isolating neighborhoods O

and B (q,r) x H (F), respectively. Now
I, = {{z,g) € Vi, : 7y, (x,9,t) € V¥t € R}

= {(z,9) € Op, U(B(g,7) x H(F)) : mp, (z,9,2) € Op U (B(gr) x H (F)) vt € R}

{(z,9) € -(_jm : oy (2,9,2) € 67)1Vt €R}U

{(#,9) € B(gr)x H(F):m, (z,9,t) € B(qr) x H(F) Vte R}

= J'u{q} x H(F).
Therefore, we have

h (‘Il'm,I.,") = h('rrm,f U {q} x H(F))
= h(mg,I') Vb (ma,{g} x H(F)).
But h (m,,, {g} x H (F)) is disconnected by assumption since m; > 1, s0 h (m,, I,) is

also disconnected, no matter what h (m,,,f ) is (see the definition in chapter 3). Now

choose 7z < 11, such that (4,), = ¢. Clearly we can find such a number since 4, is
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bounded. Then
h("rfrzslnz) = h("fm {q} X H(F))a

which is connected by assumption. Hence

h (s In) # R (Tnas Ina) 5

which is a contradiction, and this proves our theorem.

Corollary 5.5 Let p; and p; be two distinct real numbers, such that p, > p,, and suppose
that {g} x H (F) is an isolated invariant set for each flow m,, where . € R\ {1, 2},

and that

h(m., {q} x H (F)) is connected for u > 1, and
h({m,, {q} x H (F)) is disconnected for p € (13, 1) -

Let S~ = cl{(u,x) : © # g, u < 1, and there is a bounded solution through x for the
problem (5.3) for some g € H (F)}, and let C~ be the component of S~ containing
(#41,9). Assume that C'~ is non-empty. Then either

(1) C- is unbounded in (—oo, p1)xW, or

(2) C~ meets every point (4, q), where p € [ug, p1].

The proof of this corollary is very similar to that of theorem (5.4) and is omitted.

Definitions :
(1) The point ¢ € W (in the assumption above) is said to be an attractor for our problem

(5.3) if there exists an open set U, C W such that ¢ € U, and for each z € U, :
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(D) u(tz,o{p,g)) €U, forall t >0, g € H(F).
(2) © (t;x, ¢ (1,9)) — g as t — oo, that is , for every open neighborhood V' of ¢
there is a 7 > 0, such that u (¢;,x,¢ (1t,g9)) € V for all £ > 7.
(2) The point g is said to be a repellor if there is an open set V, C W such that g € V,
and for each x € 1
(1) There exists a 7 > 0 such that u (;x,¢ (¢, g)) ¢ V, forall t > 7, g € H (F)

and u(t; 2,0 (u,9)) € Vo forall t < 7, g € H(F).

@) (tz, 0 (1 g)) — g ast — —oo.

Theorem 5.6 Assume that f is even in ¢, that is, f(u,x,t) = f(u, 2, —t). Let x4 and
p2 be two distinct real numbers such that x; < p5, and suppose that {g} x H (F) is an

isolated invariant set for each flow m,, where 1 € R\ {1, 12}, and that
q is an attractor for & < y;, and

q is a repellor for u € (uy, u2) -

Let S* = cl{(p,x) : ¢ # g, ¢ > 1, and there is a bounded solution through = for the
problem (5.3) for some g € H (F)}, and let C* be the component of S* containing
(p1,9). Assume that C* is non-empty. Then either

(1) C* is unbounded in [i;, 00)xW, or

(2) C* meets every point (u, g), where p € [ps, ps].

Proof : Let u (¢;z, f) be a solution to the problem (5.1), and define y (¢) by

y(t)=u(-tz,f).
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Let 7 = —¢, then

dy d

- = —u(7z, f)

dt dt

= Lutre) 2
= —f(pulriz, f),7)
= —f(my(t),-1t).

Therefore, y (¢) satisfies the equation

Y (t)=—f(my(®),-1). (5.4)
Now define a function A : RxW x R — R" by

h(u, 2,t) = —f (p, x, —1)

and a function p: R x H (h (0, .,.)) —>"L€JR H(h(y,.,.)) by

Pt hr (0,.,.)) = hr (py.5.)

where 7 € R, h, is the T-translate of h, and h, (1, 2,t) = —f- (p, x, —t). Then conditions
B1 and B2 are satisfied on the new functions h and p. Now consider the initial value

problem

v{t) = plwg)(y(t),?) (5.5)

y(O) = z,

where g € H (h(0,.,.)), and let

D (W) ={(z,9t) eW xH(*(,.,.) xRt el(zp(mg)h



50

where I (z, p (11,g)) is the maximal interval of existence of the solution to problem (5.5),

and define a flow 7:D (u) — W x R by

~

T, (z,9,t) = (Y (2,0 (11, 9)) » 9) s

where y (t;z, o (4, g)) is the solution to problem (5.5).

Now, by assumption g is an attractor for . < p,, where g is an equilibrium point
for the problem (5.1), that is, f(u,q,t) = 0 Vu,t € R. From the definition of y
and h we see that g is still an equilibrium point for problem (5.4), but it becomes a
repellor. Similarly, it becomes an attractor for problem (5.4) for 4 € (k15 £2). Now
fix a o € (—oo,u;). For this value of u we know that g is a repellor; therefore,
there is an open set V, C W satisfying conditions (1) and (2) in the definition above.
Consider the set V, x H (h(0,.,.)). We can see clearly that this set is an isolating
neighborhood of {g} x H (k (0, .,.)) for the flow 7,,, and we have that for each z € V,
there exists a 7 > 0, such that y (¢;z,0(p,g)) € V, forallt > 7, g € H(R(0,.,.)),
and y (42,0 (i, g)) € Vo forall t < 7, g € H(R{0,.,.)). Let B C V, x H(F) be an
isolating block of {q} x H (h(0,.,.)), then the exit set is non-empty. Also note that the
set V, x H (h{0,.,.)) is connected and so is the isolating block B; therefore, the quotient
space B/B~ is also connected, since it is the continuous image of B. So the Conley
index h (%y, {q} x H(h(0, .,.))) is a connected quotient space with a distinguished

point that belongs to it. Therefore
h (;‘,m {q} x H (R (0, ., .))) is connected for u < ;.

Now fix a p € (uy,uz). Then, for this value of u, we know that g is an attractor;
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therefore, there is an open set U, C W satisfying conditions (1) and (2) in the definition
above. Consider the set U, x H (k. (0, .,.)). Again, this set is an isolating neighborhood of
{q} x H (k(0,.,.)) for the flow 7,,, and for each = € U, we have that y (t; 2,0 (1, 9)) €
U, forall t >0, g € H(h(0,.,.)). Let =, € 8U,, and assume that there exists a
g € H(h(0,.,.)) such that the solution u (¢; z,, p (1, 9)) stays in OU, for all ¢ € R. Now
x, belongs to AU, so there is a sequence {z,} of points in U that converges to x,,
but u (£;Tn, o (1,g)) — g as t — oo and u (t;%e, 0 (4, g)) € OU, for all £ € R, which
contradicts the continuation of solutions with respect to initial conditions. Therefore, we
can look at the set U, x H (h{0,.,.)) as an isolating block and for the same reason we
can see that solutions through any point on the boundary of U, must go inside. This
implies that the exit set is empty, so the Conley index h (71',‘, {q} x H(R(0,., .))) is a

connected quotient space with a distinguished point that does not belong to it. Therefore,
h (71'“, {q} x H (h (0, .,.))) is disconnected for p € (19, 12) -

~t
Let § = cl{(u,z) : * # g, 10 > p1, and there is a bounded solution through x for problem
~t ~+
(5.5) for some g € H (h(0,.,.))}, and let C be the component of S containing (11, g).
~t ~+

Clearly, S = S* and C = C*. By assumption, C* is non-empty, which implies that
~4 ~

C is also non-empty. Then by theorem (5.4), either C+ is unbounded in R x W, or
it meets every point (i, q) where o € [u1, p2]. Therefore, the theorem is proved since

¢ =c+.

Corollary 5.7 Assume that f is even in . Let u, and p; be two distinct numbers, such

that x; > 2, and suppose that {q} x H (F) is an isolated invariant set for each flow =,
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where u € R\{u, pi2}, and that

q is an attractor for u > u,, and

q is a repellor for 1 € (g, 11) -

Let S~ = {(u, ) : © # q, 4 < 1, and there is a bounded solution through x for problem
(5.3) for some g € H (F)}, and let C~ be the component of S~ containing (1, g).
Assume that C~ is non-empty. Then either
(1) C~ is unbounded in (o0, i1] X W, or

(2) C~ meets every point (u, q), where i € [uz, p).



CHAPTER 6
Examples and Applications
In this chapter, we discuss some examples to see how we can apply our results

from chapters 4 and 5.

Example 6.1 Consider the ODE

’

u (t)=f(mu(t),t), (6.1)

where f € C. ([a,b] x W x R,R™), W C R" is open and connected, and f is T-periodic.

Then f satisfies condition (A2) in chapter 4. And for every u € [a, b], we have
f(#,w,t'*'T)”f(l-hm’t) vte R,z € W.

Therefore, for any translate f, of f, 7 € R, we have
f'r (/""mst) = f(p.,.‘t,t-l—‘i') = f wym3t+T+T) = f'r+T(/-“,x)t) ViER,z € Wa

which means that f, = fr4r ¥7 € R. So the set of all translates of f is A= {fi:te
[0,7]}. This set is closed, as we now prove. Let {f,,} C Abe a sequence of translates
that converges to ?E C.(R x W x R,R"). Then the sequence {7} C R is bounded,
since it is contained in [0, 7], so it has a convergent subsequence which we relabel as
{7} that converges to a p;)int 7€ [0,7]. But £, —f and f-.. is continuous for every n,
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so we have

nl;l{Eo Fra (s 2, 2) =nli_]£2° flpzt+m)="f (F‘sw,t'l‘ ;) = f.,’:‘ (y 2, 1) .

Therefore, ; (1,2, t) = f~(p, z,t) and, hence, ?e A Now, since A is closed, we must
have H (f (¢,.,.)) = A= A, so any function in the hull of f is a translate of f. Also

H (f (u4,.,.)) is compact (see [6] for details). Now consider the initial value problem

o () = fuu(?),t)

u{0) =z

Let y; (¢) be the solution to this problem, and let 7 € I (z, f), and
g € C.{[a,b] x W x R,R") be the -translate of f, that is, g (u, z,t) = f (p, =, ¢+ 7)

for every u € [a,b], t € R, and z € W. Consider the initial value problem

v (t) = g (u,u(t),1)

u(0) =y (7).

Let v, (t) be the solution to this problem, then y; (£) = y; (£ + 7). This means that they
have the same orbit, where by orbit of y,, we mean the set {y, (¢) : t € I (z, f)}, and
the orbit of y; is the set {yz (t):t €T (1 (), 9)} ={vi(t+7):t € T (1 (7),9)}. So
if assumption (A3) in chapter 4 is satisfied and our function f satisfies the assumptions
in theorems (4.6),and (4.8), then the continuum of solutions is a continuum of solutions

to the original problem

u ()= f(mu(t),t).
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See remark(4.9).

For our next example, an introduction to almost periodic functions is needed. We
follow [6] closely.
Notation: a, 3, ... will denote sequence {a,}, {fn}, ... iIn R™ The notation 3 C a
denotes 3 is a subsequence of a. If f and g are functions on R, and a is a sequence
in R, then T,,f = g means lim f (t + ay) exists and is equal to g (¢) for all z € R.
The type of convergence (uniform, pointwise, etc.) will be specified when used. For
example, we will write To, f = g pointwise, To.f = g uniformly, etc.
Definition: Let f be a continuous and complex valued function on R, then f is almost
periodic if for every o there is an a C o’ such that T, f exists uniformly.

If AP = {f : f is almost periodic}, |f| = sup,|f ()| if f € AP, then AP with

this norm is a normed linear space, in fact a Banach space.

Lemma 6.2 (1) Every periodic function is almost periodic.

(2) Every almost periodic function is bounded.

Theorem 6.3 (properties of almost periodic functions)

(1) AP is an algebra (closed under addition, product, and scalar multiplication).
(2) If f € AP, F is uniformly continuous on the range of f, then F'o f € AP.
(3) If f € AP, inf, |f (t)] > 0, then } € AP.

(4) If f,g € AP, then |f|, min (f,g),max (f,g) € AP.

(5) AP is closed under uniform limits on R.

(6) (AP, |.|) is a Banach space.
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() if f € AP, and ¥ is uniformly continuous on R, thend € AP.

The reader who is interested in the proofs of lemma (6.2) and theorem (6.3) can

find them in [6].

Remark 6.4 The space AP contains all periodic functions. Theorem (6.3) shows that it
contains all functions which are sums of periodic functions and, thus, all trigonometric
polynomials. It also contains the uniform limits of trigonometric polynomials. One can
actually show (but the proof is not trivial) that AP consists precisely of functions which

are uniform limits of trigonometric polynomials.

Recall that, if f is periodic, then H (f) consists of all translates of f. Now if
f € AP, then H (f) may contain elements that are not translates of f. In fact, if
f(t) = cost + cosV/2t, then f € AP, since it is the sum of two periodic functions,
but it is not periodic, since it takes the value 2 only at t = 0. Also f (¢) > —2 for all
t, and there is a sequence o’ = {a;} C R such that f (a;) — -2, If a C o and
Tof = g uniformly, then g (0) =lim f (an) = —2, and g cannot be a translate of f, but
it belongs to H (f) since it is the limit of a sequence of translates of f, namely {f.},

where f, (t) = f (t + o).

Theorem 6.5 f € AP if and only if A (f) is compact in the topology of uniform

convergence on R. Furthermore, if f € AP, then H (9) = H (f) for all g € H (F).



57

Now we are ready for our next example.

Example 6.6 Let a < 0, and b > 0 be two real numbers, and consider the ODE

r

u (t) = pu(t) + q(t) e’ () = f (wu(t),t), (6.2)

where u (£) € R, u € [a,b], and g : R — R is almost periodic. Then f € C; ([a,5] x R x R,R)
is almost periodic. Also we have a line of trivial solutions [a,] x {0}, and {0} is an
isolated invariant set for each u # 0. Now let F = f (,.,.), then {0} x H (F) is an iso-
lated invariant set for each flow m,,, 1 % 0. Let Ny x H (F) be an isolating neighborhood

of {0} x H (F) for the flow m,. Now consider the ODE

’

u (t) = bu (2) + Mg (t) u* (2) e o,1], (6.3)

and let 7, be the skew-product flow associated with this equation. Then N; x H (F) is
still an isolating neighborhood of {0} x H (F) for each flow 7, A € [0,1]. This implies
that

h (o, {0} x H (F)) = h(m, {0} x H(F)). (6.4)

Now the flow 7, is the skew-product flow associated with the initial value problem

o (2) = bu(t) (6.5)

which is defined by

o (2,9, ) = (u (2, (5,9)),9:) = (B (1) yY(9:1)),
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where g € H (F), § is the flow 3 (z,t} = u(t;x) on R, where u (¢;z) is the solution
to problem (6.5), and ~ is the flow on H (F) defined by v(g,t) = g:. It follows that
h (%o, {0} x H (F)) = h (8 x % {0} x H(F)) = (B, {0}) Ak (3, H (F)). Therefore

by (6.4) above, we have
h (71, {0} x H(F))=h(8,{0}) Ak (v, H (F)).

Now b > 0. This implies that ~ (3, {0}) = ='. Now h (v, H (F)) is of the form of a
disjoint union of a compact connected space with a separate distinguished point (since
H (F) has an empty exit set under the flow =), that is, h (v, H (F)) is disconnected. But
k(B,{0}) is connected, so h (71, {0} x H (F)) is itself connected by lemma (3.2). But
T, = my, and, hence,

h (m, {0} x H (F)) is connected. (6.6)
On the other hand, let N; x H (F) be an isolating neighborhood of {0} x H (F’) for the

flow 7, and consider the ODE

’

u (2) = au (t) + Aq () u* (¢) A€ o,1]. 6.7)

Let 7, be the skew-product flow associated with this equation. Then also N; x H (F) is

an isolating neighborhood of {0} x H (F) for each flow 7, A € [0, 1]. This implies that
h (7o, {0} x H (F)) = h(,{0} x H(F)). (6.3)
Now the flow 7, is the skew-product flow associated with the initial value problem

¥ (t) = au(t) (6.9)
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which is defined by
o (371 q,t) = (u (t5 T, (aag)) agt) = (a (x9 t) » Y (ga t)) ’

where a is the flow a (z;t) = u(t;z) on R, u(#; ) is the solution to problem (6.9),
and v is as above. So A (T, {0} x H(F)) = h(ax v, {0} x H(F)) = h(a,{0}) A

h (v, H (F)). Therefore, from (6.8) above we have
h (71, {0} x H (F)) = h(a, {0}) AR (v, H (F)).

Now a < 0 implies that h (a, {0}) =T . So

h(#, {0} x H (F)) = h (v, H (F)).
Therefore k (7, {0} x H (F)) is disconnected. But %, = m, and, hence,

h (s, {0} x H (F)) is disconnected. (6.10)
Comparing (6.6) and (6.10), we conclude that

h(ma, {0} X H (F)) # h{m, {0} x H(F)).

Therefore, by Theorem (4.6) (0,0) is a bifurcation point, that is, for every £ > 0, there

exists a (u, z,g) € [a,b] x R® x H (F) such that
lu (52,0 (gl + |l <&,
where u (t; z,¢ (1, g)) is the solution to the initial value problem

() = (ug) ((t),?)

u(0) = =.
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Now if ¢ (4, 9) (u (2),2) = f (4, u(2),t + 7) for some 7 € R, that is, ¢ (1, g) is just a
translate of f (i, .,.). Then as in example (6.1) our solution is a solution to the original
problem. But if ¢ (14,9) € H (f (&,.,.)) is not a translate, then o (pg) (ult),t) =
() + g (2) 23 (¢), where ¢ € H (g) is not a translate of g. Now H (q) = H (") (see
theorem (6.5)), so g € H (¢"), hence there is a sequence {t.} C R such that ¢ — ¢
uniformly. Setting u, (t) = u(t+1%,), and using the fact that [ju(t)|| < & - |, we
conclude that {u,} is a uniformly bounded and equicontinuous family of functions on
the real line. It follows that there exists a subsequence {uy, } which converges uniformly

to a solution v () of

4 () =u(t)+q() v (t)

% (0) = lim uy, (0)

and ||lv(t)]| < & —|ul = |lv(®)l| + |¢| < e. Therefore, assuming that the sequence
{u, (0)} doesn’t converge to zero, for every £ > 0, there exists a non-trivial solution
v (t) to the original problem that satisfies the above inequality. However, we cannot say
the same thing about the continuum C (see theorem (4.8)), since not all the solutions on

it are solution to the original problem.

Example 6.7 Let a < 0, and b > 0 be two real numbers and consider the second order

ODE

o (t) +px (£) +z(t) +q(t)z® (8) =0, (6.11)
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where z (t) € R, u € [a,5] and g: R — R is almost periodic. Equation (6.11) can be

written as the following system of ODE

x (t) 0 1 z (1) N 0
y () -1 —u||y@ —q(t) 2*
= f(/",u(t) at)

where u (¢) = (2 () ,y (¢)) € R Then f € C, ([a,b] x R? x R, R?) is almost periodic,
and we have a line of trivial solutions [a, 4] x {0} € [a,b] x R? and, as in the previous
example, {0} is an isolated invariant set for each u # 0. We proceed as before to show

that
h("r‘ua {0} X H(F)) = h(ﬁw {0}) Ah('Y’H(F))s

where 3, is the flow generated by

y(t)=—=()—py(?),

and v is as in example (6.6). But h (8, {0}) = 30 (see theorem (3.3)) and, there-
fore, h(m, {0} x H(F)) = h(y,H (F)), which is disconnected. On the other hand,

h (B34, {0}) = 3% (see theorem (3.3)), which is connected and, therefore, k (m,, {0} x H (F))
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is connected (see lemma (3.2)). Hence, we have
h(ay {0} x H (F)) # h (m, {0} x H (F)),
and so (0,0) is a bifurcation point.
Now we give some examples on chapter 5.

Example 6.8 This is a very simple example that illustrates the different cases we dis-

cussed in theorems (5.4) and (5.6). Consider the ordinary differential equation
W = —pu+u®=f(uu), (6.12)

where z € R. Note that the differential equation is autonomous, but we can still apply
our result. Obviously, f(u,0) = 0 for every u € R. If we linearize the differential

equation near the equilibrium point 0, we have the following linear differential equation
Y= —pu

and, therefore, for 1 < 0, 0 is unstable, and we have k (3,, {0}) = 3_', where (3, is the
flow associated with equation (6.12). On the other hand, for 1 > 0, 0 is asymptotically

stable, and we have h (3,, {0}) = 1. So we have
h (B, {0}) is connected for 1 <0, and

h (B, {0}) is disconnected for x > 0.

Also C* is non-empty, since for each p > 0, there are bounded solutions to the problem,

u = F,/% So we can apply theorem (5.4) to conclude that C* is either unbounded
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in [0,00) x R, or it meets every point (,0), where x4 > 0. Actually, if we solve the
equation f (u,u) = 0, we find that we have two curves of equilibrium points, namely

v =0 and u = F,/u, and our C+ is the curve u? = u and the area inclosed by it.

19

usl

T

Figure 2. Graph of C* for example 6.8.

Now consider the differential equation

o = pu—u® = f(u,u). (6.13)

Here we apply theorem (5.6), since 0 is an attractor for 1 < 0 and a repellor for . > 0.
The difference between the bifurcation for equations 6.12 and 6.13 is that, in the first
case, the equilibrium point 0 is unstable for x < 0, and as the parameter .. passes through
the bifurcation value p = 0, the equilibrium at the origin loses its instability, by giving
it up to the two new unstable equilibria « = F,/i, and becomes stable. In the second

case the opposite happens where the origin loses its stability and becomes unstable.
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Now we give another example where the continuum C* is bounded.
Example 6.9 Consider the ODE
o = —plutu—ut=f(uu), (6.14)

where 1 € R, and € R. Clearly, f (1,0) = 0 for every p € R. Again, if we look at

the linearization near the point 0, we have the following equation

v = (——,LLz + l) u.

!l_k
LA
T\

-2

3
Figure 3. Graph of C'* for example 6.9.

Therefore, if || > 1, the equilibrium point 0 is asymptotically stable (an attractor), and
we have h (8, {0}) = 1, where 3, is the flow associated with equation (6.14). But if
|| < 1, the equilibrium point 0 is unstable (a repellor), and & (5, {0}) = >'. So we

have

{0} is an attractor for 1 < —1, and

{0} is a repellor for 1 € (—1,1).
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Also, C* is non-empty, since for every p € (—1,1), we have bounded solutions for
the problem, for example the equilibrium points v = F/T— p®. Therefore, we can
apply theorem (5.6) to conclude that C* is either unbounded in [—1,00) x R, or else it
meets every point (u,0) where 1 € (—1,1). Now if we solve the equation f (1, u) =0,
we find out again that we have two curves of equilibrium points, namely z = 0 and
u = T+/T— 2, so our C* is the circle 22 + u? = 1 and the area inclosed by it. In this

example, C* is bounded and meets every point (u,0), where x € (~1,1).

Let us now consider a more complicated example (see {1]):

Example 6.10 Let 7 : [e,b] x [0,00) x R — R be a function that is bounded and
uniformly continuous on sets of the form [a,b] x K x R, where a < 0 < b and K is
compact in [0, 00). Assume that for u # 0, and v € [0, 00) in a small neighborhood of 0

(that might depend on p)
psign? (u,v,t) <0VieR.

Consider the two-dimensional system

x, = ¥ (p, x5 + xg,t) T — T (6.15)

3
I

T+ Y (,u, a:? 4 a:g,t) 3.
In polar coordinates the system can be written as

¢ =1

Y o= ryY (u,rz,t).
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The origin (0,0) is an equilibrium point for every u € [a,5] /{0}. For u=a and » in
a small neighborhood of 0, we have ¥ (a,7,t} >0V ¢t € R. Therefore, » > 0 and all
solutions spiral counter-clockwise away from the origin. Let U, x H (F) C RZx H (F)
be an isolating block of {(0,0)} x H (F), where U, is connected. Then the exit set
is non-empty and, therefore, the Conley index is in the form of a connected quotient
space with a distinguished point that belongs to it; hence, & (7, {(0,0)} x H(F)) is
connected, where m, is the flow associated with equation (6.15). On the other hand,
for 4 = b and r in a small neighborhood of 0, we have P(byrt) < OVteR;
therefore, 7 < 0, and all solutions spiral counter-clockwise towards the origin. Again
let U, x H (F) C R? x H (F) be an isolating block of {(0,0)} x H (F), then the exit
set is empty, and the Conley index is of the form of a connected quotient space with a
distinguished point that does not belong to it; hence, h (m, {0} x H (F)) is disconnected;
therefore, h (., {0} x H (F)) # h(m, {0} x H (F)). Now we can apply theorem (4.6)
to conclude that (0,0,0) is a bifurcation point. As an example of the function ¥ let
¥ (4, v,t) = voostt — p. Clearly if & < 0, then we have ¥ (u,v,?) > 0 for every

v € [0,00) and t € R, and if x> 0 then for v < u we have ¥ (u,v,t) < 0 for every
[0,00) for <0

t € R. Therefore for u # 0 and v € we have usigne (u,v,1) <0
[0, ) for o >0

ViteR.



CHAPTER 7

Asymptotically Autonomous Differential Equations
In this chapter we consider parameter dependent non-autonomous ordinary differ-

ential equations that are asymptotically autonomous, in particular in the following setting:

o (t) =f (A,u (t)) +g (A:u (t) yt), (7.1)

where g; — 0 as |t| — oo in H{g(\,.,.)). Here, X € [a,b] C R, u € W, which
is an open and connected subset of R” and ¢ € R, also f(},.) € C. (W,R") and
g(A,..) € C. (W x R,R™) are both bounded and uniformly continuous on sets of the
form [a,b] x K and [a,b] x K x R, respectively, where K is compact in W. We try to

answer the following question: If bifurcation occurs for the limiting equation

u (t)=f(\u(d), (7.2)

do we still have bifurcation for equation (7.1)?

Before we state our result, we need the following lemma, which will be given without

proof [22 }:

Lemma 7.1 Let m, and 7, be local flows defined on locally compact metric spaces D¢
and X, respectively. Suppose K; C X is a compact isolated invariant set for m; and
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X, is compact, so that K, x X; is a compact isolated invariant set for m; x my. If

h(ﬂ'],K]) ﬁéﬁ, then h(ﬂ'] X Wz,Kl X Xz) #0_

Now consider the homotopy

¥ (t)=f(u(®) +pg(Mul(l),t), (7.3)

where u € [0,1]. Assume the following:
(C1) For each z € W, X € [a,b], » € [0,1], and g* € H (g(},.,.)), the initial value

problem

ﬁ\
—_—

o~
S

Il

fFvu(t)) +ug” (Aul),?) (7.4)

has a unique solution.

(C2) There exists a point g € W such that
f(\ g =g(\qt)=0 for every A € [a,}],t € R,

h(B., {q}) is disconnected (connected), and h (G, {q}) is connected (disconnected),

where, for each \ € [a,b] (3, is the flow generated by equation (7.2), that is,

O (zyt) = u(t;z),

where u (%; ) is the solution to the initial value problem

ﬁ\
o
o
p g
fl

fAu(t)
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Now for a fixed ) € [, b, define the family of flows 7, on W x H (g (},.,.)) by

Mo (2,95 t) = (u(tiz, f +19"),9:)

where 1 € [0,1], g* € H(g(M\..)), u(t;z, f+ pg*) is the solution to the initial
value problem (7.4). This defines a family of skew-product flows on the space W x

H(g (A -.))-

Theorem 7.2 Suppose (C1) and (C2) hold and:

(1) there exists A, € [a, b] such that for each A € [a,b] \{\o} the set {g} x H (g (\,-,.))
is an isolated invariant set for each flow m,,, 1 € [0,1],

(2) for each A € [a,b]\{)\,} there exists an isolating neighborhood U, C W of {g} for

the flow (3., and

h(Bx, {q}) # O for every A € [a, 5] \{A.},

(3) if u(t) is a solution of equation (7.4) for some A € [a,b]\{)\;}, 1 € [0,1] and
g* € H(g().,.), such that u () € U, for all ¢ € R, then u(¢) € U, forall t € R.

(4) Let S, = cl{(\, z) : = # q and there is a bounded solution through x for the problem
(7.2)}, and let C, be the component of S, containing (), g). Assume that C, contains
a point (\*,p), where A* 5 ), and p # q is an isolated equilibrium point for equation
(7.2) and that there exists an isolating neighborhood V- C W (V3. N, = ¢) of {p} for
the flow B satisfying: if u (¢) is a solution of equation (7.4) for A = A*, u € [0, 1] and
g* € H(g()*,.,.)) such that u (t) € Vj. forall t € R, then u (¢) € V. forall € R.

Then (), q) is a bifurcation point for the problem (7.1).
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Remark 7.3 If we look at equation (7.2), we notice that under (C1), (C2) and the as-
sumptions of theorem (7.2), all the conditions of theorem (4.6) are satisfied. In fact {q} is
isolated for each flow B, A € [a,b]\{)\.}. Also, from (C2), h (8., {g}) is disconnected
(connected), and A (By, {g}) is connected (disconnected). So h(Bay {q}) # h (B {q}).
Therefore, ()., q) is a bifurcation point for the limiting equation (7.2), and that is how

we know that C, (in the statement of the above theorem) exists.

Now we prove the theorem.

Proof: For a fixed A € [o,b]\{\o}, let Ny =T, x H(g (A, .,.)). We claim that N, is
an isolating neighborhood of {q} x H (g (), .,.)) for each flow m» ., p € [0,1]. To prove
our claim, suppose that the solution « () = u (t;x, f + ug*) € U, forall t € R, then we
consider two possibilities:

(1) If £ = 0 or g* = 0, then u is a solution to ' (t) = f (A, u(t)) and u () € U, for
all ¢ € R. But from hypothesis (2) U, is an isolating neighborhood for the flow 3 and
therefore u (¢) € U, for all t € R.

(2) If0 < p <1 and g* # 0, then by hypothesis (3) u (t) € U, forall t € R.

Therefore N, is an isolating neighborhood of {q} x H (g (},.,.)) for each flow =,

where 4 € [0,1]. So by theorem (4.3) we have

h (70, {q} X H(g(\.))= h(ma1, {q} x H (X)) VAe [aa b] A}, (7.5)

where 7, is the flow associated with

¥ () =f(Mu(t) +g" (Mu(t),?). (7.6)
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Now m, o is the skew-product flow associated with the limiting equation (7.2). Let ~,
denote the flow on H (g (),.,.)) defined by v, (g*,¢) = g; for g* € H (g (},.,.)) and

t € R. Now

X0 (m,g*at) = (’U. (t; T, f) 19:) = (,B,\ (.’L', t) ' M (g*vt)) .

Hence m o = Gx X 7. It follows that

h(mao (g} X H(g(Ao))) = h(Brxm{g} xH(g(N-0))

= h(Bx{gh) AR(mH (g (A1) YA E [a,8]\{A}.

So from (7.5) above, we have

h(ma, {q} x H (9(ay.,.)))

h(Bay {q}) AR (Yey H (g (a,-,-)))

h(ma{gt x H(g (b)) = R{(Bn{gh) Ar(w H(g(by.))).

Clearly, h (7,1, {q} x H (g(a,.,.))) # h(ms1,{q} x H (g (b,.,.))), since the first one
is disconnected (the smash product of two disconnected spaces is disconnected), and
the second one is connected by lemma (3.2). Therefore by theorem (4.6) (A, q) is a
bifurcation point for equation (7.6). Now, g: — 0 in H (g (},.,.)) as [¢{ — oo, so
9* (A, .,.) is either a translate of g (), .,.) or else g* (A,.,.}) = 0. Suppose that u (t) is a
bounded solution of equation (7.6) with g* (A, .,.) =g- (\,.,.),theny (f) =2z (t —7)isa
solution to equation (7.1). Then we can assume that in equation (7.6) either g* (,.,.) =
g (N .. org* (A, .,.) =0. Now (A, g) is a bifurcation point for equation (7.6), so let

S = cl{(\ ) : © 5 g and there is a bounded solution through z for problem (7.6) for
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some g* € H (g (\.,.))} = {(A\ z) : © # ¢ and there is a bounded solution through z for
problem (7.1) or (7.2)}, and let C be the component of S containing (), g). We want to
prove that the point (A, g) is a bifurcation point for equation (7.1), so we need to prove
that the new bifurcation continuum C is different from C , that is, C' # C,. Suppose
by way of contradiction that C' = C,, which means that the bifurcation continuum for
equation (7.1) is the same one that we get from the limiting equation (7.2). Now, by
assumption, C, contains a point (\*, p) where \* 5 ), and p ¢ is an isolated equilibrium
point for equation (7.2), but 0 € H (g ()A*,.,.)} and so (A*,p) is an isolated equilibrium
point for equation (7.6) with g* = 0, also (\*,p) € C since C = C,. Now, as was
proved or assumed earlier, Us- x H (g()*,.,.)) and Vi- x H (g ()\*,.,.)) are isolating
neighborhoods for each flow 7. ,, 1 € [0,1]. Also they are disjoint. It can be proved
similarly that the set M,. = (U_A- UW) x H (g (X\*,.,.)) is an isolating neighborhood
for each flow 7)., i € [0,1]. Let I (1) denote the maximal invariant set in M, for the

flow =,. .. By theorem (4.3) we get
h{mye 1,1 (1)) = h(mr- 0,7 (0)).
But 7(0) = ({g} U {p}) x H{g (A", .,.)), s0

h("r)“.O’I (0)) = h’("rf\‘,os ({Q‘} U {P}) x H (g ()‘" -y )))

= h{meo {g} X H(g(X",.,))) VA (meo{p} x H(g(X".,.))

(h (ﬂ)\‘a {q}) A h’(‘YA‘,H (g (X', 3 )))) Vh (7"/\',0’ {P} x H (g ()\*v *9 ))) .

But by assumption h (0B, {g}) # 0, therefore by lemma (7.1) h (my- o, {q} X H (9 (A", .,.))) #



73

0, and so h (my- 0,7 (0)) # 0. Hence,

h(mae 1,1 (1)) #0.

Now C = C,, so all solutions on C' are solutions of the limiting equation (7.2) and the
point p is an isolated equilibrium point under the flow . ; with g* = 0. Therefore,
I(1) = ({q} U {p}) x {0}. Let s > Oand K (s) = {g. : |t| > s} U {0}. Then for each
A € [a,b], K (s) is an isolating neighborhood of {0} for the flow v\ on H (g (X, .,.)). We
claim that for all z € [0,1] and all s > 0 the set U- x K (s) is an isolating neighborhood
of {g} x {0} for the flow mx.,. This is so since, if m., (,9",2) € Ux x K (s)
for all t € R, then g} € K (s) for all £ € R, which can only be if g* = 0. Also
u(t;z, f + pg*) will satisfy o' (t) = f (M, u(t)), and u(t) € Uy- for all ¢ € R, so
by hypothesis, u (t) € U,- for all ¢t € R. Therefore, our claim is proved, and we can
prove similarly that for all x € [0,1] and s > 0 the set V5. x K (s) is an isolating
neighborhood of {p} x {0} for the flow .. Hence, for all x € [0,1] and all s > 0,
the set (U; UV,\T) x K (s) is an isolating neighborhood of ({g} U {p}) x {0} for the

flow m. .. By theorem (4.3) we get
h(ma1, ({gt U {p}) x {0}) = h(mso,({g}U{p} x {0}))
= h{(Bx,{q} U {p}) AR (0, {0})
= h(Bx,{g}u{p}) AO=0.

Thus

B, (1)) =0
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which is a contradiction. Therefore, C # C,, and ()., q) is a bifurcation point for equation
(7.1). This completes our proof.

Next we are going to give a similar result to theorem (7.2) on small perturbations:

Corollary 7.4 Suppose that (C1), (C2) and conditions (1)-(3) in the statement of theorem

(7.2) are satisfied. Let € > 0 and consider the differential equation
v (t)=f(Au(®) +eg (M u(t),t). (7.7

Let S, and C, be as in theorem (7.2) and assume that C,, contains a point {\*, p), where
A* #£ X, and p # g is an isolated equilibrium point for equation (7.2). Then there is an

€, > 0 such that (), g) is a bifurcation point for equation (7.7) whenever |¢| < e,.

Proof: By theorem (7.2) it suffices to show that, given an isolating neighborhood V;. C
W of {p} for the flow (3,-, there is an ¢, > 0 such that, for |¢| < &,, if u (¢) is a solution

to
o (8) = F (A u(t) +eug” (hu(t),8)
for . € [0,1) and g* € H(g (\*,.,.)), such that u (¢) € V;- for all t € R, then u (¢) € V-
for all £ € R. Suppose that there is no such ¢,. Then there is a sequence {¢,,}, converging
to zero, such that for each n there is a solution »,, = u, (¢) to
u () = f (M u(t)) + enpingn (A2 (1), 1),
where p, € [0,1] and g, € H (g()\",.,.}), such that u, (¢) € Vi for all ¢ € R and

Un (t,) € 8V;- for some t, € R. For each n let y,, () = u,, (¢ + ¢,). Then y, solves

' (t) =f ()" u (t)) + Enfin (gn)t,, ()‘a U (t) at) 3
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with y, (£} € Vi for all £ € R and y, (0) € 8V,.. But enun(gs), — O since the
sequence {u.} converges to some &z € [0,1] and (gn), — O by assumption. Therefore,

it follows that there is a subsequence of {y,,} that converges to a solution y (¢) to
v (t) = f{xu(t),

with y () € VA- for all t € R and y (0) € 8V5.. This contradicts the assumption that
p is an isolated equilibrium point for equation (7.2), and this contradiction proves the

corollary.

Now we are ready to discuss the following example that can be applied to corollary

(7.4):
Example 7.5 Consider the following ODE
v U+ Au—u® +edeF sint w7 =0,
where u,2 € R and A € [—-1,1]. This equation can be written as the following system

d =y (7.8)

¥ = dx—y+z°—ele Usinta’.
So the functions f and g in corollary (7.4) are
fhzy) = (ya Az —y+ xs) » g ()\a 2y, t) = (O, ~Xe% sint x7) .

Clearly, f (),.,.) € C. (R4, R?)and g (), .,.,.) € C. (R2 eER— Rz), and they are both

bounded and uniformly continuous on sets of the form [—1,1] x K and [-1,1] x A x R,
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respectively, where K is compact in R2. Also g, — 0 as |t| — oo in H (g (), .,.,.)).
Now f (1,0,0) =g (A,0,0,2) =0 for every A € [-1,1] and ¢ € R. Linearizing equation
(7.8) near the equilibrium point (0,0) gives us the following linear system, which in

matrix form can be written as

z 0 1 z

’

y =A =1y
and we have the eigenvalues ﬁJZ‘E So for A = —1, the eigenvalues are “ﬁ@ <0

and ‘—1?5 > 0. Therefore, h (5_1, {(0,0)}) = S='. For A = 1, the eigenvalues are
i"?@i and, therefore, h (81, {(0,0})) = L-° = 1. Also for each A € (0, }] we have two
negative real eigenvalues, and for each A\ € (%, 1] we have two complex eigenvalues with
negative real parts, and for each A € [—1,0) we have two real eigenvalues, one of them

is negative and the other is positive. Thus

h (Bx, {(0,0}))

1 for A € (0, 1]
h{(Bx {(0,0)}) = =!for A€ [-1,0),

where (3, is the flow associated with the equation

/

r =y (7.9)

v —Ar —y+z°.

I

Also for each A € [-1,1]\{0}, the set {(0,0)} x H (g (},.,.,.)) is an isolated invariant
set for each flow )y, , 1 € [0,1] associated with the equation
¥ =y (7.10)

Y = —Az—y+2°—eulesint 7.
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Now for A € [-1,1]\{0}, let U, C R? be an isolating neighborhood of (0, 0) for the flow
B and let (z (¢),y (t)) be a solution of (7.10) for some . € [0, 1] such that (x () ,y (¢}) €
Tx for all t € R, then (z(),y (t) € U, for all t € R since |g(\, (2),y(8),8)| <
|27 (t)|, which is very small near (0,0). If we look again at equation (7.9) we see that
for each \ € (0,1] there are two non-trivial equilibrium points, namely (\/X,O ) and

(—\/X, 0). Let A\* € (0,1] and linearize equation (7.9) for A = A" near the equilibrium

point (\//V, O) to get the linear system

and we have the eigenvalues ﬂ@, so the equilibrium point is hyperbolic, since
one of the eigenvalues is negative and the other is positive. Hence, (\/)F, 0) is an
isolated equilibrium point for equation (7.9). Now all the assumptions in corollary (7.4)
are satisfied; therefore, there is an £, > 0 such that the point (0,0,0) is a bifurcation

point for our problem whenever |g| < ¢,



CHAPTER 8
Conclusion and Future Work

This chapter concludes by summarizing our results and suggesting directions for

future work.

1 Conclusion

This dissertation was concerned with the study of the structure of the solution set
to parameter dependent non-autonomous ordinary differential equations. Our results can
be summarized in three parts:

(1) In the first part we studied the problem

d(t) = f (mu(t),?),

where p € [a,b]. We proved in theorem (4.6) that, under some assumptions on the func-
tion f, if there is a change in the Conley index h (r,, {g} X H (F)), where f (4,q,t) =0
for every u,t € R, as we cross a special value y, € [a,b], then there is a bifurcation
point. Moreover in theorem (4.8) we proved the existence of a continuum bifurcating
from the bifurcation point that either meets [a, b] x W, or meets {a,b} x W.

(2) In the second part we considered the same problem, but with 2 € R, and we studied
the global behavior of the solution set. First, we proved a global continuation theorem

78
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(theorem (5.2)). Then in theorem (5.4) we proved that, if we have two distinct real
numbers, p; and 3, such that the Conley index h(m,, {q} x H (F')) is connected for
@ < , and disconnected for o € (uy,12), then the continuum C* bifurcating from
(1, q) is either unbounded in [u,,00) x W, or it meets every point (u,q), where p €
[41, 2] . Then in theorem (5.6) we proved a similar result on the continuum C* under
the assumption that g is an attractor for . < y; and a repellor for u € (u,, p2).

(3) In the third part, we studied parameter dependent non-autonomous ordinary differential

equations that are asymptotically autonomous, in particular the following problem

(3 (t) =f(/~"vu(t))+g(/-‘,u(t)’t),

where g; — 0 as |t| — oo in H(g{x,.,.)). We proved in theorem (7.2) that, under
some assumptions on the functions f and g, if there is a bifurcation point (x,, q) for the
limiting equation

v () =f(ku(t),
then (i, q) is also a bifurcation point for the original problem. We then proved a similar
result (corollary (7.4)) on small perturbations.

We also gave some examples throughout this dissertation to illustrate the use of our

results.

2  Future Work

One possible direction for future work is to consider multiparameter bifurcation

problems, that is, to study equations that involve more that one parameter. Another
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possible direction is to study the existence of continua bifurcating from infinity. We say
that (u,, 00) is a bifurcation point provided that for all ¢ > O there is a value u of the

parameter and a bounded solution u = wu, (t) satisfying

1
[~ pol < & and Jlu | < —.
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