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Nonrejection of the null hypothesis when comparing two response rates in a
clinical trial does not necessarily imply that the two treatments are equivalent with
respect to their therapeutic effectiveness. Recently, researchers have invested much time
and effort in describing situations in which therapeutic equivalence (TE) may be
achieved. These have involved direct hypothesis-testing procedures and confidence
interval techniques. The latter involves determining whether such an interval lies within
predefined equivalent regions. The committee chairs (Al Bartolucci and Karan Singh)
have published previously on this subject when the parameters of interest were from
growth curve or survival distributions. In this research endeavor, the focus is to de-
termine whether three treatments are equivalent with respect to their therapeutic effec-
tiveness. The prior information involves the natural conjugate beta family of distri-
butions. The primary parameter of interest is the ratio of the two binomial parameters.
Limiting values of the hyperparameters of the conjugate family are used to demonstrate
the robustness of the outcomes. Several equivalence regions are used to test whether
equivalence has been achieved and under what conditions the attainment of equivalence
may not be established. The procedure has wide applications as well in the quality control

setting.
i
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PREFACE
This dissertation addresses some of the fundamental issues in clinical trials

research regarding equivalence. Unresolved issues pertaining to the determinance of
equivalence are numerous. Some of those issues are design, analysis, and inference.
However, the focus of this dissertation is on the analysis aspect of the assessment of
equivalence. The proposed approach gives researchers a method to compare three pro-
portions simultaneously. My research contribution is twofold. First is the derivation
of the posterior density of the ratio of the proportions using the beta-binomial distri-

bution. Second is the derivation of the weighted likelihood ratio.
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CHAPTER 1
INTRODUCTION

Prologue

Demonstrating therapeutic equivalence of two treatments is the goal of many
clinical trials. Generally speaking, the topic of this dissertation is equivalence. Equiv-
alence studies are often needed to develop better tolerated therapies after effective
treatments have been identified. Clinical trials conducted with the goal of demonstrating
therapeutic equivalence have been the concern of the government, the pharmaceutical
industry, academia, and the medical industry. Moreover, the concept of equivalence may
include the manufacturing industry. In this arena, manufacturers are interested in
providing or assuring that machines, services, products, and processes are equivalent in
performance with respect to prototypes.

Many issues are still unclear and unresolved in the equivalence problem area.
There are design, inference, and analysis issues to name just a few.

Previous research has considered various aspects of testing individual proportions.
This discourse will extend the existing Bayesian methods for assessment of therapeutic
equivalence in the context of equivalence testing. Hence, the emphasis of this writing is
on both the Bayesian method for assessment of therapeutic equivalence (TE) in the
binomial context and extending the theory to three proportions in clinical trials by using

the beta-binomial distribution and the derivation of the weighted likelihood ratio.
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Statement of the Problem

Most Phase III studies are designed with several endpoints in mind. One of these
endpoints is the rate or proportion.

In a clinical trial, interest sometimes focuses on the question of which therapy
produces the highest proportion of successes or responses. Response can be defined
according to the criteria given in a treatment protocol. Proportions are used to depict the
percentage of patients in a given trial or on a particular treatment who have certain
characteristics.

Although there are numerous techniques based on classical statistical approaches,
it is worth mentioning that the Bayesian approach has come to the forefront in the
literature. Hence, the focus of this research problem is based on the Bayesian approach.

This dissertation focuses on the analysis aspect of equivalence. It assumes that
the design aspects of the study were carried out such that all parties of concern agree with
the method. As a result, a formal statement of the problem is as follows: Given a data set
of three treatments, with the objective of demonstrating equivalence of proportions in an
active control clinical trial, how does one analyze the data set, assuming that the underly-
ing distribution is binomial and that the prior information about the parameters of the

distribution 1s beta?

Research Objectives

There are several important objectives of this research. One objective of this
research is to extend the methodology of Pham-Gia and Turkkan (1993) to include other
ways of comparing proportions. The purpose of this objective is to give researchers

greater flexibility in efficiently comparing at least three proportions simultaneously. The
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Pham-Gia and Turkkan (1993) methodology is also taken a step further to the joint distri-
bution of the ratio of proportions for two proportions. In addition, this research considers
the pairwise ratio of three proportions.

Another objective of this research is to present an integration technique that can
be used in integrating posterior distributions on credibility limits when using this metho-
dology. This integration technique is shown with the aid of Mathcad, a standard calcula-
tion software. The Monte Carlo method for integration is also used. An additional objec-
tive is to derive the weighted likelihood ratio of the ratio of proportions. Finally, a

further objective of this research is to provide a graphical method for the comparison of

three proportions.

An Overview of Other Approaches

Over the years, many researchers have worked on the concept of therapeutic
equivalence. The research has included direct hypothesis-testing procedures and con-
fidence interval techniques. The beginning work done with the problem of showing bio-
equivalence of drug formulations was most often treated as a two-sided problem. The
idea of this problem was to show that the effect of a new formulation did not differ sub-
stanstantially in either direction from that of a standard formulation. Blackwelder (1982)
focused on bioequivalence.

Later, the two-sided problem set-up was suggested inappropriate. Blackwelder
and Chang (1984) present sample size graphs for proving the null hypothesis and set up
appropriate parametric regions for applying their approach. Glatstein and Makuch (1984)
take the design power approach, and Hauck and Anderson (1986) propose an alternative

approach in which they define equivalence to mean that actual differences lie within
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some specified confidence limits. Durrleman and Simon (1990) further describe sequen-
tial monitoring of equivalence studies using repeated confidence intervals. Westlake
(1972) and Metzler (1974) proposed the use of confidence intervals as a tool in data
interpretation and decision making.

In the recent past, a Bayesian approach has been investigated in which the pro-
bability of a relative difference of a certain size or larger is estimated. Fluehler, Grieve,
Mandallaz, Mau, and Moser ¢(1983) proposed a Bayesian approach that involves obtain-
ing the posterior probability that the ratio of the true means of a new and a standard for-
mulation lies within a given interval. In addition, Selvyn, Dempster, and Hall (1981) pre-
sented an alternative Bayesian approach in which the criterion for equivalence is that the
difference in the response means is less than a specified percentage of the mean of the
standard, based on the posterior probability.

The Bartolucci and Singh (1993) methodology followed that of the confidence
region methodology, in which they defined a general class of discrepancy measures be-
tween parameters of interest and then applied the Bayesian neighborhood null hypothesis
theory to derive posterior confidence regions on those measures (Bartolucci and Singh,
1993). The authors looked at this subject when the parameters of interest were from
growth curve or survival distributions.

Jefferson, Bartolucci, and Singh (1997) took this idea a step further and derived
the asymptotic joint distribution of the credibility limits so that probabilistic statements
could be made about the credibility limits being a subset of the specified interval or any
other interval.

Berger and Hsu (1996) discuss the equivalence confidence set method for

equivalence. This method is recognized as one for which the derived inference, instead of
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the usual significant difference, is practical equivalence. For this method, Berger and Hsu

(1996) demonstrate bioequivalence by testing the following hypothesis of this active con-

trol trial:
H, - £ <s5,0r £2-> 5, )
H g H g
H, 5 <E <6, )
Hr

The values 8. and &y, are standards set by regulatory agencies that define how “close’ the
drugs must be to be declared bioequivalent. The values pr and pr denote the population
mean area under curve (AUC) for the test drug and the population mean AUC for the
reference drug, respectively.

As stated previously, the confidence interval technique involves determining
whether a confidence interval lies within predefined equivalence regions. Carey, Barto-
lucci, and Singh (1998) focus on binomial parameters characterizing the response from
clinical trials. The approach follows that of the confidence region methodology, in which
a general class of discrepancy measures between parameters of interest is defined and the
Bayesian neighborhood null hypothesis theory is applied to derive posterior confidence
regions on these measures. The theory of this application follows that of Bartolucci and
Dickey (1977) and Dickey (1979). The use of a realistic family of prior distribution, the
natural conjugate beta family of distributions, follows the technique of Birch and
Bartolucci (1983) and Bartolucci, Katholi, and Birch (1992). Finally, it is determined
whether the derived measure falls within an equivalence region of interest as in Hauck

and Anderson (1986).
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Carey, Bartolucci, and Singh (1998) considered equivalence testing with two
treatments, each modeled by an appropriate binomial distribution with parameters p; and

p2 as expressed by Hauck and Anderson (1986),

-O@<p,-p, <0, 6>0 3)
Carey, Bartolucci and Singh also applied the theory of Bartolucci and Dickey (1977) and
Dickey (1979), where the neighborhood null hypothesis is

H,:ln-n,|<© )
where, in the present, n = p; - p2and 6 =0.2. Some 1-a posterior probability bounds for
n are determined. In addition, it is determined whether these bounds are in +0 or less in

width. A choice for 6 may be 0.20 (Huque, Dubey, & Fredd, 1990).

A Sketch of the Methodology of the Proposed Solution

Pham-Gia and Turkkan (1993) presented the Bayesian analysis of the difference
of two populations. This approach will be discussed further in chapter 2. The approach
taken in this dissertation will be an extension of Pham-Gia and Turkkan’s (1993) work.
This methodology will be extended to include three proportions.

The overall objective of this dissertation is to provide researchers with a way to
assess therapeutic equivalence of three proportions simultaneously. The action items of
the objective are as follows:

1. The posterior distribution for the ratio of two proportions at a time will be. Each
combination of the two proportions will be used. This will allow the three
proportions to be compared by analyzing sets of two.

2. A 100 (1- a)% confidence region of the ratio of two proportions will be derived.
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3. The idea behind the ratio of two proportions will be extended in pairwise fashion to
three proportions.

4. The posterior distribution will be derived using all three proportions.

5. The criteria based on a 100(1-t)% credible region for the proportions will be
used to establish a necessary condition regarding equivalence.

6. The weighted likelihood ratio will be derived.

7. Equivalence will also be determined based on a three-dimensional measuring scale

coined the “equivalence cube.”

Content of Other Chapters

The remainder of the document contains chapter 2 through 7. There are
appendixes and a reference list to support information within those chapters.

Chapter 2 contains a detailed review of some of the references cited in the
overview section of chapter 1. It also contains a review not listed in the overview section
of chapter 1. The analyses and methods in this section vary from Bayesian and
frequentist approaches. In some cases the random variables are discrete, and in other
cases they are continuous.

In chapter 3, an overview of therapeutic equivalence is given. Definitions of
therapeutic equivalence are presented from the perspective of Blackwelder (1982), the
FDA (1979), and others. The advantages of using therapeutic equivalence are discussed.

Chapter 4 contains an overview of active control clinical trials. The factors that
influence clinical evaluations are presented. The appeal of the active control trial and the
criticisms of that type of trial are presented. Chapter 5 contains a detailed discussion of

the methodology. This involves determining the prior distribution to the development of
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the credibility regions of the ratios of proportions. The actual determinance method of
equivalence is presented. The discussion also includes problems encountered when
integrating posterior kernels in multidimensions.

Chapter 6 is an application of the methodology to a published study. The
formulations involved the treatment of cancer. In an advanced non-small-cell carcinoma
of the lung, trial patients were randomized to one of three treatments (a) CAMF (cyclo-
phosphamide adriamycon methotrexate with folinic acid), (b) CAP (cyclophosphamide
adriamycin cisplatinum) and (c) CA (cyclophosphamide adriamycin). The methodology
was also applied to test data for means of comparison.

Finally, chapter 7 summarizes the work presented in the previous chapters. It also

discusses possible extensions to this research. Future research is suggested with respect

to analysis.
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CHAPTER 2
SELECTED DETAILED REVIEW OF RELATED LITERATURE
Introduction
The different statistical approaches to the problem of equivalence are placed in
different sections of this chapter. Those selected are in chronological order with respect
to the date of publication. The approaches are presented from the stating of the hypoth-
eses to the derived test statistic. The details of the derivations are omitted. However, the
reference for each approach is contained in the reference section for the reader who

desires further detail.

Good (1950). As part of this research, we develop methodology and notation for
making coherent inferences on parameters of sampled distributions. In particular, we will
investigate the weighted likelihood ratio (WLR), also known as the Bayes’ factor. This.
section discusses the work of I. J. Good, who actually termed Bayes’ factor.

Hence, the purpose of this section is to explain the process of weighing evidence
as explained by Good.

Let

P(H|E)
) < PE|H), (5)

where, £ is fixed and H is variable. This theorem is known as the principle of inverse
probability. For most applications, £ is the result of an experiment and H is the hypoth-

10
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11

esis. R. A. Fisher called P(H|E) the likelihood of H given because he wanted to avoid the

use of the term Bayes’ theorem.

When there are two hypotheses, denoted by / and H", the following exists:

o) _ P{etn) o
o) ~ PAER)

where O(H) is the initial odds and O(H|E) is the final odds.

The odds of H given E is given by the following equation:

O(H|E)= T{%E%'

These odds should not be confused with betting odds.

The ratio of P(E|H)/P(E\H) is the ratio of the likelihoods of H and H* with respect
to £. This case of Bayes’ theorem may be stated as in the following theorem: The factor
in favor of a hypothesis H is equal to the ratio of the likelihoods of H and H".

Dr. A. M. Turing used acoustics and electrical engineering notation to describe
weight of evidence. From acoustics, the bel is the logarithm to the base 10 of the ratio of
two intensities of sound. Likewise, if f is the factor in favor of a hypothesis, then the
hypothesis has gained logio / bels, which is described as the weight of evidence.

Hence, “Plausibility gained = weight of evidence,” where the weight of evidence is
calculated in terms of the ratio of the likelihoods. A noteworthy theorem is as follows:
Suppose that a series of experiments are performed, with results £;, E»,.. ., Eq, and
suppose that these are independent given A and independent given H°. Then the resulting
factor is equal to the product of the individual factors, and therefore the resulting weight

of evidence is equal to the sum of the individual weight of evidence. Because of the in-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



12

dependence conditions,

P\EE,. E|H) PE|H) PE,|H)
PlEE, EH) PEIH) PE|R)

where the factors are muitiplicative and the weights of evidence are additive. Consider

having a composite hypothesis, 4, where H is expressed as the disjunction of n mutually
exclusive hypotheses H,, H2,..., H, . The interest is in whether a hypothesis / is true
with evidence £ and some evidence A~ which is taken for granted. Let

P(H.|H)=P..

Then we have the following theorem: The factor in favor of A in virtue of £ is equal to
the “weighted average” of the partial factors. For proof see Appendix A.
The definition of expected weight of evidence is as follows: Let H be the hypothesis and

Ey, Es,..., £, be exclusive results of an experiment. Then,

H)= P(EIU E2U ...U EnH)=1.

5 Pl ) P(E,|H)

H) ﬁ=ZP(E,

According to Good, the expected weight of evidence for correct hypotheses is positive

and for wrong hypotheses is negative.

Blackwelder (1982). Blackwelder discusses the question of whether a new
therapy is as effective as a standard therapy. According to the author, in determining
whether an experimental therapy is as effective as a standard therapy, a test of the
conventional null hypothesis that the two treatments have equal effects leads to logical
difficulties that can be overcome with a different formulation of the hypothesis. The
logical difficulty is that in this case the desired result of failing to reject the null hy-

pothesis cannot be accomplished. In addition, it is inappropriate, regardless of sample
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size, to base a conclusion that therapies are equivalent on whether the observed signif-
icance level for the null hypothesis of equality is larger than some arbitrary small value.
In a study designed to show equivalence of therapies, the quantity, J, is sufficiently small
so that the therapies are considered equivalent for practical purpose, (i.e., if the difference

Ts- T is less than the minimum difference of practical interest). The true success proba-
bilities, msand . _are for the standard and experimental therapy, respectively. The null

hypothesis would be as follows:
H 7 27 +6. (7)
o' "'s e
The alternative hypothesis would be as follows:
H 7 _<x +6. (8)
a s Te

Assuming sufficiently large samples to justify the normal approximation to the binomial,

the test statistic is now

p.—p.—9
PR Tt ik 9
<= %)
1/2
and SE___[P,(I—P;)+P¢(1-P,)J (10)
n, n,

where, psand p. are the corresponding observed proportions, and 77; and 7. are the
numbers of patients in the two groups.

Even though the theory of hypothesis testing is useful, particularly in planning a
clinical trial, the confidence interval approach may be more useful in the analysis, inter-
pretation, and reporting of the accumulated data. Blackwelder states that a hypothesis test
tells us whether the observed data are consistent with the null hypothesis and that a con-

fidence interval tells us which hypotheses are consistent with the data.
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Blackwelder and Chang (1984). Blackwelder and Chang present the idea of using
size graphs in testing whether an experimental therapy is as effective as a standard thera-

py, but not necessarily more effective. They test

H,:m,2n,+6 (1)

H,:n,<m,+06 (12)
where 1;and % are success probabilities with standard therapy and experimental thera-
py, respectively, and & is the minimum difference of practical interest. If the study is
large enough to justify use of the normal approximation to the binomial, the null hypothe-

sis can be tested using the following statistic:

where,
172
Sz{p,(l—p,)+p¢(l—p,)J ’ (14)
n: nt

psand p.are the observed success proportions with standard and experimental therapy,
respectively, and »; and 7. are the corresponding numbers of patients.

The null hypothesis is rejected at the a-significance level if z is less than the
lower 100a% point of the standard normal distribution. The equation below for » is valid
in order for the test to have power 1-§ if the two groups are of equal size. The number of
patients in each group is then

n= (z,_,z +2,, )z[ﬂ,(l -r,)+x(l -zr,)]/(zt‘ -, -6) (15)
where z;.« and z) g are upper percentage points of the standard normal distribution,

n is the number of patients in each group, and =, and 7. are success probabilities.
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Tablel

Actual Significance Level of One-Sided Test of
H,: n; 2 n.~ & at Nominal Significance Level a

n s e o *a =0.050 *a = 0.025 '*a=0.010
20 0.60 0.50 0.10 0.050 0.028 0.011
20 0.70 0.60 0.10 0.059 0.031 0.014
25 0.80 0.70 0.10 0.056 0.030 0.014
50 0.90 0.80 0.10 0.060 0.030 0.015

100 0.95 0.85 0.10 0.061 0.034 0.016

500 0.99 0.89 0.10 0.060 0.034 0.015
20 0.60 0.40 0.20 0.041 0.021 0.009
20 0.70 0.50 0.20 0.046 0.025 0.010
25 0.80 0.60 0.20 0.054 0.026 0.013
50 0.90 0.70 0.20 0.058 0.031 0.012

100 0.95 0.75 0.20 0.060 0.030 0.014

500 0.99 0.75 0.20 0.057 0.030 0.014

*Actual significace level calculated by adding the probabilities, given n, &, T, 5, and «,
of all possible observed outcomes p; and p. that yield significant test statistic. Used with
permission of Elsevier Science Publishing Inc. (Blackwelder & Chang, 1984).

Hauck and Anderson (1986). The issue of interpreting negative studies occurs
frequently with clinical trials. The Freidman, Chalmers, Smith, and Kuebler (1978) ap-
proach to interpreting negative studies is referred to as the design-power approach. In
this article, the authors focus on a method to interpret and report studies that do not find
statistically significant differences. These studies are sometimes referred to as negative
studies.

This paper discusses an alternative approach to the design-power approach. The
design-power approach determines, irrespective of the observed difference, what differ-
ences the study could have been expected to detect. However, there are two important

limitations to this method. First, the design-power method does not use the observed
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difference. Second, the power calculation can only be an approximation because the
actual power depends on the values of the unknown parameters being estimated. The
alternative approach to this method examines the similarity of the two treatments given
the data. Moreover, the authors discuss some of the methods employed in the analysis of
comparative bioavailability studies and show how they can be helpful in the
interpretation and reporting of negative studies.

Comparative bioavailability studies involve comparison of drugs that either are
equivalent in the active component or are chemical equivalents with respect to the rate
and extent of absorption of the drug from its dosage form into systematic circulation.
According to Hauck and Anderson, if there are two success probabilities (two means), M,

and M, , equivalence can be expressed as

-c<M: i (16)
M

2
or

-A<M,-M, <A 17)

where A and C are positive. Situations are restricted to only those estimates of M - M;
that are normally distributed. Hence,
A <M -M, <A, . (18)
The hypotheses for equivalence testing are
H, M -M, <A, orM,-M, > A, (19)
H, A <M, -M, <A,.
At this point, it should be noted that the hypotheses are the opposite of those commonly

used. For equivalence testing, the alternative hypothesis is that the true difference lies

within some specified interval. Westlake (1972) used the confidence interval approach to
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equivalence testing. His approach included forming a confidence interval for M, - Az
and then concluding equivalence only if that confidence interval falls entirely within the
specified interval (A;. A;). Westlake (1981) later discovered that when using the con-
fidence interval to obtain an a-level test, one must use a (100-2a)% confidence interval.
Hauck and Anderson state that the (100-2a)% confidence interval will fall in the
equivalence interval only if the null hypothesis is rejected for both of the following tests

at the a level:

Test A Ho: M, - M2 <A

Ha: M, -M; > A (20)
Test B Ho: M -M3=> A2

H.: M; - M;< Az (21)

In addition, the confidence intervals must be based on the same test statistic used to test
the one-sided hypotheses.

The authors present their approach, the #-test method to equivalence testing. The
idea of this method is to reject the null hypothesis in favor of the alternative of no more

than a 20% difference (assumed interest) if | 7 | is sufficiently small, where

(22)

_ l:mean difference -.5(A, + Az)]
standard error
The ¢-test method should not be used for cases where central ¢ approximation has not
been verified (indicated by small 8 = ['2 (A2 - A,)/standard error], the estimated non-
centrality parameter). In addition, in some cases where A; # A3, the equivalence curve

from the /-test is not monotonic because the z-statistic is centered around the center of the

equivalence interval, not zero.
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Wright (1988). Wright focuses on the idea of using prior information when
estimating the differences between two proportions. He considers the concept of the
amount of information that considers sample sizes in the specific context of estimating
the difference between two proportions.

Wright accepts the idea of the following general quote from Berger (1983):
“Supplying information is equivalent to removing uncertainty. That is, information
supplied = prior uncertainty — posterior uncertainty.” In statistical inference, information
is generally collected about a parameter © using a sample.

Let us assume that two populations are given with respective population pro-
portions, P, and P2. The objective is to estimate

Py - P;y. (23)
In addition, assume that there exists some prior information concerning P, and P2 which
can be expressed by two independent beta prior distributions. The prior distribution for P;

is

l’[a,+ﬁ,)(P‘)a,-u(l_R)ﬂpl (24)

= I"(a,)l"‘zj i

for a;>0, B;>0,0<P;<1andi=12 Ifarandom sample of size »; is taken from
the /" population and .X; is observed, where X is the number of items in the sample from

the /" population, then it is obvious that the conditional distribution of X; given Piis

s

X, lP, - C ](P, y@-p)y 25)

for X;=0,1,.. ,mandi=1,2. The joint distribution of X;and P; is

N r(an+ﬂi) n, sa-10  p\4-x--1
(X,.P) ——I‘(a,)l‘(ﬂ,)(x,J(P') (-£) (26)
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and the marginal distribution of X; is the beta-binomial distribution

n\T(a, +B) T(X,+a)(n - X, +8)
X~ (Xj I'a,)r(g) n, +a +p) ' @0

The posterior distribution of P; given Xjis

_ r(nl +at +ﬂl) X, ra, -1 ~-P m-x+f -1 28
T ey~ s oy \ (O D) : (28)

The beta distribution is a conjugate prior for the binomial distribution. The Bayes
estimator of P;using loss is

tp.2)=(r-2) 29)

where P; represents the process in estimating P; given by

P EE)- 5T 60

To find the optimal choice of m,and »., for a given n, minimize
> var(P|X,) (31)
=1

For more details on equation 31, see Appendix B.

Hauck and Anderson (1992). In this paper, the authors discuss the various types
of bioequivalence, their consequences for clinicians and patients, and the status of
statistical methods for each type. This paper assumes a single measure of bioavailability
from serum levels for oral products and a balanced, two-period crossover design without

carryover effects.
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In conducting a bioequivalence trial, there are two risks to be controlled. The first
is the consumers’ risk, which is the possibility that an inequivalent formulation would be
declared bioequivalent. The second is the producers’ risk, the possibility that a bioequiv-
alent formulation would fail the criteria to be approved as bioequivalent. Usually, the reg-
ulatory authorities control the magnitude of the consumers’ risk and the pharmaceutical
company decides how much producer’s risk they are willing to accept.

Anderson and Hauck (1983) determined that the statement of the statistical
hypothesis that should correspond to the objective of a bioequivalence study is as fol-
lows: the alternative hypothesis should be the bioequivalence criterion. Hence, the usual
type I error would become the consumers’ risk and a company could maximize their
power of concluding bioequivalence for bioequivalent formulations.

Bioequivalence testing deals mostly with the average levels of the measure of
bioavailability. The two formulations are considered average bioequivalent if they are
sufficiently close.

The hypothesis of average bioequivalence can be stated in terms of either a
proportionate or absolute difference. The average bioequivalence hypothesis correspond-

ing to equivalence stated as a proportionate difference is

X
o
A
RS
IA

e, (2)
where urand pg are the average bioavailabilities of the test and reference formulations,

respectively. The null hypothesis is

HD:L‘T—<G)l orﬁ—>®2. (33)
Hg Mg
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The United States Food and Drug Administration’s (FDA) Generic Drug Advisory Com-
mittee has recently recommended an interval of ( ©,,02) = (.8, 1.25) (Hare, 1990).

Average bioequivalence is a special case of population bioequivalence, which
considers only one aspect of the distribution, namely its mean (or median). Hence,
average bioequivalence is an approximation to population equivaience.

Population bioequivalence means a bioequivalence criterion that requires the
distribution of the test formulation to be sufficiently similar to that of the reference in
some appropriate population (Anderson & Hauck, 1990). According to Anderson &
Hauck (1990), population bioequivalence may still be insufficient because there is no
mention of the particular individual’s similarity of response in the two formulations.
Individual bioequivalence means that the bioavailability of the test is sufficiently close to
that of the reference for most individuals in some appropriate population.

The authors note three approaches to testing individual bioequivalence: (a)
formulate a full probabilistic model for the data and estimate all the parameters, followed
by some joint test of bioequivalence conditions on those parameters; (b) analyze the
individual ratios; and (c) assess each individual to see if they meet a bioequivalence
criterion. A tolerance interval and the number of individuals failing that criterion must be
sufficiently small.

These three methods all suffer from two problems. First, they are not valid in the
presence of period effects. Second, it is difficult to demonstrate that the reference was

individual bioequivalent to itself if the within-individual vanability is sufficiently large.

Bartolucci and Singh (1993). The authors of this article investigate the idea of

therapeutic equivalence testing. Their approach follows the confidence region methodol-
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ogy. They define a general class of discrepancy measures between parameters of interest
and then apply the Bayesian neighborhood null hypothesis theory to derive posterior
confidence regions on those measures. The advantage of the approach is that a variety of
beliefs about the behavior of the compounds involved can be accommodated. Moreover,
that information can be incorporated into the analysis to demonstrate whether the

assumption of therapeutic equivalence is realistic.

Actual biological data was used. The investigators were interested in proving the

equivalent failure rate.

This paper is restricted to equivalence in the context of the ratio of survival

parameters W; and uzin the exponential family. The null hypothesis is

H,:7<1-OQorn=21+0, (34)
and the alternative is
H, 1-O<n<1+0 (35)
where n = u;,puzand © = 0.20. The 1-a posterior probability regions for i can be deter-
mined. In addition, it can be determined whether these regions are + © or less in width.
The assumption is that » subjects may enter into a trial at random. The data are
then separated into a vector of n - r censored data and a vector of » noncensored data.

Let

T:it,+ i ’k,‘ (36)
=1

k=r-+1
Then, in the two parameter exponential case for two populations, the joint likelihood
function of uand © can be denoted by

-1

I(p,0) ~[1Hu,0,)= H[T}) et 37)
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It is assumed that ® has a prior distribution having density

wvm
w,a.v)= 38
S ) -(;;_—1) (38)
where 0 < ® <a and v > 0. The authors make use of a density which is the special
limiting case as v—0. From L’Hopital’s rule,
. 1
lim f@le.v)= e (39)

v—-0

The prior y is the inverted-gamma-one (I y;) family with prior shape parameter, no, and
prior scale parameter, t,. This density is as follows:

e, (1)
f(#|"o,fo)-'[:'(z){;] e (40)

where, 0 < porp ~ Ivi(ng, to).

The supposition is that there are two independent exponential populations. The
first population is parameterized by (., ©; ) and the second by (uz, @2 ). It is assumed
that there is a sample from the j population with 7; noncensored observations and 7;- r;
censored data points; j = 1,2. The joint likelihood of the parameters is given by equation

37 with | = 2. The one-to-one transformation is

§=up @, = o,
7’::”—z wl =Cl)2
K,

The new parameter space is called &= (§,n, ©1, ®2). Interest is in the test of equivalence

of the 1 under the condition of either ©; = ®2 or 0;# ©;.
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For the condition of equal location parameters, @;= @z , the posterior analysis is
performed. The analysis is performed on the induced parameter space from (i, p2 ,01

@2) to (§,M,01, ©2). The posterior density of n| given the data is as follows:

g(r;lData,a), -w, =a))=A‘[£g:§ﬂ‘F‘G (41)
where
—lryeng-1)
A= _r( +r,+2n,-1)
(n, +n, ) )

r+~ra+2ng-1
B:(E+%)+ﬂ+%]
n

n-ra=2ng-1
D :[(TZ ﬂF"’)-«—T, +10}
n
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where 8= min (observations, a). Equation 41 can be used to compute the posterior proba-
bility that n lies in some equivalence region of interest (€1,€2).

For the unequal location parameters, ®, # ,, the posterior density of n given the

data is
NUM
g(r;(Data,a)l 2w, )= DEN (42)
where
C
Alw,, ==
(wl wz) D
C - "‘("o°':’|)
8 65
NUM = | [ Alo,, 0, Ho,do,
00
i -(2ng+r +r2=2)
D= (T +1t
[‘ R -nzwz)}

DEN = [NUM dn
0
&= min ( observations, a;) j = 1,2.
The posterior probability that n lies in some equivalence region of interest can

also be computed for this case.

Pham-Gia and Turkkan (1993). In this article, the authors derive the expression
for the posterior distribution of p;- p;. The result that the natural conjugate property of
the beta family for binomial sampling is one of the basic results in Bayesian analysis.
For example, if p has a beta(a,3) prior then the posterior distribution of p is beta(a + x, B

+ n - x), where x is the number of successes and » is the total number of observations in
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the sample phase. There is a lack of results for the Bayesian treatment of the density of
p1- p2. This paper establishes the precise expression of that density and then applies it to
compute the posterior distribution.

The connection between the beta (and its generalizations) and the hypergeometric
function permits the authors to obtain the desired density. Even though there are four
Appell hypergeometric functions in two variables, only 7, and F; were used.

Definition: Let ay, as, b, by, and c be real or complex numbers with c different from a
negative integer. Appell’s first hypergeometric function in two variables, F, is defined

by Filanbbyicixx,) =53 @emen, xb,,n)‘* %

S5 em+n)

where

(a,m)=ala+1).(a+m—-1)=T(a+m)/T(a),m >0, with (a,0)=1.
Similarly, F3is defined by

,mXa,,n
F(alvaz:bnbuc xnxz) Zz(l Xz )(bh szs”)

ma (c.m+n) Cl

It is established that F; and F; converge for Ix;|<1and |x2]|< 1. F, and F; are related
by the following:

F(a,b,,b,;c;x,y)=(1-y) ™ F,(a,c-a,b,;b,;c;x,y /(y - 1)) (43)

=(1-x)"F,(c-a,a,b,b,;c;x/(x-1),y) (44)

Theorem: Let p;~ beta(a, Bi), i =1,2, be independent variables. Then p = p;- p2
has the following density:

For0<p<1,f(p)=

Bla,,B)p" (1~ pY* " (B + B, +a, + B, -2,1-a;

B, +a,;l-p,1-p*)/4 (45)
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andfor-1<p<0
f@) =B, p.X- PY* "7+ p) T F (B 1-a,
a, +a, + B, + B, ~2;a, + B,;1- p>,1+ p)/ A, ( 46)
where A = B(e,, 8,)B(a,. 8,)

Moreover, if a, +a, >1 and S, + #, > 1, wehave

[0 =B, +a,-1.B,+ B, 1)/ 4 7
For the summary of the proof to this theorem, see Appendix C.

The density of p;- p2 will have a variety of shapes since beta(a, ) can have a
wide variety of shapes depending on the values of a and B. The posterior distributions of
prand p2are independent beta(a;+x, Bi+m-x1) and beta(az+ x2, B2+n2- x2) when
independent sampling of p,and p; gives x; and x; favorable outcomes out of 7 and m
observations, respectively.

The posterior distribution of p is given by Equations (45), (46), and (47) with a
i+ x;replacing a; and B; + »; - x; replacing f3;, 1 = 1,2. The distribution with its density
given by Equations (45), (46) and (47) is called a beta-difference distribution. This dis-

tribution (beta-difference distribution) is closed under independent dual Bernoulli sam-

pling.

Gopalan and Berry (1998). This article considers the problem of multiple com-
parisons from a Bayesian point of view. Multiple comparisons are special types of multi-
plicities. Bayesian multiple comparison procedures enable direct probability calculations

of hypotheses of equality and inequality among treatment means. The following are
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examples of multiplicities: (a) multiple comparisons (treatments), (b) meta-analysis
(studies), and (c) multicenter trials (centers).

The authors make use of Dirichlet process priors (DPPS) to develop a methodol-
ogy for obtaining posterior probabilities of hypotheses under two different prior likeli-

hood combinations. Gibbs sampling is used for evaluation because the solution is ana-

lytically intractable.
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CHAPTER 3
THERAPEUTIC EQUIVALENCE

Equivalence studies are often needed to develop better tolerated therapies after
effective treatments have been identified (Durrleman & Simon, 1990). Therapeutic
equivalence refers to a new treatment being as effective as a standard treatment. The
question of equivalence arises in the treatment of infectious diseases, cancer, and other
illnesses when one is considering a new therapy that is thought to be as effective as but
perhaps not more effective than, an existing therapy (Blackwelder, 1982 ).

Two alternative formulations of the same drug are said to be bioequivalent when
equal amounts of the formulations produce equal therapeutic effects (Kirkwood, 1981).
Two different drugs or formulations of the same drug are called bioequivalent if they are
absorbed into the blood and become available at the drug action site at about the same
rate and concentration (Berger & Hsu, 1996).

In order to give a more direct definition of therapeutic equivalence, some pre-
liminary definitions from the Food and Drug Administration (FDA) will be beneficial.
The starting point for understanding therapeutic equivalence is the term therapeutic agent
or, as it is usually called, therapeutic moiety. This term refers to the substance in a drug
product that actually achieves the intended effect in the diagnosis cure, mitigation, treat-
ment, or prevention of disease or in affecting the structure or function of the human body.
Although different substances may produce the same ultimate therapeutic effect, they are

not necessarily identical therapeutic agents. For example, various narcotics produce

29
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analgesia, but do so through different, although related, therapeutic moieties. On the
other hand, the same therapeutic moiety may appear in slightly different chemical forms
(e.g., as different salts or esters of the same molecule). To distinguish these separate
forms, the term, active drug ingredient is used; each salt or ester of a therapeutic agent is
a unique active drug ingredient. For example, tetracycline hydrochloride and tetracycline
phosphate complex are distinct active ingredients containing the same therapeutic moiety
(FDA, 1979).

Drug product means a finished dosage (e. g., tablet, capsule, or solution) that
contains the active drug ingredient, generally, but not necessarily, in association with
inactive ingredients.

Bioavailability means the rate and extent to which the active ingredient or active
moiety is absorbed from a drug product and becomes available at the site of action. Bio-
availability may be assessed by measurements intended to reflect the rate and extent to
which the active ingredient or active moiety becomes available at the site of action.

Pharmaceutical equivalents means drug products that contain identical amounts
of the identical active drug ingredient (i.e., the same salt or ester of the same therapeutic
moiety) in identical dosage forms, but not necessarily containing the same inactive
ingredients. The drug products also meet the identical compendial or other applicable
standard of identity, strength, quality and purity, including potency and, where appli-
cable, content uniformity, disintegration times and/or dissolution rates.

Pharmaceutical alternatives means drug products that contain the identical
therapeutic moiety, or its precursor, but not necessarily in the same amount or dosage
form, or as the same salt or ester. Each such drug product individually meets either the

identical or its own respective compendial or other applicable standard of identity,
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strength, quality, and purity, including potency, and where applicable, content uniformity,
disintegration times, and/or dissolution rates.

Bioequivalence means the absence of a significant difference in the rate and
extent to which the active ingredient or active moiety in pharmaceutical equivalents or
pharmaceutical alternatives becomes available at the site of drug action when
administered at the same molar dose under similar conditions in an appropriately
designed study. Where there is an intentional difference in rate (e.g., in certain controlled
release dosage forms), certain pharmaceutical equivalents or alternatives may be
considered bioequivalent if there is no significant difference in the extent to which the
active ingredient or moiety from each product becomes available at the site of drug
action. This applies only to the differences in the rate at which the active ingredient or
moiety becomes available at the site of drug action. This is intentional, but is not essential
to the attainment of effective body drug concentrations on chronic use. It is usually
reflected in the proposed labeling
and is considered medically insignificant for the drug (Nation & Samson 1994; FDA,
1992).

According to the FDA, drug products may be evaluated as therapeutically
equivalent if (a) they are pharmaceutical equivalents in that they contain identical
amounts of the same dosage form, and they meet identical compendial or other
applicable standards of identity, strength, quality, and purity; (b) they are bioequivalent in
that either they present no known or potential problem, or if they are shown to meet an

appropriate bioequivalence standard (bioequivalence refers to the comparative rates and
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extents of absorption of drug products into the human body); (c) they are adequately
labeled; and (d) they are manufactured in compliance with current good manufacturing
practice (FDA, 1979).

According to Blanchard and Sawchuck (1979), bioavailablity is the rate and
extent of absorption of the drug from its dosage form into systematic circulation.
According to Hauck and Anderson (1992), two drugs are considered bioequivalent if
their bioavailabilities differ by less than some meaningful limit.

Therapeutic equivalence is important in many arenas: for example, the govern-
ment, the pharmaceutical industry, and the medical industry. Showing therapeutic equiv-
alence is worthwhile because it may show that a new drug is less toxic, easier to admin-
ister, or less expensive than the established therapy. In addition, a generic drug may be
proven to be therapeutic equivalent to a competing product. This would allow the

generic drug company to compete with the originator’s product (Huque et al., 1990).
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CHAPTER 4
ACTIVE CONTROL TRIALS

An active control trial is a clinical trial, sometimes referred to as a positive
control trial. An active control trial is similar to the placebo control with the exception
that there is no placebo. A placebo is an inactive substance (with respect to the
experiment under investigation) that has all of the likenesses of the drug(s) under
investigation: for instance, taste, shape, appearance.

Active control trials usually involve two therapies, an experimental and a refer-
ence. The therapies are such that they have similar taste, appearance, shape, etc. These
similarities allow the therapies to be distributed such that the patient is “blind” to the
treatment received and the physician is “blind” to the treatment prescribed (Modell &
Houde, 1958). The technique mentioned above is known as the double-blind technique.

According to Modell and Houde (1958), nine forces influence data in clinical
evaluations: pharmacodynamic actions, dosage, choice of subject, use of controls, col-
lection of data, sensitivity of the method, placebo actions, sensitivity of the method, pla-
cebo actions, bias, and forces extraneous to the experiment. The regimen is another fac-
tor that should be considered when designing a clinical trial. The fundamental assump-
tions of the active control is that the active control drug would have performed better than

a placebo, had a placebo been used in the trial (Makuch & Johnson ,1989).
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There are many ethical and practical reasons for active control trials’ popularity.
An ethical reason for their popularity often stated in the literature is that it is unethical to
deny a patient immediate access to a known effective treatment (Leber, 1986). Some of
the practical reasons include smaller sample sizes, subject recruitment enhancement, and
lower dropout rates.

Active control trials are criticized for the absence of information regarding the
reference therapy’s ability to perform better than a placebo, the increased possibility of
misleading conclusions by misinterpretations of the data, and the inability to distinguish

between true drug effects and improvements attributable to a placebo effect.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 5
PROPOSED METHODOLOGY

Introduction

This chapter focuses on the proposed methodology for comparing proportions. It
begins with the comparison of two proportions by examining their ratio. These ideas
were then extended to three proportions as presented in Integration for Comparing Three
Proportions, below. Being more specific, that section focuses entirely on the integration
for comparing three proportions. This is appropriate because integrating three propor-
tions invoked some dimensionality problems.

In the latter sections of this chapter, we discuss weighted likelihood ratio. The
ratio was described by 1. J. Good (1950) as the “factor in favor of the hypothesis, /, in

virtue of the result of the experiment.”

Methodology
In this chapter, methodology and notation are developed in order to fulfill the
research objectives. The development begins with the comparison of two proportions, p;
and p;. We are interested in testing
Hon<18 (48)
Hy: 1-8<n<1+0

where n = py, p2and 6 = 0.2.
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The posterior density of the ratio of two proportions is given by

&€, n Y&, n,)ag

[ &&.m Y&, n,)d&dn, (49)

plm,|data) = ]

where g(&,n:) denotes the joint prior density function, I(,1:) denotes the joint likelihood
function, n; = p1/p2, and £ = p2. The reader should refer to Appendix D for the details of
the derivations concerning Equation (49). Confidence regions were then determined. A

basic problem when assessing equivalence is specification of an acceptable difference.

The FDA Guidelines specified 20% for comparative bioavailability studies. In other
circumstances, such a specified limit may not be as clear-cut. If we let p(A) represent the
p-value associated with an equivalence test using limits + A [or p(C) for limits 1 + C], we
can then examine a plot of p(A) against A or p(C) against C. See Appendices E and F for
the results of the confidence regions for the ratio of two proportions for various values of
a and B. These calculations were done using MathCad software version 8. MathCad is a
standard calculation software by MathSoft, Inc.

The methodology for the ratio of two proportions was then extended to three

proportions. This extension is discussed in the subsequent section.

Integration for Comparison of Three Proportions

Integration issues. Applications having the multiplicities are among the most
difficult faced by statisticians and other researchers. Unfortunately, this happens fre-
quently in Bayesian analysis. Multiple comparisons often invoke analytically intractable
solutions. Oftentimes, integrands do not behave well in certain regions. One must pursue

numerical methods of integration when the multiple integration is nontractable. The
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analyst uses the numerical methods of multiple integration to change the integrand such
that it is computable within the range of interest. Even though there are several problems
that may occur when computing multiplicities, one must remember that the overall most

important task of the Bayesian analyst is to complete the statistical inference process.

Method of integration. Determining the posterior density for the three proportions

&, m.m M8, m,,m,)dE
{[[2&.n.n.)0&.n,.n,)d&dn,dn,

p(r],,rlzldata) = (50)

presented many challenges. The formula for the posterior is as follows: where

ql=£l_ qzz_p-!-. ;:pl_
P> Ps

The numerator was calculated directly. On the other hand the denominator had to be

integrated using a change of variables. Let

_P P

n ) ==, & =p:
l P ? Ps ]
then
3
p, =— and Ps =£
T n,
The absolute value of the Jacobian is
- .
0o Z¢ o
n )
U=jo o =5|=—5
n, mnn
1 1
1 — —
L T 7, |
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The prior is

P2 (1-p,)?", and thelikelihood is I(p;) = p,” (1 - p,)*™.

(”)_B(( .B)

The joint prior is as follows:

a-1 B-1 a-1 A1 2
8(&.,7:) = (B( ﬂ)) 0= (m , 7, n.) n’n’

The joint likelihood is as follows:

y2 -3 £ ¥ ny-yy
1(59 ”l > ”2) = (g))’x (l - é)“l‘)ﬁ (é-) (1 - i) (ij (l - —;‘) .
/A ™ 7, 7,

So the triple integral is now,

Ifjg({,‘, m.mN(&.n,,n,)d&dndn, ,
which is the integral of the following:

a+y,-1 Brm-yr-1 a+y;-l Arn-y;-1 2
1 avy-1 em-n-t| & 3 s g s
N 1 Bem-y 1__ - -
[B( /»’)J =9 (n) ( m) [n) ( 'lz] n’'n,’

1 4 /

The calculation of this integral using the data is shown in the section titled Three Pro-
portions (Chapter 6).
A separate procedure was done to obtain n3=ps/p2. This procedure yielded

P(n,|data). To find the density of

n, = LRIy .k where T is 77,. So,T=20 x= n,
P’ n. n.

then TX =7, .
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The absolute value of the Jacobian is
x 0
1 1

Assuming mn; and n; are independent, we get the following:

f(m.n,)= [ pla,.n,\dasalin, | pln,,n,|data)in,

and use substitution toget K7, X). Hence, f(T) = { f(T’, X)dx.

= - X.

Derivation of equivalence cube axes. This section shows the derivation of the
“equivalence cube” axes. Assume p, >p2; then, according to equivalence testing as
discussed by Hauck and Anderson (1986), pi- p2 < A, where A=0.2. So,

p-p2< 02
@i/ p2) -1 <(0.2/ p2)

@i /p) <1+ (0.2/py)

Hence, for both sides

140.2/ p2) < (p1 / p2) < 1+ (0.2/ pa). (51)

In addition, assume p; >p3. So,
pr-ps < 02
@1/p3) -1 <(0.2/ py)

@1/ p) <1+(0.2/ py)

Hence, for both sides

1-0.2/ ) < (1 / p3) <1+ (0.2/ ps). (52)
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Moreover, assume p3 >p2. So,
p-p2< 02
@ /p2) -1 <(0.2/ p)
@/p) <1+(02/ p)
Hence, for both sides

1-(0.2/ p2) < (p3 / p2) <1+ (0.2/ py). (53)

Weighted Likelihood Ratio

According to Thomas Jefferson, “mathematical reasoning and deduction are a fine
preparation for investigating the abstruse speculations of the law (Osteyee & Good,
1974).” Hence, the purpose of this section is to explain the process of weighing
evidence.

Let D represent the data from an experiment modeled by a distribution function,
®, with parameter vector € E®. [E® denotes the Euclidean 9-space.] The probability
density function or the probability mass function of ®(D|8) can be denoted by ¢(D|0).

Denote the likelihood function of © depending on D by

o)< ¢( Do) 9
If one is interested in testing the hypothesis, (H), that 6 belongs to a Borel subset, 8 € H

—E®, against the alternative that 0 e H*, where H°~ H = O, then consider the infor-

mation that concludes this section. The prior odds for H are represented by

0(H)=§((1%. (55)
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The posterior probability of H by Bayes theorem is as follows:

(ot )
F (HlD ) W(DIH)P':H)H;/((DW)}’(H) o

where, y(D | K) is the Stieltjes integral of appropriate dimensionality. X may by H or H".

Furthermore, the posterior odds for H is then

olelp)-T¥12)_vo) o o -

v(DlH) 58)

Equation 58 is referred to as the Bayes’ factor by Good (1950). A formal definition is as
follows: Let H, and H2 be two competing hypotheses related to some evidence B. H; and
H; may be thought of as “events” both in the a priori probability spaces ( 2, H,, p) and
(Q2, Ha, Pg), where Ps is the conditional probability given B. Then the weight of evi-

dence in favor of H, as opposed to A3, provided by B, may be defined as

O(H, H,|B)

W(H,/HZZB)=l0g O(H H ) >

where O(H,/ H:| B) is the odds in favor of H, as opposed to H; given B, and O(H\/H-) is
the odds in favor of H, as opposed to H2. Weight of evidence may be positive or

negative. For the detailed derivation of the weighted likelihood ratio, see Appendix G.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 6
APPLICATION OF THE METHODOLOGY
Problem Statement

Most phase III studies are designed with several endpoints in mind, one of which
is to compare treatments with respect to rate of response, toxicity, or both. Analyses of
two data sets from a published breast cancer study and lung cancer study, respectively,
were performed.

The objective of the trial related to the first data set was to compare CHOP (cy-
toxan, adriamycin, vincristine, and prednisone) to BCOP (BCNU, cytoxan, vincristine,
and prednisone) in diffuse histiocytic non-Hodgkin’s lymphoma (Hayward et al., 1977).
The objective of the trial related to the second data set was to compare CAMF (cyclo-
phosphamide, adriamycin, methotrexate with folinic acid) with CAP (cyclophoshamide,
adriamycin, cis-platinum) and CA (cyclophosphamide, adriamycin) in an advanced non-
small-cell carcinoma of the lung with respect to rate of response and toxicity (Berkson,
1958). The third data set was formed to use as a means of comparison to the second data
set.

With respect to the context of this writing, the analyses performed are focused on
the response aspect of the objectives. The ratio of the proportions were examined with

each data set.

42
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Data Set Information

Two Proportions. Hayward et al. (1977) give well-defined response criteria for
metastatic breast cancer. CHOP was compared to BCOP in diffuse histiocytic non-
Hodgkin’s lymphoma in a Southeastern Cancer Study Group (SECSG) protocol.

There were 53 patients randomized and evaluated on BCOP and 59 patients ran-
domized and evaluated on CHOP. The complete responses were considered. There were

19 complete responses (CR) on BCOP and 33 CR on CHOP.

Three proportions. Patients were randomized to one of three treatments in an
advanced non-small-cell carcinoma of the lung trial. Patients were appropnately strat-
ified. The treatments were as follows: (a) CAMF (cyclophosphamide, adriamycin,
methotrexate with folinic acid, (b) CAP (cycloplosphamide, adriamycin, cis-platinum),
and (c) CA (cyclophosphamide, adriamycin). The total number of observations involved
in the analyses was 339. The three treatments were to be compared with respect to their
ability to achieve a CR or partial response (PR). There were 13 responses out of 98
possibilities for treatment CAMF. The treatment CAP had a response proportion of 9 out
of 113. There were 4 responses out of 128 for CA.

The third data set, a test set, consists of three treatments. The three treatments
were PA, which had a response of 13 out of 20; CT with 12 out of 20 responses; and ON,

which had 11 out of 20 responses.
Analysis and Results

Two proportions. Regarding the comparison of two proportions, the posterior

density was determined using the beta-binomial distribution in Bayesian methodology.
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After deriving the posterior distribution for 1, where n; = p:/p2, E(nD) and E{[n-
E(m|D))*|D} were computed for prior values of a and B. Zoos is the multiplier needed for
computing the 90% limits, based on asymptotic normal distribution theory. Consequent-
ly, the 90% limits are calculated and compared to a predetermined region width of 0.20.
The selection of this specified width is from the bioavailability guideline produced by the
FDA.

The results of the calculations of the confidence region using the sample data and
Bayes’ estimates for the ratio of the two proportions can be seen in Appendices E and F.
Based on the previously mentioned guidelines, we can conclude conclude that a neces-

sary condition for equivalence has not been established.

Three proportions. Determining an efficient method to compare three propor-
tions pairwise, we first derived the posterior density using a beta-binomial prior. This
density, given in Method of Integration (Chapter 5), as well as the weighted likelihood
ratio derivation given in Appendix G, contained a triple integral, which was analytically
intractable; however, the Monte Carlo was used to alleviate this dimensionality problem.

The triple integrals involved in this research were calculated using MathCad. A
Fortran program was also developed to do the calculations. This program was useful
because it allowed a means for comparing its solutions to those of MathCad. In ad-
dition, the Fortran program provided numerical results that could be plotted to actually
observe the very peculiar behavior of the functions. For the benefit of the reader, the
numerical results from this program are provided in Appendix H. Plots of the numerical

results can be viewed in Appendices I-K. Following is the Monte Carlo procedure ap-
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plied to the triple integral part of the density using the first data set from the section titled
Three Proportions, with three proportions.

Originally, the triple integral was

1.5712%1 ity foriopt é_ a+ry2-1 _i ﬂ»nz—yz(_éja-ys-l( —é—jp..s.ys_l
[Tlema-om(E] (5] (£ (-2

2

\l\-‘

2 dgd"l dr]Z .

~

mn

Because of necessary constraints, we have the following integral:

1.571.25 1 vty pnBemiost i a-y2-1 _i ﬁ»nz—yz(_i]a’y."-l( _E_]ﬂvrﬂ»—_vs—l
3’-3 ;..s !5 (=9 (771) (1 ’hj Y} n,

04

2~ d&dndn,,
™1,

but if we let ® = &/n;; then, when 1= 1,0 =E and 0,=1.25, 0 =&/1.25 sodo = &M
dn;. Similarly, we let z= &/n,; then, when &/n2=1,z=& and n2=1.57,z =&/1.57 so dz

=-(-&/m).

Hence, the triple integral becomes

Rl B

Fl 'Fz (59

J B(z, A) (&) - F,(5)dE )
where

_Bla+y2,8+n2-y2) A (_5_ oy )-

F )= Ba.p) [IB(ﬂa+y2,ﬂ+n2 y2)-1B 1_57]a+y2,ﬂ+n2 32 |

_Bla+y3,8+n3-y3) _ —lﬂ(—é— _ )"

Fz(g)_ B(a,ﬂ) [m(gla +y2!ﬂ +n2 y2) 157 Ia +y2,ﬂ +n2 y2 |
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For the purpose of identification within Appendix H, let

FE©)=] 53(2; f,); d.

Next, the confidence regions were determined. These regions using the sample data and
Bayes’ estimates are given in Appendices L and M, respectively. The pairwise compari-
son was then made by seeing if the posterior of the ratio endpoints fell within the equiv-
alence cube as shown in Appendices N and O. Based on the results of the cubes, we see
that a necessary condition of equivalence has not been established. From the third data
set, we see that a necessary condition of equivalence has been established (i.e., the
endpoints of the confidence regions fell within the equivalence region). For numerical
results for this data set see Appendix P. The equivalence cubes for the third data set can

be seen in Appendices, Q and R.

Weighted likelihood ratio (WLR). The WLR was calculated for all combinations
of ni, N2, and nsin the null hypotheses. A test data set with values expected to be
equivalent was used to calculate another group of WLRs for all combinations of n;, 12,
and m3in the null hypotheses. All of these WLRs were calculated using Bayes’ estimates.
This data set was derived for the total purpose of comparing the results to the real data set
The results of these calculations can be seen in Appendices S, T, U,V, and W.

We can see from the results that the values of the WLR for the cancer data were
extremely small. This is further evidence that the proportions are not equivalent. On the
other hand, the values of the WLR for the test data were greater than one for each pair-

wise combination. This suggests that there is sufficient evidence for equivalence.
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Discussion

These findings support the hypothesis of equivalence for the scale and nonscale
parameters. As a result, a researcher would conclude that a necessary condition has not
been established for equivalence between the three cancer therapies regarding their
effectiveness in the treatment of the disease. However, a researcher would conclude that
a necessary condition has been established for equivalence between the three test ther-
apies that were formed for a means of comparison. The results of the data analysis by
both methods, the equivalence region and the WLR, indicate the proper response of
equivalence using this methodology. It is also important to note that the sample data
estimates and the Bayes’ estimates gave similar results. The findings using this

methodology are consistent with the findings of the classical methods.
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CHAPTER 7
SUMMARY AND POSSIBLE EXTENSIONS
Introduction
In this chapter we briefly summarize the methodology developed in Chapters 5

and 6 and propose extensions of this methodology.

Summary

In this paper, we considered the problem of assessing therapeutic equivalence of
three independent proportions. The methodology used is based on the Bayesian meth-
odology of Pham-Gia and Turkkan (1993); however, we considered the ratio of propor-
tions instead of the difference of two proportions. Even more challenging, we studied
three proportions instead of two. The WLR was also incorporated into this work.
Chapters S and 6, along with the appendices, actually show how this methodology was

implemented.

Possible Extensions

Main areas of this research relate to equivalence, the integration involved in deter-
mining the posterior densities, inference constructions, and the basis for establishing a
sufficient condition for equivalence.

This research assumed that all p;’s were independent. It would be of great interest

to extend this research with the assumption that the p;’s are not independent. One pos-
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sible method to be explored for this dependence assumption is the concept expressed in
the De Finetti theorem on exchangeable variables. This theorem is as follows: To every
infinite sequence of exchangeable random variables (X,) having values in {0,1}, there
corresponds a probability distribution F concentrated on [0,1] such that

P{Xi=1,..,X%=1Xkn=0,...,Xn=0}

1
=J’@'(1-@)”F(ae) forallnand0<k <n.
0

The distribution F may be regarded as the prior for the random parameter © (Heath &
Sudderth, 1976). Exchangeable is defined as follows: The random variables, X}, . . ., Xq,
are exchangeable if the n! permutations,

*,...x,)
have the same n-dimensional probability distribution (Freedman & Diaconis, 1980).

Chapter S presented some issues pertaining to the integration involved in deriving
the posterior density for the pairwise comparison of three proportions. There is definitely
a need for the development of more methods that would be beneficial in handling muiti-
dimensional integration problems from a computational perspective. Moreover, the triple
integral in this research involved some beta functions with very interesting behavior. It
would be of interest to direct attention to the study of the behavior of such complicated
functions.

Calculations from this research were done using the Monte Carlo method as well
as basic integration principles. But other methods, such as the Gibbs sampling algorithm,
need more exploration.

This research may appear to be directed toward the Bayesian statistician; how-

ever, other areas of statistics and mathematics would benefit greatly from further research
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in this area. For example, even though the subject of power is inconsistent in our
Bayesian framework, it would be of interest to see how it would be applicable in this
research. Chapter 2 discussed some related research. Hauck and Anderson (1992) pre-
sented types of bioequivalence and some related considerations. Their work has two
main areas where further research is needed. First, statisticians need methods for asses-
sing population bioequivalence and methods for individual bioequivalence. Second,
there is a need for more methods that are appropriate for measures of bioavailability.
In this section, possible extensions, the encouragement of the development of
other statistical inference constructions should be included because of the diversity of
trials regarding the manner in which data is collected and because the amount of in-
formation available before, during, and after the tnial needs to be handled. In addition,
other statistical inference constructions to the problem of equivalence bring new ideas

that complement previous ones and help others unfold.
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WEIGHTED AVERAGE
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OPTIMAL CHOICE OF n; AND n;
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To find the optimal choice of n; and n,, for given n,;, we minimize

: v — 2 (Xi+aixni—X|+ﬂi)
; ar(P'l)f')_§(n,+X,+/9,)’(n,.—,\’,+ﬂ,+l)

which is the expected value of the loss [ (P1 — P2)- (P;” - P2)J

with respect to the posterior distributions in equation 28, subject to the constraint

n.

n=

2
=1

2
S var(P).X, )depends on X, and X,, initially unknown.
=1

2
Average Z var(Pi |X, )with respect to the marginal distributions given in equation 27.

i=t

2
Hence , we minimize, £(x,, x, 42 var(P| X, ‘ subject to the constraint.

1=l

X is a beta-binomial random variable with parameters n;, a; and Bi. Observe

na
E (X)=—%
(X)) oy

”lalﬁl(nl +al +ﬂl)

(@ +8) (@ +B8 +1)

2 _ 2 Ex. [(x,. +a, Xn, -x, +p, )]
SO’E(x,.xz)[glvar(Rlxl )J“ Z(n,. +a,+B)(n +a, +p +1)

var(x,)= E, (x?)-[E, (x,)F =

& ap,
—g(a, +B8 +1)n, +a +B )a +B,)
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Using the constraint, n, +n; = n, we obtain the following optimal allocation:

. n+zz:(aj+ﬂj)

n = =1 axﬂx
Y a,pB, V2 (a, + B, +1)a, +B.)
Z (a, + B, +1Xa1 +,BJ)

172
) —(a, +B,) fori=1,2.

7=1

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

59



APPENDIX C

SUMMARY OF PROOF TO THEOREM
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Proof (summary): Since f{p) is the convolution of fy and f;, f=f; *f; ,for0<p <1 we

have
£B)= [(p+3y™ (1= p- P v (=Y av 4 (60)
= po (1= A [r (v - P b 4,

where A = B(a,,81) B(az,82).
Changing the integration variable to w= v/(1-p) and applying Picard’s theorem®,

we obtain
f(p)=p*' (- p)y="" Bla,. B,)F,(@,.1 - B,.1 —a,; B, +a,;1 - p1-1/p) [A. (61)

Applying F,(a,,,b,;c;x,y)=(1-x)""*(1- y)™ tochange the variables inside F, we
obtain equation 45 where, [1- o] |<1land [1- p? l<1,as required for the convergence of
F,. Equation 46 can be proved in a similar way. For p = 0 Equation (60) above reduces to
equation 47 if a; +az2> 1 and B; + $2> 1. Keep in mind that f{0) can be undefined in
other cases.

*Picard’s theorem: Let a, b;,b2, and ¢ be real or complex numbers. If Re(a) and Re(c-a)

are positive and F(a,b;,bz;c;Xx;,Xx2) converges, then

1
Fi(@by,y55x,5,) = = oot () 1o, ) (-,
0

Ia)r(c-a)

Pham-Gia, T., & Turkkan, N. (1993). Bayesian analysis of difference of two proportions.

Communications in Statistics - Theory and Methods, 12, 1755-1771
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APPENDIX D
POSTERIOR DENSITY OF THE RATIO OF TWO PROPORTIONS
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Let p; represent the proportions, where i = 1,2. The prior density is given by

()= 205 yra-p)Y"

ﬂ(ﬂ

where,a>0,3>0,and 0<p;< 1.

Furthermore, the likelihood function is given by

p)=p"0-p )™

where, 1 = 1,2.
To derive the density of the ratio of proportion 1 and proportion 2, we first obtain the
joint prior density and joint likelihood functions. Assuming independence, the joint prior

is as follows:

m(p) = )(pl)a-'( pl)ﬂ_1 )(pz)a—l( pz)ﬂ—l

ﬂ(ﬂ ﬂ(ﬂ

(] - lﬂl z-:l_z—l
(e G 6= 2 G- Y
In addition, the joint likelihood is

nip)=p,* (- p )™ p,* (- p, )"

The transformation is as follows:

Let

n =__P_1 §=Pz
then

mé =p,.
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The absolute value of the Jacobian is

P P
_{| 6& om || _(™ 3 N .
S P MR
2

Now, rewriting p; and pz, we have

gl&m)= [ - mj Q- n P EF -
and

0&m)= e M- &) () (-&) .

So, the posterior density is

| [;,(al—ﬂ)) ()7 G- Yy (- gy g

p(’]l ’data)

f I (/3( ﬂ)) (8) " @ -n, 8 )T (-8 dgd,

1-
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APPENDIX E

CONFIDENCE REGIONS FOR TWO PROPORTIONS
(USING SAMPLE DATA)
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The following data are used in Table El:

Treatment CR's Non-CR's Total p;'si=1,2
CHOP .33 26 59 0.559
BCOP 19 34 53 0.358
TOTAL 52 60 112
Using the sample data, pi/ p: is as follows:
£ -y s61.

P

Table El

Confidence Regions for Ratio of Two Proportions (a=.1)

Lower endpoint Upper endpoint
1.098 2.022
1.099 2.021
1.96 2.024

For these calculations, p; is the proportion of CHOP and p: is the proportion of BCOP. At

the (a=.1) level, we can see that both of the confidence endpoints are not within the

equivalence region of (.441, 1.558).
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APPENDIX F

CONFIDENCE REGIONS FOR TWO PROPORTIONS
(USING BAYES ESTIMATES)
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The following data are used in Table F1:

The Bayes estimate for various combinations of a and B is as follows:

a s by

P,
2 3 1.51
3 2 1.48
2 4 1.51
2 2 1.51
Table F1

Confidence Regions for Ratio of Two Proportions (a =. 1)

Prior Parameters

a B Lower endpoint Upper endpoint
2 3 1.048 1.972
3 2 1.019 1.941
2 3 1.046 1.974
2 2 1.045 1.969

For these calculations, p, is the proportion of CHOP and p; is the proportion of BCOP.
At the (a=.1) level, we can see that both of the confidence endpoints are not within the
equivalence region of (441, 1.558).
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WEIGHTED LIKELIHOOD RATIO DERIVATION
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We begin with the following hypothesis:
Ho : rll = ’72 =l
H , : atleast onedistinct

The formula of the weighted likelihood ratio is

[1&.n)g(Elny g
~ [[f1ec.me&.mdedn

which implies that
P = i and p, = i
™ /P

The absolute value of the Jacobian is

0 —'—f 0
m s
V=]lo o ¢l ¢
n, mmn
1 1
1 — —
| U] n, |

The joint prior is as follows:

sennr{sg s (€] (-8 (5 [

The joint likelihood is as follows:

1(5,771,'72)=(§)"(1—§)"'"'[£) (1-5) (ij (n-iJ .
m m 7, 7,
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It is known that

_g.n)
g(:"’li)_ (") >

and substituting in the values of the null gives

§3a-l (1 - ;)3ﬂ—2—l
B(3a,38-2)

g(flﬂn)z

)8(3‘1'*')’: Y, yYL,m =y, v, =y, vn, =) )

and /(&,n,,m, )g(§|71~ )= (]3(:;_a;/3—2)

+ (3B-2). Also,

f[f1e.n,.n, )e(&.m. 7, Ya&dn,dn,

which is equal to the triple integral of the following terms :

3 a+y-1 Brmy-y2-1 a+yy-1 Bn—yy-1
! - — 4 g S
g =gyrnll 2 1-=> = 1-=> .
(B(a,ﬂ)J © (=) (771] [ 7’1) ['hj ( 'lz)

52
m'n,’
a+y;-1 ey -1 ﬁﬂ':‘y:—lf B+ny-yy-1 a-yy-1 a+yy-1
conorear-£)
fz 7 dédndn,
™1
then
LD(H)= B(3a + Y, +Y, + V.0 — ), +n, -y, +n, -y, +3ﬂ—2 XB(a,ﬂ))3

B(3a,38-2)0
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For the hypothesis
Hy,:n,=1 againstH, :n, #1

n, = Bs e get the following weighted likelihood ratio :

P2

ﬂ()ﬁ +y,+2a,n, —y, +2f-1+n, —ys)

1 ’ yz+i-l "2 -y +B-1 aey-lfy s~y + B -
(g € - - ey dgan,

For the following hypothesis:

H,:n =n,=1

H _ : atleast one distinct,

a

the formula of the weighted likelihood ratio is

B(3a+)’1 +Y, vy =Y, + Ny, — ), +N;— )5 +3ﬂ_2)
B(3a,38-2)
S

(B A

L,(H)=

where

S = [[[@&) ™ Q- &P @F " (- Y g, (- e i,

&*dédn,
7, =_E_|_,773 =_piandgzpz-
) £ P,
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For the following hypothesis:

Ho: 7’2 =7,3 =l
H, : atleast one distinct,

The formula of the wir is

B(3a+yl +Y, Y3, =Y+l =y, +0; — ), +3ﬂ_2)

Lo(H) = B(3a,éﬁ-2)
B(@.p)
where

6= [[[ne) ™ -mepera-ar (£ (1-£

3

;2

>-d&dn,dn,
7
77, =&,773 =£3‘a"d§=p3'
Ps P>
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NUMERICAL RESULTS FROM PROGRAM
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The triple integrals to be evaluated involved in obtaining the necessary results for this re-
search were divided into the product of three functions, Fo, F1,and F2 . See Analysis and

Results for the defined functions.

X

1.2500000D-02

2.5000000D-02

F,
3.5118048D-38

2.0565025D-35

F2

Fo

1.9070339D-10 9.1337580D-27

1.0735979D-09 4.9401818D-23

3.7500000D-02  5.0386122D-34 2.5451022D-09 4.6933530D-21
5.0000000D-02  3.3484250D-33 4.2299302D-09 8.4472426D-20
6.2500000D-02  1.0844325D-33 5.7825989D-09 6.0673987D-19
7.5000000D-02  2.2223883D-32 6.9823433D-09 2.4230908D-18
8.7500000D-02  3.3132116D-32 5.6020567D-04 6.4202797D-18
1.0000000D-01  1.2573367D-15 5.6020598D-04 1.2539481D-17
1.1250000D-01 1.2573367D-15 5.6020590D-04 1.9318083D-17
1.2500000D-01  0.0000000D+00  5.6020552D-04 2.4582273D-17
1.3750000D-01  0.0000000D+00  7.0051598D-09 2.6696913D-17
1.5000000D-01  0.0000000D+00  6.2992687D-09  2.5345765D-17
1.6250000D-01  0.0000000D+00  5.5400915D-09 2.1419401D-17
1.7500000D-01  0.0000000D+00 4.7803391D-09  1.6338322D-17
1.8750000D-01 0.0000000D+00 4.0568839D-09 1.1371879D-17
2.0000000D-01  0.0000000D+00  3.3930040D-09  7.2850083D-18
2.1250000D-01  0.0000000D+00 2.8011638D-09 4.3251907D-18
2.2500000D-01 0.0000000D+00 2.2857758D-09  2.3932310D-18
2.3750000D-01  0.0000000D+00 1.8456468D-09 1.2397629D-18
2.5000000D-01 0.0000000D+00 1.4759844D-09  6.0349167D-19
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GRAPH OF Fo
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GRAPH OF F,
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Graph of F4
1.4e-15
e o
1.2e-15 4
1.0e-15 A
8.0e-16 -
B2
& 6.0e-16 -
>
4 .0e-16 -
2.0e-16 -
00 {1 e 0o 0o0® o000 O o0 0000 o000
0.00 0.05 0.10 0.15 0.20 0.25
X Axis
® xvsF1

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

0.30



APPENDIX K

GRAPH OF F2
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APPENDIX L

CONFIDENCE REGIONS FOR PAIRWISE COMPARISON
OF THREE PROPORTIONS (USING SAMPLE DATA)
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The following data are used in Table L1 below:

CR or PR(%) No Response(%) Total

CAMF 13 (13.3%) 85 (86.7%) 98
CAP 9 (8%) 104 (92%) 113
CA 4 (3%) 124 (97%) 128
Total 26 313 339

The proportions from the sample data are as follows:

mi=p/ p2=1.67

N2=pi/ p3=4.24

p3/ p2=.39

where p; is the proportion of CAMF, p: is the proportion of CAP and psis the

proportion of CA. The p’s are estimated values.

Table L1

Pairwise Comparison of Three Proportions (a=.1)
Confidence Regions for the Posterior of the Ratio of Proportions Using Sample Data

p/ p2 pY p3 py p2
(1.554,1.785) (4.009,4.471) (0.271,0.509)
(1.555,1.785) (4.007,4.473) (0.270,0.510)
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APPENDIX M

CONFIDENCE REGIONS FOR PAIRWISE COMPARISON
OF THREE PROPORTIONS (USING BAYES’ ESTIMATES)
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The following data are used in Table M1 results below:

CR or PR(%) No Response(%) Total

CAMF 13 (13.3%) 85 (86.7%) 98
CAP 9 (8%) 104 (92%) 113
CA 4 (3%) 124 (97%) 128
Total 26 313 339

The Bayes estimates are as follows:

2 3 1.56 1.796 .87

3 2 1.52 1.44 1.06
where p, is the proportion of CAMF, p: is the proportion of CAP and ps is the

proportion of CA.

Table M1

Pairwise Comparison of Three Proportions (a=.1)
Confidence Region for the Posterior of the Ratio of Proportions Using Bayes' Estimates

Prior parameters

a B pi/ p2 PV p3 Py p2
2 3 (1.445,1.675) (1.565,2.027) (0.751,0.989)
3 2 (1.405,1.635) (1.207,1.673) (0.940,1.179)
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EQUIVALENCE CUBEFORa =2,8=3
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The 90% confidence regions using the sample data values from the data set with

treatments, CAMF, CAP, and CA are as follows:

Ratio Confidence Region

pi/ P2 (1.554,1.785)
pi/ s (4.009, 4.471)
Py p2 (271, .509)

Axes assumptions: x-axis pl > p2

y-axis pl>p3

z-axis p3>p2

Y 1+2/p3
™
Z 1+.2/p2
1-2ip2 ¢ N 3 X1+.2/p2

\ 1-.2/p2
13.5/p3

The endpoints of the 1-.2/pi side, where i= 2,3, of the axes are not defined under
the assumptions. Hence, we can say that the left bounds of the posterior ratio vio-

late the equivalence cube bounds. The pi’s are estimated.
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EQUIVALENCE CUBEFORa=3,8=2
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The 90% confidence regions using the sample data values from the data set with

treatments, CAMF, CAP, and CA are as follows:
Ratio Confidence Region
pi/ p2 (1.555,1.785)
P/ ps (4.007,4.473)
ps/ p2 (0.270,0.510)
Axes assumptions: x-axis pl>p2
y-axis pl>p3
z-axis p3>p2

Y 1+.2/p3

1-2/p2 ¢ > X1+.2/p2

\ 1-.2/p2
1%%/p3

The endpoints of the 1-.2/pi side, where i= 2,3, of the axes are not defined under

the assumptions. Hence, we can say that the left bounds of the posterior ratio violate

the equivalence cube bounds. The pi’s are estimated.
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APPENDIX P

CONFIDENCE REGION FOR PAIRWISE COMPARISON OF THREE
PROPORTIONS (USING BAYES’ ESTIMATES AND SAMPLE DATA)
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The following data are used in the tabulated results below:

CR No Response(%) Total
PA 13 7 20
CT 12 8 20
ON 11 9 20
Total 36 24 60

The Bayes estimates are as follows:

a s L
p: Ps P>

2 3 1.07 1.15 .929

3 2 1.06 1.14 930

where p, is the proportion of PA , pz is the proportion of CT and p3is the proportion of
ON.

Table P1

Pairwise Comparison of Three Proportions (a = .1)
Confidence Regions for the Posterior of the Ratio of Proportions Using Bayes' Data

pi/ pz P/ p3 py/ p2 a B
(0.889,1.205) (0.972,1.328) (0.712,1.146) 2 3
(0.888,1.232) (0.987,1.293) (0.727,1.133) 3 2
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The following data are used in the tabulated results below:

CR No Response(%) Total pi i=1,2,3
PA 13 7 20 0.65
CT 12 8 20 0.60
ON 11 9 20 0.55
Total 36 24 60

The proportions from the sample data are as follows:

m=pi/ p2=1.08

n2=pi/ p3=1.18

p3/ p2=.92

where p; is the proportion of PA, p; is the proportion of CT and psis the proportion of

ON. The p’s are estimated.

Table P2

Pairwise Comparison of Three Proportions (a = .1)
Confidence Regions for the Posterior of the Ratio of Proportions Using SampleData

P/ p2 P/ p3 py p2
(0.899,1.260) (1.002,1.358) (0.703,1.137)
(0.908,1.252) (1.127,1.333) (0.717,1.123)

Each region falls within the equivalence region. The confidence regions for the ratios of
proportion p;/ p2and ps/ p:fall within the equivalence region, (0.667, 1.333). Also, the

confidence region for the ratio p)/ ps falls within the equivalence region, (0.636,1.364).
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EQUIVALENCE CUBEFORa =2,8=3
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The 90% confidence regions using the sample data values from the data set with

treatments, PA, CT, and ON are as follows:

Ratio Confidence Region

pi/ p2 (0.899,1.260)
P/ p3 (1.002, 1.358)
Py pz (0.703, 1.137)

Axes assumptions: x-axis pl>p2

y-axis pl>p3
z-axis p3>p2
Y 1+.2/p3
N\
Zz 2+.2/
X
1-.2/p2 & S 1+.2/p2

\ 1-.2/p2
13.§Ip3

The endpoints of the confidence region fall with the limits of the axes for each

proportion. Hence, equivalence is established. The p’s are estimated.
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EQUIVALENCE CUBEFORa =3,8=2
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The 90% confidence regions using the sample data values from the data set with

treatments, PA, CT, and ON are as follows:

Ratio Confidence Region

pi/ p2 (0.908,1.252)
pi/ p3 (1.127, 1.333)
py/ p2 (0.717, 1.123)

Axes assumptions: x-axis pl>p2

y-axis pi>p3
z-axis p3>p2
Y 1+2/p3
N
z 2+2/
1-2/p2 ¢ y X1+.2ip2

\ 1-.2/p2
1"%/p3

The endpoints of the confidence region fall with the limits of the axes for each

proportion. Hence, equivalence is established. The p’s are estimated.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



APPENDIX S

WEIGHTED LIKELIHOOD RATIO RESULTS FOR H,: mi=n:=1
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Table S1 shows the results of the calculations of the weighted likelihood ratio (WLR)

for several values of a and . Remember that n; = pi/p2 and N2 = pi/p3. The table was

calculated using the data set consisting of treatments CAMF, CAP, and CA.

Table S1

Weighted Likelihood Ratio Results for H,:m = n >= 1

a ) WLR
2 3 1.04 x 107
3 2 460 x 10*
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APPENDIX T

WEIGHTED LIKELIHOOD RATIO RESULTS FOR H,:n3;=1
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Table T1 shows the results of the calculations of the weighted likelihood ratio (WLR)
for several values of a and 8. Remember ns = p3/p2. The table was calculated using the

data set consisting of treatments CAMF, CAP, and CA.

Table T1

Weighted Likelihood Ratio Results for H,:n; = 1

a B WLR
2 3 5.60 x 106
3 2 1.85x 10°
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APPENDIX U

WEIGHTED LIKELIHOOD RATIO RESULTS FOR Hyni=m=1
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Table U1 shows the results of the calculations of the weighted likelihood ratio (WLR) for
several values of a and B. Remember that n; = py/pz and n; = p1/p2. The table was calcu-

lated using the data set consisting of treatments CAMF, CAP, and CA.

Table Ul

Weighted Likelihood Ratio Results for H,:n; = ns; = 1

a ) WLR
2 3 3.10x 10°
3 2 220x 10?3
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APPENDIX V

WEIGHTED LIKELIHOOD RATIO RESULTS FOR Hynz=n2=1
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Table V1 shows the results of the calculations of the weighted likelihood ratio (WLR) for
several values of a and B. Remember that n3 = py/p; and n2 = pi/ps. The table was calcu-

lated using the data set consisting of treatments CAMF, CAP, and CA.

Table V1

Weighted Likelihood Ratio Results for H,:m>= n3; = 1

a B WLR

2 3 748 x 10°7'°
3 2 727 x 10!
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WEIGHTED LIKELIHOOD RATIO RESULTS FOR COMPARISON
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The following data are used in the following tabulated results below:

CR No Response(%) Total
PA 13 7 20
CT 12 8 20
ON 11 9 20
Total 36 24 60

Remember that n3 = pa/p2 ,n2= pi/ps and 01 = pi/pz.

Table W1

Weighted Likelihood Ratio Results for H,: n2= 1, = 1

a B WLR
2 3 98.72
3 2 35.12
Table W2

Weighted Likelihood Ratio Results for H,:n; = ;= 1

o B WLR
2 3 63.46
3 2 13.15
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Table W3

Weighted Likelihood Ratio Results for H,:n> = ns = 1

a B WLR
2 3 141.23
3 2 123.20
Table W4

Weighted Likelihood Ratio Results for H,:n; = 1

a B WLR
2 3 251
3 2 433
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